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The Fourth Colourless Sensation in the Three-Sensation Spectrum 
Curves when Measured on the Centre of the Retina. 

By Sir W dbW Abnbt, KCB, FRS , With a Note by Prof. S W J 

Smith, FR.S. 

(Received March 19, 1917.) 

When the image ot a small due of a spectrum colour is received on the 
retina of a person possessing normal sense of colour, he observes changes in 
the hue vaiymg with the portion of the retina on which it falls. On the 
centre the colour u that of the projected beam, and, as it travels away from 
the centre, the hue becomes paler as the angular distance becomes greater, 
and, when a certain angular distance u reached (varying with the intensity 
of the beam and with its wave-length), the oolour vanishes, and the disc 
appears as white of fair brightness. On this prmoiple the boundaries of 
colour fields ban be mapped. 

It is evident that, as the disc of light travels across the retina, the 
composition of the oolour changes, and that an increased proportion of 
* white" is felt as the white boundary of the oolour field is approached, 
whilst the colour itself gradually diminishes. 

The intensity of the white at the boundary of the colour field can be 
measured with some certainty, but it is more difficult to obtain a measure of 
the white which exists m the oolour when it falls on the centre of the retina. 

In two papers* communicated to the Royal Sooiety, the writer has shown 
that the apeotrum colours can be formed by admixture of three oolour 

* ‘PhU voL 198, p 959(1900), and* PUL Xmas.,' A, voL MS, pS»<U06> 
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sensations, but no place was found here for an admixture of the “ white ” 
sensation, as the colours were received on the centre of the retina. Had 
they been received at a place outside the centre (te on part of the 
periphery), it is probable that the three colour sensations would have required 
a percentage of “ white ” to make a complete match The white sensation we 

are considering is not the same as is found in the spectrum colours. It is 
white which cannot be analysed by refraction or diffraction, but exists as 
an entity by itself It thus differs from the white which exists m the 
ordinary spectrum colours, which is found to be due to the admixture of the 
three sensations of colour In fixed proportions, the proportions depending on 
the quality of the light forming the spectrum. The “ white ” we are con¬ 
sidering appears always to be of the same degree of “ colourlessness " whatever 
may be the light used to form the speotrum 
For the sake of avoiding any ambiguity, it is proposed to define this 
“ white ” as a fourth sensation—or the fundamental sensation of light, which 
is a definition that the author has employed in more than one communication 
which he has sent to the Boyal Society 
In a recent paper by Dr W. Watson and the author, it has been pointed 
out tliat, m the work by eminent foreign workers, it has been supposed 
that in the sensations of oolour on the retina the cones are the principal 
agents which are active, whilst for the sensation of the “white“the rods 
are the sensation agents In that paper a slight discussion is made on these 
proposals. It may be remarked that, whilst there are both in the rods and 
cones distinctive features, there are some processes which it would be 
difficult to class as possessing the features of either cones or rods. 

In the same paper retinas are classified under two headings* one class, 
those in which at the fovea cones alone existed, as, when extinguishing 
a small diso of a spectrum oolour, the light and colour both “went out’ 
at the same instant, in the other class, the retinas on which the same 
coloured diso fell, when received on the fovea, •first lost the sensation of 
colour, leaving a “white" which was extinguished afterwards by a Still 
further reduction of the intensity of the colour disc It is too early from 
our experience to say that in this last class both cones and rods were 
present in the fovea. It may be that the processes existing there were 
hermaphrodite, being neither pore cones nor pure rods 
This is mentioned here because, in the subjoined account of experiments 
undertaken to find what very small amount of the fourth sensation—if 
any—was present when the oolour sensations of the spectrum of ordinary 
intensity were measured at the centre of the retina, the olxgffvere both 
had retinas of the seoond class. 
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Zb an hermaphrodite cone and rod it may be tint some specie* are most 
sensitive to oolour, whilst in others the greater sensitiveness may be for the 
“white" 

At the beginning of 1898 I carried out an investigation as to the form of 
the luminosity curves of the spectrum of very feeble arc eleotrio light The 
measures made by myself and my assistant, Mr Bradfield, were pat on one 
side owing to press of other work. It seems that these curves would show 
the point I wanted to obtain, as stated above, by the amount of action on 
the cones when the light was a disc falling on the centre of the retina 

The method adopted was as follows, the colour-patch apparatus being that 
which I ordinarily use'— 

The venous spectrum colours camo through a movable sht at the focus, 
and a patch of the colour was formed by a lens placed in the coloured team 



The patch of colour was caused to fall on a plate of glass (finely ground on 
both surfaces) by reflection from M', which occupied a position shown m the 
box BBBB—a partition DD was pierced by a hole some } inch in diameter 
In front of the hole discs could be .placed, m which clean-cut holes of §, t, 
and i inch diameter were bored An aperture C in the side of the box wee 
made, which allowed the white light reflected from the front surface of the 
first prism of the apparatus to fall on M. That portion of the light 
reflected from M which passed through the centre of the disc placed at DB 
passed through to the far end of the blackened box. An eye placed at an 
eye-hole E at the end of the box saw the white nm of the disc illuminated, 
and hi its centre a small disc of coloured light In the spectrum ray an 
annulus A was placed, the centre of rotation being accurately m the 
continuation of the slit through which the coloured ray passed Every 26° 
of the annulus diminished to half the initial intensity when the D light 

B 2 
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Was passing through the slit and the annul ns was at its aero point. The 
brightness of yellow beam was found to be 1-1 of a Heffner lamp at a foot 
distance. 

To diminish the intensity of the white, a second annulus A' was plaoed at 
the point where the reflected beam crossed and formed a line. With this 
annulus every 30° of angle cut off half the white. The white light passing 
through the annulus at its zero point was measured, and found to equal 
0 2 Heffner lamp-light at 1 foot distance from a soreen, so that, when the 
light passed through annulus at 60°, the intensity of the white light was 
reduced to 0 05 of the Heflher lamp-light. For reasons which need not be 
given, it was determined to compare the luminosity of the colours with the 
white when, foi eaoh senes of readings, the white light was kept constant 
It was determined to take the following intensities of white light The 
annulus was set — 

, At 60° and the white transmitted was 0 06 H, 


120° 

li 

li 

ll 

0 0125 H, 

180° 

II 

>1 

il 

00031 H. 

240° 

l» 

l» 

II 

0 0008 H, 

300° 

»> 


II 

0 0002 H 


Three sets of measures wore made by my assistant and myself, and a mean 
value toi J-inch disc of colour obtained by using the annulus m the coloured 
beam to secure equality of luminosity. 

These luminosities were readily found The white surround to the colour 
disc seemed to aid the equalisation of luminosities, the small oscillation of 
the angle of the annulus m the colour beam showing very accordant readings. 

The following Table gives the mean readings of the annulus taken by my 
assistant throughout the spectrum and at the four intensities of white light 
240°, 180°, 120°, and 60° (The readings at 300° were practically the same 
as those for 240°, so have been omitted.) The first column is the empiric 
soale of the spectrum, and the second is that scale reduced to standard scale, 
whioh has been used throughout all previous communications 
Table I gives the original readings. The values of these intensities or 
luminosities are calculated from a Table which shows each 25° of the 
annulus as diminishing the light by }< For the sake of simplicity, the 
values shown in Table II are derived by deduoting the values obtained from 
the highest reading given in the several columns, making the luminosity 
curve to show a maximum of 100 Table III shows the intensities when 
the whole numbers of the S.S.N. are employed. The areas of these ourves 
are taken when the scale of S.S.N. is applied 
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Table I —(A) Annulus Readings in Degrees 


Tempera? mle 
of apectrum 

Standard soale 1 

(S S N) 

i 

A' Annulus in 

24V j 180° 

l 

fixed positions 

12V 

i 

60 c 

72 

0 

60 2 

60 

60 

28 


74 

68 

128 

96 

70 

30 

76 


106 

127 

100 

65 

78 


199 

165 

123 

82 

80 

1 I 

226 

178 

143 

108 

82 


250 

208 

160 

116 

84 

* t - ,4 v 

276 

228 

172 

117 

86 


266 

244 

185 

116 

88 


312 

267 

190 

106 

90 


318 

262 

190 

04 

92 

■ 

814 

262 

182 

80 

94 


806 

246 

167 

65 

96 

88 8 

292 

231 

262 

46 

98 

31 6 

275 

218 

141 

28 

100 

20 4 

260 

]07 

118 

6 

no 

27 2 

260 

182 

100 

— 


Table V shows the intensity values of eseh of the columhs when the areas 
of the curves are made equal to that of the spectrum of normal intensity. 

When plotting Table V, it appeared that it would be more complete if the 
curve for 90° oould be added The original curves of annulus readings were 
brought into requisition, and the closely approximate annulus curve for 90° 
deduced, and from it intensity curve with a maximum of 100 calculated as 
shown m Table V This curve was reduced so as to be of the same approxi¬ 
mate area as those shown for the 0° to 240° curves, and is also shown m 
Table Y 

The results of the tabulated “ equal area " ourves are shown graphically in % 2 

The diagram shows that all the curves of equal area very approximately 
intersect at S S N 44 (and no doubt if the measures had been more accurate 
the intersections would have been still more closely at the same point) 
There must be some reason for such a coincidence in intersection.* 

* In the sots which follows on at the end of the paper, the referee gives a 
mathematical reason for this intersection on a certain assumption The author had 
arrived at a similar result by a different plan, but hesitated to give it as it seems that in 
the “ A" curve some small corrections have to be made when the intensity is altered, 
and also that when the radiation u reduced as it was in the experiments the 
white oomparison is not equally reduced with the radiation Thu difference between 
radiation and luminosity is not known exactly, but the method given m the referee’s 
note makes It practical to find the difference in the reduction in the white with reduction 
of radiation.—ifoy 39,1917. 
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Table II 


Table HI 
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The theory that the cones in the retina are sensitive to the coloured rays 
whilst the rods similnHy respond to the colourless rays is a partial answer to 
these results But there are difficulties in aooeptmg this theory as altogether 
sufficient In a large portion of the speotrum from near D to the extreme 


30 40 50 



blue the sensation curves, as given in the * Philosophical Transactions/ show 
that the overlapping of the red, green, and blue sensations are blended in 
various degrees, and the speotrum colour is a compound of the one or two 
pure sensations and white light Thus, at one speotrum green, the colour is 
produoed by a mixture of 60 per cent of white light and the pure green 
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sensation Experiment shows that by adding white to the spectrum colours, 
impure as they are m this region of the spectrum, the colour may he 
indistinguishable m the mixture and only white is perceived by the eye If 
the intensity of the spectrum is diminished, a point, varying for each wave¬ 
length, is reached m which the colours disappear, and here we have the 
cones in the dark-adapted retina showing no colour The fact that the 
boundaries of colour fields are white, shows that the fourth sensation 
"white” has the same effeot as the mixed white of the three-oakrar 
sensation, in drowning a oolour (In the intensities of the white comparison 
light and of the spectrum used m the above results there are only three 
which showed any signs of colours, the ordinaiy bright spectrum of 0° 
through the annulus, that of 60°, and again, partially, that of 90° In the 
white light whioh forms the spectrum oommg through 180° and 240°,* 
the whole of the rays appear as white, or, perhaps more accurately, may be 
described as greyish Yet, at the most refrangible part of the speotrum, 
the cones must be receiving the same light as when the colour is stall 
visible It thus appears if the cones are sensitive to oolour they are 
also sensitive to the same white rays as the rods, but in a minor degree, 
whilst the rods are probably unaffected by the oolour rays) 

In *PhiL Trans.,’ voL 7,1897, "On the Sensitiveness of the Betina to Light 
and Colour,” a large section is devoted to oolour fields, in which measures of 
the extinction of colour by white light on the periphery are made. The 
colours operated with are not feeble, but of a measurable brightness. The 
loss of oolour at a good many degrees from the axis of the retina is very 
sharply defined as a rule, and it is a matter for consideration whether the 
boundaries of the oolour fields are fixed by extinction of colours by the 
white light formed by mixtures of the oolour sensations or principally 
the sensitiveness of the rods to what *1 have oalled the fourth oolour- 
sensation, which, apparently, as recently remarked, may be equally effective 
as the white of the mixed colour sensations extinguishes 

In any case, there in an enormous difference m the sensitiveness of the 
retina at the periphery to the extinction of oolour to that formed at the 
central part We may take it that, when the spectrum is formed of white 
light of 00008 candle at 1 foot distance from the screen, the colourless 
light will be so small that it is negligible id the three-sensation curves. 

In another communication it is hoped that the colour field boundaries of 
white may throw more light on the action of the rods and cones, and of the 

* When making the observations the intensity at whioh the oolour disappeared from 
the rays wee recorded See slao the Author’s book on the ' Trichromatic Theory 
(Longmans, 1914) 
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8 MX 

I 

II 

III 

IV 

Luminosity of spectrum with maximum 
of 100 formed by white light 

Absolute 
luminosity of 
spectrum in II 
compared with I 

Percentage of III 
compared with 1 

Of 1 candle at 

1 foot distant 
from screen 

Of 0 0008 caudle 
at 1 foot distant 
from screen 

66 

32 

2 

0*0016 

0*00005 

52 

75 

6 1 

0 0046 

0 000017 

48 

100 

28 

0 0184 

0*00018 

44 

75 

75 

0 0600 

0*0008 

40 

37 

09 5 

0 0796 

0 0021 

86 

18 

70 

0 0660 

0 008 

82 

4 

89 

0*0812 

0 006 

28 

1 

19 

0*0162 

0 015 

26 

O 6 

id 

0*0104 

0 017 


hermaphrodite processes which more or less replace them in the retina. 
So far, we have from the present enquiry gathered that the fourth sensation 
is very small m the speotrum colours of an ordinary bright spectrum when 
falling on the centre of the retina—so small, indeed, that the sensations are 
100,000 times more intense than any cone effect, and so do not appreciably 
affect the sensation curves which are given in the' Philosophical Transactions.* 

This paper is sent in to the Royal Society after some delay Its com¬ 
munication was delayed by the fact that Dr (now Lieut.-Colonel) W. Watson 
was commandeered aB scientific adviser at the Front Up to the time of his 
leaving the country, the author and Colonel Watson were in the thick of 
some interesting researches Amongst others was a repetition of the 
experiments, with slight alterations, which are given above In this 
repetition, instead of leaving the reflected white light used m the apparatus 
unaltered and altering the intensity of the colour to match the luminosity, 
the intensity of the spectrum colours in each set of observations remained 
unaltered, and the matches of luminosity were made by alteration m the 
intensity of the white The colour-patch apparatus was used in its usual 
way, and without any external reflection of beams, as shown m the above 
observations We hope that, when the war is over, these new results will 
be published, showing that similar results were obtained to those above, 
the difference being that the intersection of equal area curves took plaoe 
slightly nearer the most refrangible part of the speotrum Again, we had 
made a partial examination of some congenital night-blind cases. The 
remarks as to the night-blind apply to the central part of the retina. 
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One point of interest connected with these examinations may be mentioned 
We found that, without any restriction to the fovea m diminishing the 
intensity of a spectrum beam, the colour and light were lost w them at the 
same time, the colour and light disappearing at the same intensity as 
the colour disappears m the normal eye. This is similar to the effect of 
receiving the spot of light on the fovea of Class I retina, which is supposed 
to be coneless 

It this be true, then, the night-blind, according to the foreign theory, 
possess only oones m the whole retina 

We propose at some future date to give some account of what happens at 
the penpheiy of the retina of these congenital night-blind cases 
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40 
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66 
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64 
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84 

5002 
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46 
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44 

548L 
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Note by Prof S W J SMITH, FES. 

The important result illustrated by fig 2 that the equal area curves have, 
approximately, a common ordinate at the scale reading «« 44 admits 
of a simple interpretation, which may be formulated in the following 
manner. 

Suppose that the dotted curve ABBEF is obtained by plotting the sum of 
the ordinates (at each abscissa) of two curves ABC and DEF 

If these curves (ABC and DEF) overlap it is obvious that, whatever the 
respective areas included between them and AF may be, an abscissa S can be 
found which satisfies the condition 

SP _ SQ = SP + SQ _ SB 

area ABC area DEF area ABC+area DEF area ABBEF 

Suppose now that a second curve AB'R'E'F is obtained by {dotting the sums 
of the ordinates of two curves AB'C and DE'F Let AB'O be such that each 
ordinate is « times the corresponding ordinate of ABC, and let DE'F be such 
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that each ordinate is /9 times the conespondmg ordinate of I)£F Then we 
shall obviously have 

sr _ sr , Sty SQ 

area AB'C area ABO area DE'F area DEF 


whence 

or 


ST?' + SQ' 

area AB'C+area DE'F 
SR' 

area AB'R'E'F 


SP + SQ 

area ABO+area T5EF’ 
SR 

area ABREF 


Hence if we plot the curves to such scales that the ureas AB'R'E'F and 
AB REF are equal we shall at the same time make 

SR' = SR 


In other words, the ruivea will have a common oidimti at S 
This result suggests that the luminosity curves of fig 2 arise from the foot 
that, at each scale reading «, the sum of two luminosities r» andsrj is recorded 
It suggests also that the curves representing the variations of x* and 
with s remain always of the same type so long as the measurements are 
made at constant total illumination, 

When this constant illumination is decreased continuously it would appear 
that one of the luminosities, say a* becomes continuously less important 
than the other, say a*. Finally, the luminosity curve practically coincides 
with that of the “ B sensation ” to which, we may suppose, jt» is due 
Conversely, when the illumination is as bright as possible, xt becomes 
negligible in comparison with x„ and the luminosity curve exhibits the 
typical variation, with s, of the luminosity soa due to the tt A sensation " 

If this interpretation be correct (and it seems to be what is intended) the 
B sensation would be what the Author calls the "fourth” (colourless) 
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sensation, while the A sensation would be, presumably, the sum of the other 
three. Further it should he possible to deduce, from the two extreme 
ourves, the forms of all observable intermediate curves. 

Taking the ourves of fig 2 marked 0° and 240°, respectively, to represent 
sufficiently nearly the forms of the curves of the A and B Bensataons, the 
dotted curves shown m fig 4 (attached) can be calculated. 

30 40 60 



They represent results obtainable by combining the A and B sensations in 
different relative proportions The assumed ratios of the areas of the A and 
B ourves are, respectively, 

1*0, 9 1, 2:1, 1 1, 1 2, 1*9 and 0:1 
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It will be seen that the calculated results are not very dissimilar from 
those obtained experimentally and give reasonable support to the inter* 
pretation put forward 

These curves would serve also to Bhow, more exaotly than is shown m 
the text, the relative insignificance of the fourth-sensation-oontribution to 
luminosity curves of ordinary brightness They form also a more concrete 
presentment of the argument m favour of the existence of this fourth 
sensation. 


Periodic Disturbance oj Level arising from the Load of 
Neighbouring Oceanic Tides 
Bj K Terazawa 

(Communicated by Sir Joseph Larmor, F RS Iteoeived Apnl 17,1916) 

(Abstract) 

In Hecker’s observations on the lunar deflection of gravity, the force 
apparently acting on the pendulum at Potsdam is a larger fraction of the 
moon’s direct attraction when il acts towards east or west than when it acts 
towards north oi south A similar result has been found by Miclielson in 
his observations of the lunar perturbation of water-level at Chieago A 
calculation is here made to ascertain to what extent the tUtmg of the 
' ground caused by the excess pressure of the tide in the North Atlantic is 
important for the explanation of this geodynamical disci epancy Replacing 
the North Atlautic by a circular basin of radius 2000 kilom., taking the 
position of Chicago to be 1000 kilom from the coast, and the rigidity of the 
earth to be 6 x 10 u C 6 S, it is found that the attraction effect of a uniform 
tide per metre of height is about 0 0024", while its tilting effect is as much 
as 0 0069", the maximum of the direot lunar attraction being 0 017". If 
the surface of tide is ellipsoidal, shelving towards the coast, nearly the same 
reault is reached for the same •mean tidal height. 

‘ Note by Communicator. 

[July 16.—The following proposition, which is implied in the paper, 
deserves explicit statement it is readily proved for a load localised at a pout,* 
and follows generally by superposition A load is distributed anyhow on the 
earth's surface, over a region not too large to be considered as plane, for 

* Of. Love's 1 Theory of Elutioity,' para. 186 
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each locality it altera the level of the surface by its weight, and the direction 
of the vertical by its horizontal attraction, for material that is homogeneous 
elastically, the ratio of these two effects is in all cases the same, being 
[(1—<r)/ /i]Q}hXq j 27 t), where /t is the rigidity of the material and tr its ratio 
of lateral contraction to elongation, g is gravity, and gfy is the mass of the 
earth divided by the square of its radius * Thus, for steel, taking er a 0*27, 
H m 8 x 10 u , the deflection of the surface is always and everywhere 2‘1 times 
the deflection of the vertical, the total effect being their snm For glass the 
ratio is 6 7 

The complete results for various distributions of load can be written down 
at once from known expressions for coses of attraction * for example, the oase 
of elliptic loading (over any elliptic area), which is considered at the end of 
the paper—J L] * 


Historical Note on a Relation between the Gravitational Attraction 
Exercised and the Elastic Depression Caused by Load on the 
Plane Surface of an Isotropic Elastic Solid 
By C Chkee, F.R.S. 

(Received August 16, 1917.) 

So far as is known, the result to which the present note refers was first 
given in the special form which it assumes for an incompressible material in 
a note written by Sir Q. H. Darwin, entitled, “On Variations in the Vertical 
due to Elasticity of the Earth’s Surface,” included in the British Association 
Report for 1882 as an Appendix to the Report of a Committee appointed for 
the " Measurement of the Lunar Disturbance of Gravity.” Sir G H. Darwin 
and Lord Kelvin (then Sir William Thomson) were members of this 
Committee 

On p 108 (foe ett ) Darwin writes ," Before proceeding farther 1 shall prove 
a very remarkable relation between the slope of the surface of an elastic 
horizontal plane and the deflection of the plumb line caused by the direct 
attraction of the weight producing that elope. This relation was pointed out 
to me by Sir William Thomson, when I told bun of the investigation on whieb 

* Sinoe writing the above I have found that this general relation waa elated by 
Dr C. Chree m 1697 (‘PhiL MagvoL 48, p 177), with some particular applications to 
oases of rectangular loaded area*; like results had previously been given by 8»G. Darwin 
for the special oaee of a system of parallel ndges. 
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I was engaged, bat I am alone responsible for the proof as here given. He 
writes that he flndB that it u not confined simply to the ease where the solid 
is incompressible, but in this paper it will only be proved for that ease." 

To understand the result it is necessary to mention that Darwin assumed 
that so far as the phenomena in question were concerned, the earth’s surface 
might be regarded as plane, except for the presence of mountains and valleys, 
which be regarded as equivalent to a load varying as cos x/b Darwin used 
the terms “ deflection " and “ slope ”—which I shall presently distinguish as 
and ^ 1 —to indicate respectively the change m the direction of gravitydue to the 
direct attraction, and the slope introduced by the elastio depression He also 
employed v for the rigidity of the incompressible material, a for the radius 
and 8 for the mean density of the earth, and g for the acceleration of gravity. 

After obtaining certain formula; lid pioceeds, “ Therefore deflection bears to 
slope the same ratio as vfg to fra8 This ratio is independent of the wave* 
length 2tt b of the undulating surface, of the position of the origin, and of the 
azimuth m the plane of the lino normal to the ridges and valleys Therefore 
the proposition is true of any combination whatever of harmonic undulations, 
and as any inequality may be built up of harmonic undulations, it is generally 
true of inequalities of any shape whatever.” 

It wonld appear that it was Loid Kelvin who first noticed the relation 
Whether he had arrived at it quite independently of and pnor to Darwin’s 
investigation, having actually solved the problem presented by compressible 
isotropic material and reached a definite foimula, or whether lie simply 
noticed that the result would follow for an incompressible material from 
Darwin's formula, and inferred by general reasoning that it was not confined 
to incompressible material, it is impossible to say If he did reach a definite 
formula, apparently he did not communicate it to Sir G H Darwin The 
latter’s remarks are not explicit, but they certainly suggest that he was 
unaware that the rigidity is not the only elastio constant involved when the 
material is compressible In his numerical applications he employs for 
examples the rigidities of glass and steel, without any explicit warning that in 
actual glass and steel the results would have been widely different 

The earliest publication of tbe result for ordinary compressible isotropic 
material was, I believe, in a paper " Applications of Physios and Mathematics 
to Seismology,” read before the Physical Society of London in December, 1896 

Equation (9), p. 178, lot cut, gives explicitly = (l—rj)g M /2irrvy, 
where y is the gravitational constant, while n and y denote the rigidity and 
Poisson's ratio of Hie material. If we put y — $, the appropriate value for 
incompressible material, and write g/fir&r for <y, and v for n, we have Darwin’s 
result. If, however, we take £ instead of } tot y, keeping tbe rigidity 
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unaltered, we raise the value of by 50 per cent, so the question of the 
compressibility of the material is not unimportant. The above result agrees 
with Sir Joseph Larmor’s (p 14, supra) and with that obtained by combining 
Terazawa's equations (6) and (7) * 

I was not aware of the existence of Sii G. H. Darwin’s paper until long 
after my paper was published, and did not notice the reference m it to Lord 
Kelvin until the publication of Terazawa’s paper led me to restudy the 
problem 
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The term “ Tribo-eleotncity ” is used in 0 

D. Ohwolson’s ‘Traitd de 

Physique ’ (1). This term is a convenient 
electricity (rplff^ss a rubbing). 

equivalent 

for Motional 


I —Hutoncal 

Little exact knowledge of tnbo-electncity has yet been accumulated, and 
this subjeot has certainly not been raised to the dignity of a quantitative 
science. In the present paper will be found an aooount of experiments in winch 
the conditions of the solid bodies rubbed together have been greatly varied. 
Thus, temperature has been changed both before and during Motion, the 
surfaces used have been rubbed with considerable pressure while hot; they 
have, wherever possible, been rubbed together when flexed; and they have 
been prepared before rubbing by being ground and polished in various ways. 
Muoh information has thus come to light as to the electnoal surface oonditione 
of a variety of solids. 


• ‘Phil Trans.,’ A, vel S17, p. 87. 
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Before setting forth the methods and results of this paper, let us note the 
information previously available Good summaries of the subject will be 
found in Wiedemann’s ‘Electneitat '(2) and Chwolson's treatise (1) 

The data on the subject altogether lack coherency* The electnoal effects 
obtained by fnotion had been bo often found to be irregular—an irregularity 
which in great part I explain m this paper—-that the subject was m general 
avoided One obvious source of uncertainty of action is that rubbing 
necessarily affects, perhaps destroys, the surfaces under investigation, so that 
{notion, especially if violent, may, in effect, give rise to surfaoes of a new kind 
As to recent research on the subject, H6s4hous (3), m the opening 
years of this century (1901-5), brought to light in a scries of papers, 
some new phenomena, and made an attempt to reduce the known facts 
to some sort of ordoi He suggested certain generalisations as follows 

(1) a polished surfaco is always + to a matt surface of the same material, 

(2) a more dense surface is always + to a less deuse one of the same 
material, (3) dust proceeding from a body is always — to the solid 
substance it leaves He also made investigations ot the action of radium, 
and he found some matenals, eq , glass, are made more + -forming, whereas 
others, e g , ebonite, ure made more —forming by the discharge Further, 
HtSs<*hous attempted to bring tribo-electnc phenomena within the scope of 
the electron theory He supposed that electrons pass from the more dense 
to the less dense of any two bodies brought into contact, this movement of 
the electrons being facilitated by the change, due to contact, m the surface 
tension of both bodies at the point of contact Oi the above generalisations, 
the first and second are shown below to be incorrect, the others have not 
been directly put to the test 

A few yoais ago some quantitative researches (perhaps the first ever made 
on tnbo-electncity) came from Bangor, North Wales from Morns-Owen in 
1909(4), and from W, Morns-Jones in 1915(5) The apparatus used in 
the two cases was of the same type It was arranged that not only the 
charge (Q) produced, but also the work (W) done in producing it, and the 
pressure (P) applied m the fnotion between the solids rubbed, could be 
actually measured throughout an experiment Simple relations were found 
connecting Q, W, and P 

In 1915 I investigated the anomalous effects obtained from glass after 
heating (6), It was found that glass, which is + to silk, becomes temporarily 
— to it after being raised to sufficiently high temperature Further, tins 
anomalous effect was found m a great number of other solids, including metals 
and ebonite, if rubbed with suitable matenals The general conclusion was 
reached that this behaviour, after heating, u common to all solids 
VOL xciv.—a. 


c 
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The last-named research was the starting part of the present experiments. 
Its methods have been developed and its conclusions confirmed, while the 
range of enquiry has been extended to several physical changes other than 
thermal 


II — Various Short Tribo-electnc Senes 

In the early pages of most books on electricity is found a series of solid 
matenals arranged in order in such wise that any one of the materials 
becomes 4- if rubbed with any other lower down in the senes The arrange¬ 
ment of matenals by different authorities ranging over the last 150 years 
may be here contrasted in the last list I take from my Table (p 82) only 
such matenals as are mentioned in the other lists 


Wiloke (1759) 

Faraday (1840) 

Jamin and Bouty'a 
■ Phyiiqne ’ (1891) 

Sbnw (1917) 

Glass 

Cat's fur 

Oat's fur 

Glass 

Wool 

Wool 

Glass 

Wool 

Qtulls 

Q.uiLls 

Wool 

Oat’a for 

Wood 

Flint glass 

Feathers 

Pb 

Paper 

Colton 

Wood 

Silk 

Ground glass 

Pb 

Linen 

Silk 

! ar 

Paper 

Cotton 

Sulphur 

Hand ! 

| Resin 

Wood, Fe 

Metals 

Wood 

Fe, Cu, Ag, Pb 
Sulphur 

1 Ground glass 

Ground glass 

Resin 

Cn, Ag 




Sulphur 


If lines were drawn joining like materials in the different lists, there 
would be many intersections of these lines, showing how differently the 
solids are arranged. The many disagreements thus displayed show how 
neoessary it is to standardise the matenals used. As will be shown m the 
sequel, it is probable that these dissimilanties arise from the use of different 
methods or of different matenals, or of materials whose surfaces differ in 
physioal condition, rather than from personal errors of observation This 
kind of research may seem easy it is easy to get some results of sorts, but 
it requires considerable practice and speoial knowledge of surface conditions 
to obtain results which will stand repeated tests The senes which I give in 
the Table (p 32) is the last of some dozen or so of lists drawn up during 
many months. At first, errors were made through the employment of 
faulty methods or from ignorance of the many factors involved It took 
considerable time, as one’s skill moreased, to sort out the matenals into their 
correct places. When the series was considered correct, I prepared a 
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oomplete new set of surfaoes, and cheoked the senes by going over the 
whole ground again with these fresh materials 

My complete senes is shown in the Table (p 32) This includes only 
fairly oommon solids and one liquid, mercury (whose peculiar aotion is 
descnbed later, p 25) 

It is desirable to have a long list, such as this, which contains about 
seventy-eight materials, for, by including many materials, we obtain more 
steps from extreme + at the top to extreme — at the bottom If the steps 
are many, the gradations will in general be less, and thus smaller differences 
between substanoes can be detected than would be possible if only a few 
steps occur, as in Wilcke’s list of nine materials 

In the present section we need only notice column 2, which Bhows the 
materials used m normal order These are m all cases the ordinary 
commercial article, but, m ordei to establish standard materials for future 
referenoe, particulars will be given m some cases 

Furs —In rabbit’s fur the hairs are clipped short, m imitation of ermine 
In oppossum’s and cat’s fur the hairs are of natural length These furs 
have been selected from a great number, as giving convenient steps between 
places 1 and 12 m the Table 

Vitreous Silica, Quartz, and the Glasses —In places 3 to 9 are shown no 
less than seven specimens of this family The quartz is the natural material 
to which has been given an artificially polished surface The vitreous silica 
used has surface smooth from fusion Three glass surfaces, including glazed 
porcelain, are smooth from fusion, one is artificially polished, and one surface 
(place 9) is the edge of thick plato glass, obtained after the plate haB been 
cut by diamond and broken m the usual way 

Wool, Silk, Cotton —Care must be taken in using fabrics purporting to be 
made of these materials, especially m the oase of silk, which is so often 
adulterated with other yarn The standard materials in which I trusted 
are skeins of yam The silk and wool came from yarn merchants, guaranteed 
pure. The silk has the natural gum washed quite free from it The cotton 
used is pure white cotton-wool * 

Mica, Calmte —The natural surfaoes of fresh specimens are used after 
recent cleavage The surfaces of salt orystals are scraped before use 
Metals and Alloys —Twenty-three materials are quoted Their surfaces 
are used scraped or rubbed with sand-paper, or, where possible, burnished 
It is important to avoid surface oxide, sulphide, etc, but no differences have 
been detected in any metal surface on account of the above different methods 
of cleaning 

Felt (mixture of hair and wool and other fibres )—The specimens are of 
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olose texture, about 5 mm thiok The material is such as is used for 
carpeting 

Vulcanised Fibre —This red composite material is supplied rolled in 
sheets and tubes. A tube is polished by rotation m the lathe under the 
pressure of another tube of the material No liquid or other foreign material 
is used in the process 

Woods —Ebony is the only wood of many tested, which does not occupy 
place 19 The specimens are planed up smooth and parallel to the gram 
Shellac ; Sealing Wax, Resin, Sulphur, are melted and allowed to solidify 
on glass tubes The two former must not be raised far above the melting 
point in the process This care is necessary to avoid disintegration 
Ebonite —The solid rod is polished m the same way as vulcanised fibre 
Carbon —Gas carbon rods, as used lor arc lights, and charcoal of various 
kinds have all the same place (29) in the Table 

Celluloid —This also is best m its purest form in limpid sheet highly 
polished. Tho opaque, less pure, form is highei, about place 29 
Indiarubber —Under this head is implied the pure, translucent, vory elastic, 
sheet rubber used for mending the inner tube of bicycles There are 
many forms of impure rubber, for instance, white rubber is much higher m 
the Table (place 29) 

It is noteworthy that differences of behaviour are easily observable between 
insulating materials all of one class In order to indicate how differences m 
the surfaces not detectable by any other means are easily shown by tribo- 
electric effects, take a few oases — 

(a) A highly insulating material, such as celluloid or mica sheet, being 
cut into two pieces, it will generally be found that one piece will be + and 
the other — when rubbed together There is nothing whatever in their 
appearance to show that these pieces cut from the same sheet are in any way 
different 

(ft) Nine different furs tested were found to take definite positions between 
plaoes 1 and 13 in the Table, various hard siliceous materials falling into 
place between them as showif 


Fan 

Woods j 

(Asbestos) Black wolf 

Babbit Caraoule 

Fox (Vitreous uhea) 

(Glass ) (Glass) 

Opossum Afltraohan 

Mink Cat’s skin 

Skunk 

(Matt mioa) Beech 

Bed deal Jam 

Canaiy Walnnt 

Box Mahogany 

White deal* Lignum nts» 

Boeewood. (Matt glass ) 

Oak Ebony 
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(,c) Of 12 different woods, all except one (ebony) form one group, place 19, 
yet when rubbed together they can be arranged in definite sequence like 
furs The lists of furs and wood are given on p 20 


III —Apparatus arid Methods 

The confusion which has beeu a feature of this subject in the past may 
be attributed to the uncertainty as to materials used, their past treatment, 
and the methods employed in experimenting on them With the attempt to 
standardise the methpds, or at least to specify my own processes, 1 will give 
particulars throughout, even though these are admittedly simple. 

The materials used may be divided into conductors and insulators The 
letter can, m general, he used unmounted, the former (including partial 
conductors, eg, wood, cotton fabuc, asbestos) must be mounted on a non¬ 
conductor Iu general, those rods, tubes, or sheets, which have to be mounted 
are attached by sealing-wax to the inside or outside of glass tubes. It is 
necessary to have sufficient distance, say 10 cm , between the hand and any 
conductor undergoing test, for if the hand be nearer it may remove, by 
induction, any free charge on the mateual. Easily fused materials, eg % 
shellac and paraffin wax, are mounted hi a solid lump at the end of a glass 
tube Lumps of material, such as minerals or carbon, are held in a clip 
specially made of ebonite Mercury is used m a cylinder into wlueh any 
material car! be plunged 

The gold-leaf electroscope used is provided with a shallow horizontal 
cylinder open at both ends For charging the electroscope a wire is arranged 
close to the cylinder. This wire is connected with a live wire of an electric 
light circuit at 205 volts As a means of discharging the surfaces, a small 
bunsen flame is kept alight in front of the observer The flame itself should 
never be used as a discharging ageut, since most surfaces become abnormal 
very quickly m the flame Round the flame is a zone, the discharge zone of 
air, so highly ionised that any charged body moved about at, say, 10 cm 
from the flame for a few seconds becomes completely discharged The gases 
nsing from the flame are more highly ionised than the air at its side, but 
there is great danger, if the body be plunged in these gases, that the 
temperature of the body will rise so far that it will become abnormal. 

In investigating critical temperatures (column 4 m Table, p 32), the 
substance is heated by being placed on the upper shelf of a copper oven, the 
even being swaddled in sheet asbestos. The door of the oven is dosed and 
the temperature is raised by bunsen burners underneath, and is recorded 
by a thermometer inserted through the top of the oven. It is easy to raise 
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the temperature slowly to, say, 320° C, which is high enough for present 
purposes 

As to the condition of the surfaces used, cleanliness is desirable, though 
apart from chemical impurity, eg., oxideB, sulphides, on metals, dirt does 
not influence results as muoh as might be supposed. It is clear that if, for 
instance, there is a layer of dust on an ebonite rod, this, when rubbed with 
silk or paper, will be brushed away at the first Btroke, and the true surfaces 
will be brought into contact But metals muBt be used free of corrosion by 
the application of sand paper or by the process of filing or scraping Apart 
from metals, it is well to keep such materials as ebonite, gutta-percha, and 
vulcanised fibre clean by frequent scraping 

It is important to observe that materials, eg, mica, glass, or celluloid, 
supposed to be polished are really used in this state Polished celluloid and 
ebonite are easily rendered matt at the place of rubbing when pressed on 
some hard surfaces 

We must observe a uniform method of rubbing the surfaces Consider, 
as an example, the case of quartz-silk If the silk be brushed over the 
quartz it becomes -f, but if rubbed hard on it its charge becomes — These 
effects will generally be found when hard surfaces are rubbed with flexible 
ones, such as fabrics and furs To take another instance, if a mica sheet 
be lieaten on a glass tube it becomes slightly +, but if rubbed on it 
strongly — The latter is the standard way, which I always use, hence 
in the above examples we place quartz above silk and mica below glass in 
the Table Fura themselves are somewhat uncertain The same specimen 
of opossum fur may at ouc end be +• to vitreous silica, and at the other 
be — to it In such cases as this the experimenter must learn the peculiarities, 
if any, of the materials he uses 

As will appear later the surfaces of most materials are susceptible of 
several states, all more or less stable Thus, if a smooth glass rod be under 
test it may have its position in the Table at place 3, 6, 8, or 26. But 
repeated rubbing, gentle heating, and the slow ohanges which occur with lapse 
of time will bring the glass to a definite position, say place 5, which is taken 
to lie the position of glass in its moat Bt&ble state 

It might be thought desirable to use special devices to clear of adsorbed 
layers the surfaces about to be rubbed For instance, well-known methods 
could be suggested, suoh as (1) tearing off the surface by gelatine films, or (2) 
scraping m vacuo These processes have been found neoesaary in other 
surface experiments, suoh as surface tension and photo-electnoity. But 
there is an essential difference between the delicate forces at work in the 
latter subjects and the rough impact of solid on solid, snob as occurs in 
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tnbo-electric experiments In tins ease, the true surfaces would bear on one 
another The actual bearing surfaoe of one solid on another would be so small 
that the pressure per square mil l imetre would be enormous, and would 
suffice to break through any thin outer foreign film, especially one of a liquid 
condition 


IV .—The Full Tribo-eleelnc Series 

At the end of this paper is a Table which gives in compact form the 
experimental results of this investigation In the second column are shown 
the materials used, arranged m 36 standard plaoes Those m capital type 
I have found more useful than the rest The metals aie italicised. The 

ft 

whole list from Asbestos at the + end to Indiorubber at the — end may be 
likened to a staircase of 36 steps, which steps are, of course, unequal m 
depth to an unknown degree The list itself could be expanded apparently 
without limit Group B follows Group A without break 

Column 3 contains such materials, bright when in column 2, as can be 
rendered matt by some abrasive, < g sand paper It will be observed what a 
vast disparity there is, in some cases, between the surfaces of the same 
material when polished and when matt. Thus, the members of the glass 
family, normally round about place 5, are, when matt, at place 20 
In column 4 are the places of the materials when these have had their 
surfaces raised above the critical temperature, which temperature where it 
has been found is inserted in brackets I call a surfaoe abnormal when, as a 
result of being heated above a ceitain temperature, it moves from its normal 
place in column 2 to some other place in oolumn 4. This particular 
temperature I call the GYitioal Temperature (CT) There are two ways of 
making a surfaoe abnormal (1) By raising the substance as a whole to the 
C T m the air-bath, (2) by passing the surface rapidly through the hot 
body of a flame In the latter case (whioh, of course, is not applicable to all 
materials), though the intenor of the substance may remain cool, the surfaoe 
particles will be raised to the CT in a few seconds or less. Experience 
shows that the abnormal place of a body m oolumn 4 is always the same by 
whichever of the above processes this condition is obtained Suppose a body 
has been raised to the C T, and on being rubbed at that temperature is found 
to be abnormal at plaoe 26 It will remain abnormal when cold and still 
occupy place 26 in tbe Table 

It will be observed that the ontioal temperatures range from 300° for 
quarts (a hard substance) to 70° for vulcanised fibre (a soft compost) In 
general, the minerals have high critical temperatures, while in metals the 
O.T ranges from 240° to 180°. As to the accuracy of these figures, they are 
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trustworthy to 5° in the case of glass and vitreous silica, which have received 
special attention For the other materials, the figures are probably reliable 
# only to 10° or 15°. There is some doubt about the case of tin It melts at 
230°, and when raised to 210° it certainly took the place shown in column 4, 
but as at that temperature the surface was yellow with oxide, this particular 
result must be considered doubtful 

Column 5 has only six entries Many more have been observed, but as 
they are not quite consistent, they are omitted. Suppose ft sheet of cork or 
ebonite be pressed and rubbed by an ordinary 11 flat-iron ” when at ft 
temperature, say, about 150°, it will descend in position as shown in the 
Table Another method is, after wanning a sheet, to place it between two 
sheets of its own material, and press the whole together while the hot sheet 
is pulled from between the others ThiB is called the Preased-Hot (PH ) 
state It can be removed, in the case of hard bodies, such as glass, by passing 
the surface dexterously through the flame for a short time If the surface 
be heated too long, it will go furthei and become abnormal 

Columns 6 and 7 should be considered together In experiments to be 
desonbed later (p 26), it is shown that, under certain conditions of stress, 
a convex surface and a concave surface, both of one material, become charged 
in opposite senses It will be seen that roioa behaves m one way, paper, 
ebonite, and celluloid m the contrary way 

Thus the Table (p 32) shows how readily the surfaces of a great variety 
of materials change their places in the series* A scrutiny will reveal that 
these changes occur according to very simple laws Divide the second 
column m two groups, A, B, by drawing a demarcation line below plaoe 14* 
Then it is observed that materials in Group A all move one way; those in 
Group B all move the contrary way. The laws of these movements may be 
tabulated thus — 



Matt 

Abnormal 

PH 

Convex 

Concave 

Group A 

Group B 

Down 

Down, 

Up 

Up 1 
Down 

Down 

Up 

1 Up 

Down, 

I 


Another peculiarity m this grouping is that all the animal materials occur in 
Group A , all the vegetable materials in Group B, 

The many empty spaces occurring m columns 3-7 are not blank through 
madvertenoe. Practically all the suitable materials have been tested for 
these effects, but it has not been possible to peroeave effects for all the 
diverse substances u the Table In no case has any distinct result been 
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suppressed. But there have been a few cases where effeots have been detected, 
but have been subsequently ignored, as they would not repeat Thus glass, 
silica, and quartz have sometimes been obtained P.H at place 2—but this 
effect is not consistent The contrary influences found m the two groups I 
call duality 

Notes oii the Behamovr of Mercury 

Befoie concluding the description of the Table (p 32), mention should be 
made of the anomalous behaviour of mercury It will be seen that this 
metal is placed with platinum and gold (place 34), and also high up 
(place 2) The effects observed are as follows — 

(1) When rods of various materials are gently pushed into mercury, 
every one m the series, except celluloid and indiarubber, will become 
charged + Thus we assign to mercury place 34 If, however, the rods 
be plunged quickly into the mercury or stirred in it, they all, except 
asbestos, become — Let us denote mercury when the friction is violent as 
(mercury'). Its place is 2 Possibly violence causes the rods to become 
extremely abnormal in contact with mercury Lenard’s theory (9) regarding 
“ waterfall ’’ electricity may be recalled In the case of water, he supposes 
there is an electrified double layer, the external one being — and the 
interim! + If there lie a similar double layer in mercury, the external 
one would be + and the internal — 

(2) Abnormal glass, polished or matt, is — to mercury even when 
immersed m it gently Yet the same specimens of glass are to gutta¬ 
percha, which itself is + to mercury. The same effect will be found for 
abnormal mica and other materials Supposing the charges obtained when 
bodies are plunged into mercury are really due to friction, then the effect 
just recorded seems to mean that the abnormal surfaces are in reality below 
place 84, for suoh gentle friction as mercury provides, but that rubbing with 
Bolid surfaces so flattens, or otherwise affects, the surface particles as to 
bring the abnormal surfaoe up, m the oase of glass, to place 26 

(3) A glass rod plunged into mercury beoomes highly charged On 
repeating the process several times, however, the + charge becomes very 
small But the original excitability is restored by rubbing the glass by 
hand or by a cotton duster It is possible that the glass is rendered 
abnormal by mercury, and made normal again by rubbing. 

(4) If mercury be raised in temperature, its power of exciting charges on 
solids immersed in it gradually lessens as temperature rises, returning again 
entirely at normal temperature Thus, at 110°, the charge produoed on 
ebonite is small, whether immersion be gentle or violent. Glass in mercury 
at the above temperature receives no oharge for gentle immersion, but 
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receives a large charge when immersion is violent When the mercury is at 
200°, it will give no charge to any body under any conditions tried 

Notes of thie Peculiar Behaviour of some Flexible Sheets 

(1) Take two strips, cut from the same sheet of transparent, poluhed 
celluloid Place one sheet on the othei, and draw them between thumb and 
first finger, bending the strips as they pass between the fingers Now place 
the strips, still in contact, for a second in the discharge zone of a flame to 
remove the — charges on their outer surfaces due to friction of the 
material on the fingers On separating the strips, that one of the surfaces 
m contact which was convex when flexed is +, the other surface in oontact, 
the concave one, being — An effect of this soit was pointed out by 
Jamieson (7) Hence opposite charges arise from complex strains on the 
opposod surfaces There is no special significance m using the fingers, 
identical effects being found if the fingers are replaced by other rubbers, say 
pieces of wood 

The above effects are recorded in the Table (p 32), columns 6 and 7 

(2) Similar effects are found for two sheets of ebonite or cork, of filter 
paper or mica But it is of interest to notice that mica, which ib in Group A, 
acts m one way, whereas the other materials, which are m Gioup B, behave 
in the contrary way for convex and concave surfaces respectively 

(3) A variant of the above experiment is curious Place the two celluloid 
stnpB in contact, and diaw them between the fingers as liefore, but m this 
case leave them uuflexed in the process After removing the external — 
charges as before in the discharge zone, the strips will be found to cling 
together strongly, and, when tested, are found to be charged, one +, the 
other — Tins, of couise, is a simpler experiment than (2), for now 
the two stupa are treated identically throughout The two surfaoes in 
contact must differ in composition or condition, so as to act on one another, 
m effect, as different materials It is a oommonplace m tn bo-electricity to 
find two surfaces apparently identical which, when rubbed together, excite 
one another with opposite charges The present effect seems to be merely 
an example of this kind 

In expenment (1) the convex surface becomes always + to the concave, 
however the surfaoe of the two strips be ohanged about But in ex peri* 
ment (8) the effect is peculiar, not to the material, but to a given specimen. 
if the surface is + in one position, it will be + always, whatever its 
position relative to the other surface. Thus, the effect in (X) depends on 
flexure, whereas m (3) it is simply oharaotenstic of the materials used. 
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V —Theory 

On the simple electronic theory of tnbo-electnc phenomena there are free 
electrons close to the surface of solids which readily leave the surface when 
rubbed The materials high up in the senes are supposed to be characterised 
by having electrons specially free to leave This theory, as it stands, does not 
account for the presence iu the Table, mixed in among insulating bodies which 
are poor m free electrons, of metals and alloys, all peculiar foi their richness in 
free electrons Nor is it evident how it can explain the effects in columns #3-7 
iu the Table These are sti iking and consistent enough to call for an 
explanation A theory is wanted Moreover, a definite concept ot surface 
conditions is needed for continued successful investigation of the subject 
The outstanding results aie (1) the order (not unmethodical) in which 
materials arrange themselves m column 2, (2) the duality found in 
columns 3-7 in the liehaviour of the top and bottom sections of the series, 
(3) the principle of the critical temperatuie 

In commencing an enquny into the basis of these effects the question arises 
as to any possible relation of chemical composition of the material to its 
position in the series In the following list is given the composition of the 
materials used They are arranged roughly m the order of column 2, except 
in those cases where like bodies are grouped together 


Material 


Gtfcotrr A 


Com position 


Asbestos 
Furs ♦ 

Wool 

Silk 

Felt 

Hind 

Silica 

Gloss 

Quarts 

Mica 

Oaleite 

Borax * , . 

Fluor spar ,, , 

Fb, Al, Zn, Od, Mn, Or 


Magnesium silicate. 

Compounds of C, H, O, N, possibly P, 8 The surface of 
ham consists of flattened dried < ells, containing a de 
hydrated proteld, oeratin (C v H h OH) 


SiO s , with (in glasses) sometimes NoA K-O, OaO or Al,0, 

K, Al, Si0 9 
OaCOj 

No^BAtOHjO 

CaFj 


Geour B 


Vulcanised fibre 

Filter paper *, 
Cotton 

Woods. 

Cork . 
Magnalium „ 


t 


liOelluloM (CiH^Oi). with tiWMi of »uuer»l nutter 
J (70 Al, 80 Mg) 
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Material 

Composition 

Obottp B— {cvnld ) 


Paraffin wax 

Potassium bichromate 
Amber 

Hhellao 

Healing wax 

Ream 

Potash alum 

Chrome alum 

Iron alum 

Slate 

Ebonite 

Imharubber 

Gutta-percha 

Iron pyrites 
> Galena 

1 C 

Hydrocarbon*, 0 $ 

1 Mixture* of compound* of C, H, 0, of unknown formula 
| Healing wax sometime* has mineral matter in traces 

J KAI(S0 4 )„12 HgO 

KCt^S0 4 )i,12 H*0 

NH,FefH0 4 ) ai 12~H a 0 

Aluminium silicate (hydrated) 

1 1 Hydrocarbons and sulphur 

Similar to mdiarubber, but without sulphur 

PeS 3 

PbH 

1 Cu, Bn, Hb, Oo, Ni, Bi, Pd, 
i Ag, As, Te, Pt, Hg, Au 

1 Celluloid 

i 

Nifro-oelluloBe (C, H, N, 0) and camplior 

1 


It is easy to detect characteristics special to each gioup 

Group A oontains — 

(1) Silicates, including the glass family, asbestos and mica 

(2) All the animal materials 

(3) The notably + metals and lead 

Group B contains — 

(1) No silica compounds, but a great variety of carbon compounds 

(2) All the vegetable materials 

(8) Many metals, including those notably — 

There is no apparent gradation m density, but the haid silica compounds m 
Group A are in 'striking contrast to the soft bodies, especially the waxes, in 
Group B Hydrated bodies are found in the lower rather than the upper 
group The three alums are seen to be widely separated from one another in 
the order we should anticipate from the eleotro-potentials of their distm- 
guishing metals, 

Feouliar interest attaches to the elements, metallic (20 in number) and 
non-metallic (3 m number), m the senes. Of the metals, all but two, lead 
and mercury, are arranged according to the electro-potential senes of 
Ostwald(7A) Allowance must be made for the fact that owing to their 
conductivity metals rubbed together show no charges detectable by the 
present means, hence the metals are grouped m many cases as shown, lew 
than mne occurring at place 29. Mercury with electro-potential —1*03 is so 
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nearly the same as silver (—105) and palladium (—H)7) that its displacement 
in the senes relative to these two metals may be ignored This leaves lead 
as the only exception to the electro-potential order Lead is undoubtedly 
peculiar, for with potential —018 it is above, for instance, aluminium with 
potential +100 Three distinct specimens of commercially pure lead 
behaved alike, and no change m behaviour was found after the metal had 
been melted and when cool cleaned on the surface Commercial sheet lead is 
so pure that it is not considered necessary to try a specimen of special purity 
An independent reason for supposing lead to be in Group A is that when 
abnormal it descends m the senes to about the position of undoubted 
Group A metals, e >j aluminium and zinc 
Apart from the metals, only three elementary solids, carbon, sulphur, and 
tellurium, have been tued These highly negative elements occur, as we 
should expect, near the bottom of the senes One supposes that the other 
non-metallio elements, if obtainable in suitable solid form, would also take 
their place at or beyond the bottom of the list, and that the most strongly 
electro-positive elements, potassium and sodium, would ooour high up in the 
Benes In general the basigemc elements come above those with oxygenic 
qualities, yet the property of forming very stable oxides, sulphides, etc, 
would seem to be a better criterion of tnbo-electric position than base- or 
acid-fornung power Thus if calcium or manganese be rubbed with their 
natural oxide on the surface they will take places far down in Group B, if 
cleaned, and the pure metal exposed, they are found in Group A Again, 
silica is a prominent compound at the top of the sertes, whereas the inert 
metals, platinum and gold, are at the bottom. Now, if acid-forming power 
were considered, silicon should be low m the series and silica also very low, 
certainly not far above platinum and gold These matters appear to be 
vitally important from the theoretical standpoint 
Ab to the oritioal temperature, the change from the normal to the abnormal 
state appears to be sudden. A nse of 10° or so suffioes to take the surface 
from one state to the other But glass at 220° (te 23° below CT) has been 
found at place 20 in the series, as if it were in a transition state from normal 
to abnormal In the cases of some metals, t$., silver and copper, the abnormal 
state has been looked for, but not detected. It is clear that m most metals it 
would be hopeless to look for a critical temperature higher than, say 300°, as 
oxide would then form readily on the surface. Oloser and more extensive 
research may reveal the significance of these oritioal temperatures 
Xn scrutinising the senes, one can detect nothing in the ordinary physical 
or cfceraioal characteristics to elucidate the phenomenon of duality mentioned 
on p. 26. 
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The conditions at the actual surface of a solid are, of oouree, peculiar The 
particles there are more free than below the surface They are, in general, 
unprotected and, so to speak, raw and liable to strain, orientation, and 
disintegration by outside influences such as the lmpaot of other solids 
Tribo-electnc charges are derived from the actual surface, but whether from 
constituent parts of the atom or from interatomic or mtermolecul&r sources 
is not decided The theory will be very complicated if, as is possible, the 
charges are derived from two or more of these somces. The atom is the 
simplest unit, and would appear to be the most likely source, but the question 
must be left open at present 

Now, if two groups (<• <j , Groups A and B in the Table) of bodieB behave 
m ways exactly contrary to one another, one might imagine each group to 
be characterised by its own kind of unit (whether atomic or molecular). 

Suppose the characteristic of Group A is an u unit, that of Group B a 
/S unit If we assign certain qualities to the units, then m any surface the 
units would decide how the surface would oliange its place in the senes when 
its condition is changed According ob the * or /8 units predominate in the 
material the action will be that of Group A or Group B in the Table on 
p 32 The cose has been stated here m the most general way It would be 
premature to go further and outline the model which I have had in mind 
throughout the expenments, and which has successfully indicated the course 
to pursue m these investigations 

Something should be said about the pnnoiple of the eleetno double layer 
by which many physicists, eg J J Thomson (8) and P. Lenard (9), have 
interpreted surface effects Amongst others, 0 W Richardson (10) has 
explained the fact thjt in thermionic expenments a definite amount of work 
must be spent to enable an electron to escape from a heated solid surface 
The view is generally held that the — layer is always outermost of the two 
layers Again, R. A Millikan (11) has given new support to the principle 
by proving the exactness of Einstein’s formula a h(v—vt>) for photo¬ 
electric effects on certain metals 

Recently, J. Frenkel (12) lias developed the idea Assuming that all 
positions and all orientations of an atom at the surface are equally probable, 
he explains the double-layer principle on the simplest basis. For if Ruther¬ 
ford’s nuclear atoms be plaoed m all positions and all orientations at the 
surface, the electron orbits will m the aggregate project beyond the + nuclei, 
and there will be established a — layer outside a 4- layer. 

Frenkel carries on the argument, successfully applying the principle to a 
great variety of surface effeots. In short, the evidence in favour of the 
double-layer effect Beems overwhelming. 
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However, the results of the present paper may be taken to show that 
whereas all orientations at the surface are equally probable for the abnormal 
state, and Iosb so for the matt state, yet for the normal and pressed states 
the surface particles are orientated unequally , a quaai-mechamcal Btrarn 
being imposed (by rubbing) on the surface particles 

As an analogy, imagine a row of pivoted magnetic needles all pointing N, 
but their centres in line £ and W If the pole of a bar magnet be taken 
along the line near but not touching the needles, these will, if at suitable 
distances from one another, l>e left at the end of the operation pointing in 
line £ and W The bar magnet has orientated them, and they are left in a 
stable condition of stiain Jolting the system would cause a release from 
the strained state of the needles, just as heat causes the release from the 
normal to the abnormal state m the case of the tnbo-electnc experiments 

Orientation of surface atoms would be tantamount to bringing the outer 
— layer and the inner + layer nearer to one another 

Another type of atom, though not apparently one of the Rutherford 
pattern, might produce at the surface of a solid a double layer with the 
-f layer outermost If this were so, we could explain the effects of Group A, 
by imagining the new type of atom predominant in those materials, and 
the effects of Group B by having the Rutherford atom predominant in the 
materials of this group 

Whether, in the double layer, the — layer or the + layer be outermost at 
the surface, the layers would be most separated from one another in the 
abnormal state and least separated m the pressed state. 

VI — Conclusion. 

The endeavour is made to direct attention to a long-neglected field of 
research The results revealed are considered sufficiently novel for pub¬ 
lication as they stand. With more refined experimental methods the subject 
will advance no doubt from its present stage, but the process will be slow 
Quantitative work on materials tn vacuo cannot easily be done when, as 
here, considerable mechanical force has often to be applied to the materials 
But this is not the only reason for expecting slow progress The materials 
possible to be tested are unlimited, and generalisations should not be based 
on a few instances only 

In the last few years the surface conditions of solids have been investigated 
from new standpoints. To mention two instances bearing on our experi¬ 
ments * H. L Curtis (13) has observed enormous change (as much as one 
hundred million-fold) m the surface conductivity of insulators as the 
relative humidity of the air over the surfaces vanes from 20 to 90 per cent 
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This brings m the moot subject of adsorption, which one would expect to 
have a bearing on tnbo-eleotno effects Mr C Hayes and 1 have observed 
a direct oonnection between dampness of a surface and the sign of the 
charges it gives when rubbed. Again, J W French (14) has discovered that 
the surface of aitifieially polished glass to a depth of 5 y. is of a peculiar 
nature, differing m cohesion from the mam underlying material Mr Hayes 
and I have found that the surface of polished glasB has under Borne con¬ 
ditions a neutral state In this Btato it yields neither + nor — charges 
This effect is found only in the artificially polished material 

Any theory on this subject to be acceptable should embrace not only the 
effects included m the Table, p 32, but also several others such aB the vaned 
results obtained (see p 22) according as one surface is brushed, rubbed, 
or struck by another The theory should take cognisance, also, of the 
peouliar behaviour of mercury (p 25), though as mercuiy is the only liquid 
used m these experiments its case is singular 

This paper is meant to be the first of a succession on the subject of 
tnbo-electncity Some quantitative work has already been done on varioua 
branches of the subject, eg , the influence on the surfaces about to be rubbed 
of (1) low vacua, (2) electric high-potential discharge, (3) various liquids 
Mr C Hayes, M Sc, has worked with mo for a considerable time on these 
subjeots I am glad to acknowledge valuable help m obtaining data for the 
present paper from him and from Miss H M Browning, B Sc I also wish to 
acknowledge my indebtedness to Prof G A Schott, I) Sc, for valued advioe 
as to theory 

VII — Summary. 

(1) The tnbo-electnc senes, m which solid materials are arranged in 
order according to the charge they acquire when rubbed together, is reliable 
with due precautions In the Table are Bhown the common solid metallic 
and non-metallio elements, interspersed with a great variety of compound 
matenals. 

(2) Most solids are found to alter their plaoe in the Benes if heated above 

a certain temperature, which is specific foi each material. This tem perat ure 
is called the ontical temperature The surface m its new is 

termed abnormal 

(8) The senes may be divided into an upper Group A and a lower 
Group B It is found that these groups have tendencies contrary to one 
another as the surfaces of the materials are rendered (a) matt , at 
(b) abnormal, or (c) pressed, or (d) flexed If under any of these a guuaM 
Group A becomes more +-forming, Group B becomes more —forming, 
and vux vend. This principle is here oalled duality It is possible that the 
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[To face p 32 


Table showing the Tribo-electric Normal Series, Column 2, with Variations for Matt, Abnormal, Pressed and Flexed States m Columns 3, 4, 5, 6, and 7 

respective!} The more important materials aie m capitals Metals aie italics 


Materials m normal < 


+ 

AflursTOrt (shoot) 

Babbit’ h Fur Hair 
(Hr)' 

Glass (Co mini Tula) i 

Vitreous SrnrA, Opos 
bum’s Fur 4 

GLASS (fusil ) 

Mica 

Wool 

Glass (pol), Quartz 
( pol ), glased porcelain 

Glass (bra edge), ivory 

Caloitb 

Oat’s Fur 

Ca, Mff t I*b, fluor spar, 
borax 


Group A 

j 

. Abnormal 
' (and ontiea 

lc*» 


Group B 


Prepared 

matt 

nurtures 


At, 3£n t Zn , C# t Cr , 
Fblt, hand, wash 
leather 


Caloxtb 


PU 
(p 2-*) 

Flexed ( 

“ * • Place 

| Convex [ Concave i 

i 

Mater ml 5 in normal ! 
Veriee j 

Prepared 
matt 
surftu os 

i 

Abnormal 
(and critical 
temperature 
m°C) 

PH 
(P 84) 

1 

\ 

i '1 

• i ir* 

FrLTEtt Paper I 


_ j 

i . 1 

' 

1 


Silk 

Od (200) 


F paper j 


t 10 | Vitloanmfd Fibrf V fibre 

17 1 CQTION 

IS i Magrmlium Mica 

1*1 Potash alum rorl» Milt Woods, 

{ [ satin spar V Silica 

[ 20 | Woods, Fe Quartz 

I 21 ' Unglazed pomlnm, «al Giabs 

t nraiuonmi Oombv Ti 

22 1 Potamuum buhromulc 

Pahaifin, tinned iron 

23 j Cork, ebony 

24 ! Amber 

i Shading V 

25 | Slate, chrome alum Resin 

j Suultac 

20 Shkllac, Resin, Seal 
ing Wax 


27 

28 Ebonite 

29 Co, m t 8*> Cu, As, JBt, 

8b, Ag> Pd, Carbon, 
Te, eureka straw, 
copper sulphate, brass 

30 Para Rubbkr. iron alum 


i Oa (240) P | 
j Caloite(270) 


Flexed 

Convex Concave 
I F paper 


Quartz 

Giabs 

V flbro (70) 

F paper 
W oods 

i 

i 

i 

Oombv Turk 

1 Bbomte(lOO) 
Pb (240) 

1 

1 


A1 (240) 


| Cork 


!Sn (220) 

F« (200) 1 

1 « 

: 

1 1 Cork 

Sealing Wax 
Resin 

Suultac 

V. *iliua245 

Cork 

| 

! | 

i i 


(Han (246) 

1 Mwa (270) 


i 

i 


1 guart*(800) 



Eiionitb 

| Nl (200) 

, Sb (180) 

i 

Ebonite j 

i 


1 Mn (210) f 


i 


Ebonite 


{ Ebonite 


I Celluloid 
1 Au (180) 


i 

31 

Gutta fkrcha 

i Pt a ao) 



1 

i 

(M 


CtttCKWD Indlarubber 


i 

1 


023 

83 

Sulphur 

Sulphur 


1 


84 

jW, Bq, Ah 



Celluloid i 


36 

Celluloid 





36 

Inbiarubbkr 


Celluloid 




— 





Celluloid 
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phenomena observed by Hdsdhous with radium may be another case of this 
duality of action, for glass is in Group A and ebonite in Group B 

(4) Anomalous effects are observed when liquid mercury is used as one 
of the materials, its behaviour being quite unlike that of Bolid surfaces 

(5) As to theory, it ib suggested that the prevalent idea that the eleotnc 
double layer, existing at the surface of solids, has the — layer outermost m 
all cases is incorrect Normally, the materials m Group A would have 
— outermost, those in Group 11 having -f outermost Orientation of 
surface atoms would give rise to changes m the disposition of the two 
electric layers, and so account for observed effects 

(6) Tribo-electncity undoubtedly affords a means, of oxtiaordmary delicacy, 
of discriminating between materials apparently alike 
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Revohnng Fluid in the Atmosphere 
By Sir Napixk Shaw, F R S 

(Received June 7, 1917 ) 

In & paper read on Decemlier 8, 1016,* Lord Rayleigh mokes an important 
contribution to the dynamics of revolving fluids, taking as “ the starting point 
of part of his investigation," the paper by Dr Aitken on “ The Dynamics of 
Cyclones and Anticyclones.”f After setting out the general equations of 
motion of an mviscid fluid Lord Rayleigh says “ for the present purpose we 
assume symmetry with respect to the axis of a so that u, v, w and P (assumed 
to he single valued) are independent of 6" I take that to be the definition 
of a revolving fluid for the purpose of the subject under consideration, and it 
is that form of motion, that is to say, motion which is symmetrical with 
regard to a vertical axis, that Lord Rayleigh had in mind when he wrote the 
opening sentence of the paper “ So much of meteorology depends ultimately 
upon the dynamics of revolving fluid that it is desirable to formulate as 
clearly as possible such Hitnple conclusions as are within our reach.” 

For most ordinary readers, meteorology in its dynamical aspect is quite 
lightly regarded merely as a useful synonym for “ Cyclones and Anticyclones " 
Dr Aitken illustrates his views of the nature of cyclones and anticyclones by 
many interesting experiments in the dynamics of revolving masses, and when 
Lord Rayleigh is moved by Dr. Aitken’s paper to set down clearly the 
conclusions that can be drawn from the theory of revolving fluids it is 
apparently with the hope that those conclusions may find their application in 
the phenomena exhibited by cyclones and anticyclones. 

I must now confess that m the 20 years during which I have been 
professionally as well aB personally concerned for the progress of dynamical 
meteorology and the explanation of the observed phenomena of cyclones and 
anticyclones I have deliberately avoided the discussion of the theory of 
revolving fluid, because I could not find in the weather maps, which are the 
basis of practical meteorology, any real case of revolving fluid, with suitable 
details of pressure, temperature, rain, etc, to which the theory might be 
applied The literature of meteorology contains so many examples of the 
application of elaborate dynamical and physical reasoning to systems of 
supposed facts which, as applied to the atmosphere, were nothing better than 
gueBBing, that a more searching analysis of the aotual facts seemed to be the 

* ‘ Roy Soc Proc,,’ A, vol 93, p. 146 

t * Proceeding! of the Royal Society of Edinburgh,' voL 96, p. 174 (1916). 
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primary and most urgent demand A dose examination, especially in the 
period between 1900 and 1905, of many typical groups of isobars as set out 
m a paper before the Royal Meteorological Society on the “ Meteorological 
Aspects of the Storm of February 26-27,1903,”* and in “ The Life-History of 
Surface Air Currents ”f made it manifest that the cyclones and anticyclones 
of our latitudes aie not examples of revolving fluid in the particular sense 
referred to and therefore cannot be explained on the hypothesis that they 
are 

I confess, too, tliat the conclusion arrived at was disappointing and 
depressing , tor meteorologists m common with others had been, and, I fear, 
still are, in the habit of assuming from the obviously circular appearance of a 
well-developed cyolone on the map that there could be no mistake in 
supposing a cyclonic depression to be a case of motion of revolving fluid, 
perhaps a little distorted locally but still retaining the characteristic features, 
and in fact dynamically similar if not identical Uncertain whether the 
actual motion might not prove to be circular motion superposed upon Borne 
form of motion of translation, I have not hitherto felt sufficiently sure of 
my ground to meet that view with a categorical negative, but I think I may 
safely do so now 

Making use of more recent conclusions I can perhaps best explain the 
situation by saying that if the motion of the air had really been motion of a 
revolving fluid symmetrical with regard to a vertical axis it would not have 
appeared in circular form on the map If it looks circular it is not a case of 
revolving fluid The explanation of this apparent paradox is that all the 
depressions of well-marked circular form m our latitudes are found to travel 
with a speed which is of the Bame older as the velocity of the wind of which 
it is composed. If the depressions are stationary they are ill-formed and 
irregular, the characteristic cyclonic features of strong winds with a definite 
centre are not to be found there But when the motion of translation is of 
the same order of magnitude as the winds the instantaneous motion is round 
a moving centre, and the actual motion with reference to the centre is the 
apparent uniform motion round the centre shown on the map combined 
vectonally with a velocity equal and opposite to that of the translation of 
the cyclone. Consequently the appearance of uniform and symmetrical 
instantaneous motion in a cyclone is in itself proof that we have not 
in that case symmetrical motion, about a centre, of a mass which travels as a 
whole. In other words, the motion of air in cyclones is not the motion of 
revolving fluid in the special sense referred to. 


* ' Q. J. Boy. Met. Soe.,’ vol. SO, p 284 (190S). 
t M. 0. Publication, Mo. 174,1900. 
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In “The Life-History of Surface Air Currents,’’ with the assistance of 
Mr It G K Icmpfert, this conclusion was minutely examined by the 
construction of a large number of trajectories, or actual paths of moving air, 
in the ease of fast-moving depressions, slow-moving depressions, secondary 
depressions, Y-shaped depressions, straight isobars, and less minutely but with 
ample confirmation of the conclusions by the tracing of the trajectories of air 
for periods of several days over the Atlantic and adjoining land areas 
Incidentally we found and formulated the phenomena of the “ line squall ” 
but found no case of revolving fluid. 

Assuming that the symmetrical motion of a revolving fluid with regard to 
a centre implies the travelling of the oentre and its acoompanying fluid m the 
some way as a vortex-nng of smoke travels through the air, we may safely 
say that cyclonic motion is not that kind of motion, and m further 
justification of that proposition it is only necessary to point ont that if the 
instantaneous motion of the various parts of a horizontal section of a vortex- 
nng were plotted in the same way as we plot the winds on a weather-map 
the resulting chart would be very different from a senes of concentric circles 
On the other hand the trajectones of a moving cyclonic depression show that 
the air flows through the depression If it approaches the centre it, or its 
substitute, subsequently comes away again The actual paths of the air under 
vanous conditions were discussed in 1905 by the late Professoi W H H. 
Hudson under the title of “ Anemoids," and at the time I had a machine 
constructed, designed by Mr H Darwin, for drawing the curves automatically. 
If the motion were really symmetrical with regard to the moving centre 
there could be no return therefrom unless the vortex actually breathed or 
pulsated 

The conclusion is the more discouraging for meteorologists because any 
person, even the least informed in meteorological theory, is able to point to 
visible examples of revolving fluid m the atmosphere which no meteorologist 
can deny, the eddy of dry leaves in a gusty wind at a street corner, the 
“ dust-devil ” of Eastern deserts, the water spout, the whirlwind, and some¬ 
thing, at any rate on the scale of the cyclonic depression, namely, the tropical 
revolving storm, a very real phenomenon which is treated m all hooks on 
meteorology as a gigantic eddy, with the knowledge that an eddy always finds 
its typical analogue m the vortex-nng 

To these examples we oan only Teply that m truth they may he oases 
of revolving fluid, but they are not the oyelotuo depressions of middle 
latitudes with which we are concerned in dealing with the meteorology of 
the British Isles That sounds very like quibbling, and it seems still more 
so when it is pointed out that, in an official publication for which I am 
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myself responsible, there u cited a ease of a tropical revolving storm, an 
acknowledged eddy, first identified on August 3, 1891, in the mid-Atlantic 
m latitude 12° N, which had an eventful journey of 38 days, of which, 
perhapH, the first week is rather dubious, but the remainder well authenti¬ 
cated First it travelled westward along the Northern West Indian Islands 
to the Coast of Florida, then skirted the Atlantic Coast of America, passing 
round the western side of the permanent Atlantic “ high," turned eastward 
over the Qulf Stream as an intense cyclonic depression, with a little 
hesitation about longitude 40° W, it made for the mouth of the English 
Channel, and, missing that, crossed to the Mediterranean, and lost itself 
theie on September 9 There are various other examples of a similar 
character, in which, * so fai as maps enable us to judge, what began as 
revolving fimd in tropical latitudes passed by gradual transition into the 
form of a travelling cyclonic depression, and yet we have to deny the 
identity of the two types of phenomenon 

On the other side, it must be remarked that the tropical revolving storm 
is a special phenomenon of very rare occurrence, the average number 
recorded in the various localities where they sometimes originate being 
about one a year, and that only in certain mouths, whereas on our own maps, 
m the ten years 1907-16, no fewer than 1200 cyclonic depressions were 
tracked, a new one on the average every three days 
Nevertheless, whenevei it occurs, the gradual transition from the revolving 
storm of tropical latitudes ter the cyclonic depression of our own is of great 
interest, and may justify a short digression. 

If the hypothesis of the stropluo balance of the pressure and wind- 
velocity in a cyclone of any kind be true, in accordance with the well kuown 
equation* 

y ss 2 avp sin X+g p cot r 

(where y is the barometric gradient, o> the angular velocity of the earth’s 
rotation, v the velocity of the air, p its density, X the latitude, E the earth’s 
radius, and r the angular radius of the small circle osculating the path of the 
air), we have at first an eddy with winds of, say, 50 metres per second (about 
100 miles per hour), which travels bodily, with a velooity of about 4 metres per 
seoond (or 10 miles per hour), in a latitude for which sinX is very small, and, 
in oonsequenoe, the pressure-gradient is almost entirely balanced by the spin 
in the small circle, and is almost independent of the earth’s rotation; the 
whole eddy travels as a mass of revolving fluid, with very little disturbance 
of its character or shape by the translation. It is earned slowly along in an 
* 'Barometer Manual for the tlac of Seamen,' No, 61,8ih Edition, 1916 
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easterly wind, turns lound the western boundary of the Atlantic anticyclone, 
and, as it reaches more not them latitudes, sin X becomes more important, 
and a greater part of the gradient is balanced by the earth’s spin, leaving less 
tor the rotational spin to balance In consequence, one of two things must 
happen, either the velocity of the wind which defines the spin in the small 
circle must diminish, or the pressure-diffeience must deepen What 
actually happens, apparently, is the former alternative, and the range ol 
pressure is distributed over a wider area In the outer regions of the 
extended area the centripetal action becomes practically negligible, m 
consequence of the large value of r and the more moderate value of e, and 
we got a oy('Ionic depression, in which the greater part of the pressure- 
difference is borne by the rotation of the earth (the geostropluc component), 
with perhaps a small core of revolving fluid, m which the small-om lo-spin 
(the oyclostroplne component) remains predominant The combination is 
kinematically possible if the inherent velocity of piogression of the cyolomc 
margin is such as to fit in with that of the translation of the vortical core 
It would necessitate surrounding the discs of figs 2, 3, 4 by a series of 
concentric circles, and using parts of the inner circles to join up the ends of 
the lines of the revolving fluid It ib needless to say that the conditions 
under which this complex dynamical structure can maintain its stability for 
dayB together are not at all simple, but, however complicated they may be, 
they have occurred From the frequency with which an ordinary cyclone 
can be observed, we may conclude that the conditions which are necessary 
for it are much more easily reatised m practice than those necessary for the 
cyolostrophic balance of a revolving fluid moss, and it is quite possible that, 
in the end, the conditions necessary for maintaining a core of revolving 
fluid disappear, and the whole system degenerates (if that is the oorrect 
expression) into cydonio motion, without a core of revolving fluid Certainly, 
there is nothing in the maps to contradict such a suggestion 
As a matter of common experience, 1 may add that the tropical revolving 
storm is a very unsatisfactory example of revolving fluid for scientific 
purposes, because practically always it destroys or disables aU the recording 
instruments in its path, together with the buildings m which they (ure 
housed, and sometimes also the persons who attend to them, so that we 
cannot tell to what extent Lord Rayleigh’s theoretical conclusions or 
Di Aitken’s practical illustrations are exemplified in its behaviour If 
we want examples that lend themselves to nmnenoal calculation, we must 
look elsewhere Accepting the implicit challenge of Lord Rayleigh’s 
statement that rauoh of meteorology depends upon the dynamics of 
revolving fluid, I have approached the subjeot in a different way, by 
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endeavouring to meet the questions “Let it be granted that eases of 
permanent or quasi-permanent revolving motion, symmetrical about a 
moving axis, do occur in the atmosphere, are they shown in the weather 
maps which are used by meteorologists as the basis of dynamical 
meteorology, and, if so, m what manner ? If cyclones and anticyclones do 
not furnish examples of the motion of revolving fluids m that sense, as 
certainly in our latitudes they do not, what characteristics should be looked 
for instead ? ’’ 

I start from the position which, as I have said, meteorologists cannot deny, 
that at any rate temporary whirls are actually visible The moBt picturesque 
example which has come to my knowledge is a ease described to me verbally 
by Mr R H Curtis, foimcrly of the Meteorological Office He B&id that on 
the occasion of an open-air entertainment on a sultry afternoon m the south 
of London, when the members of the band had temporarily left their places, 
there came a puff of wind in a little whirl which earned off the sheetB of 
music from the music-stands and whirled them away m a spin which earned 
them to a great height and dtopped them ultimately some miles away 
Similar accounts have been given of the whaling away of loose hay, and so 
forth The precise particulars are of no consequence We have obviously 
two elements the current winch carries the whul, and the whirl withm the 
current There must be something approaching to discontinuity, because the 
onset of the whirl itself is sudden Let us therefore suppose it possible that 
we may have a masB of revolving fluid with a discontinuity of velocity at 
the circle bounding the revolving mass It is possible that theie may be a 
relation between the original velocity at the margin of the whirl and the 
wind m the current which caineH it, but, as Lord Rayleigh’s reasoning and 
Dr Aitken’s experiment make clear, the velocity m the whirl at any tame 
depends upon dynamical or physical processes withm the whirling mass 
iteelf, we cannot therefore mako any general assumption of a relation 
between the velocity m the whirl and the rate of its translation 

Whirls on the small scale of those here referred to would not be shown on 
the weather map for the day, even if the hour fitted There may be many 
whirls in the atmosphere which find no record on a map The scale of the 
larger map of the Daily Weather Report is 1 inch to 300 miles, so that 
anything smaller than 50 miles would hardly be noticed in the isobars The 
locsl wind produced by a whirl might be given, but without anything to 
suggest its true significance. The scale of the workmg charts of the Office is 
twice that of the published map, so that, perhaps, a disturbance with a 
diameter of 20 miles might be detected The thickness of the atmosphere 
available for meteorological purposes may be set at 10 miles, perhaps, if one 
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allows that the uiam features of the distribution of pressure anae from 
differences of temperature of the air of the stratosphere, a revolving column 
of air is therefoie probably not more than 7 miles high Hence, at the 
most, the height of a cylinder of revolving fluid would be lesB than one-half 
of its diameter, and whereas the cases of revolving fluid which can be seen 
are cases m which the height is very great compared with the diameter, the 
rotating fluid masses to be found in weather maps must belong to the other 
extreme, and have the shape of comparatively thin discs. The vortex must 
be more like a penny than a pin, if it is to he found on the map. 

It is therefore without any misapprehension as to the number of vortices 
likely to be caught, in relation to the number which may have at least a 
temporary existence m the atmosphere but elude the map, that I proceed 
to the method of identifying them I have constructed graphically the 
instantaneous velocity lines m the horizontal section of a mass of revolving 
fluid winch is being earned along by a current of air, the velocity of which is 
taken successively as zero, J, 1, and £ of the rotational velocity at the edgu 
of the circle The section is supposed to he taken at a height of, say, 
500 metres, where the efleot of the surface friction may be neglected The 
section will be represented as hounded by a circle, and as some arbitrary 
assumption must be made us to the distribution of the velocity for different 
distances from the centre, it will be taken, to begin with, as uniform from 
centre to edge I shall make no trouble at this stage about the discontinuity 
of velocity at the edge The pressure will he continuous, but there will be 
discontinuity m the space-variation of pressure This will, of course, not be 
rigorously possible m nature, but it will be better to find out what the 
practice of accommodation is than to try to anticipate it 

In order to obtaiu illustrative cases, I suppose the revolving fluid to be 
represented by velocity-lines drawn on the understanding that the velocity is 
proportional to the number of current-lmes per unit length of cross-section 
in the same way as the number of lines of foroe indicates the strength of a 
held The currents which carry the revolving fluid along are represented in 
the same way, but in that case the velocity lines are taken as straight and 
parallel instead of being circular, as they are in the section of the revolving 
fluid. The resultant velocity hues representing simply the kinematical 
combination are shown m figs 1-4 The problem lends itself easily to 
algebraical solution The curves to whieh the resultant velocity is every¬ 
where tangential are conic sections, of which the centre of the duo is the 
common focus The eccentricity is the ratio of the velocity of translation to 
the velooity m rotation, assumed uniform For the special ease of equality 
between the velocity of translation and the velooity m rotation (fig, 3) the 
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curves are parabolas, for slower travel (fig 2) they are ellipses, and for 
travel faster than rotation they are hyperbolas Four examples, including 
the circular form foi the case of a stationary whirl, have been drawn for 
illustration, m ordei to give a general indication of the shapes of isobars on a 
map which con be looked for as representing travelling revolving fluid. 

Fig 1 represents the effect of velocity, supposing the spin to be developed 
m the atmosphere at lest and the velocity everywhere to be V 

Fig 2 the same with the superposition of an external velocity-field 
of JV 

Fig 3 the superposition of an external velocity-field of V 
Fig 4 the superposition of an external velocity-field of Y 
In each case the dotted circle shows the boundary of the revolving fluid 
Figures representing the intermediate stages can be constructed in like 
manner 

These diagrams are veiy suggestive, not of the typical circular fonn of 
cyclonic depression but of various well-known forms of secondary depres¬ 
sion as indicated by the distortion of the isobars of a large cyclonic system 
They explain at once the difficulty which has hitherto been telt in recognising 
cases ot revolving fluid earned along by an atmospheric current We have 
been looking for them m the wrong place. In fig 1 the boundary of the 
revolving fluid coincides with a velocity line which could easily be identified 
by a sufficient number of observations , it is also identical with an isobar, 
and therefore easily recognised on a map, but in the other cases the boundary 
circle cuts at a finite angle all the velocity lines except those at the top 
and bottom, to which it is tangential There is discontinuity all along the 
bounding circle, in the magnitude of the velocity at the top and bottom and 
m the direction as well as the magnitude m all oilier parts of the circle. 
The boundary cannot, m any circumstances, be supposed to be an isobar. 
So, when we have looked for circular motion to be defined by a group of 
circulai isobars, very naturally we have not found it 
The effect of the superposition of successive external fields of velocity may 
be briefly described as follows If \ye begin with a oircul&r field which has 
four velocity-lines below the centre and four above, then with each successive 
superposition of an external field of one-quarter of the velocity m rotation, 
one velocity-line is bent downwards, and its point of passage across the 
transverse central line is transferred from above the centre to below it, until, 
when the external field is the same as the internal field, all eight velocity- 
lines pass below the centre Omitting the intermediate steps there are four 
closed velocity-lines in fig 1, two m fig 2, none in fig. 3, because the closed 
curve becomes a straight line of " no velocity ” connecting the boundary hne 
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at the top with the centre and m fig 4, when the external field is dominant, 
there are ten velocity-lines crossing the lower radius as hyperbolas in a 
direction which, for the sake of brevity, we may call from west to east, one 
velocity-line crossing the upper radius in the same direction, and one con¬ 
sisting of a pair of radii of the disc, so that the wind in every port of the 
revolving fluid has a westerly component, and nowhere has an easterly 
component The rotational velocity expresses itself merely in the variation 
of direction und magnitude of the generally eastward-moving current 

The next step m realising the expression of these c (inclusions upon a map 
is to conveit the velocity-lines into isobars, because the pressure is the con¬ 
tinuously vai yitig element that is represented on maps, and it is by means 
of the isobars that we get the best available indication of the velocities of 
atmospheric motion at a height of 500 meties, where the flow is practically 
undisturbed by the frictional cflects of the surface fn this step there is a 
very senous difficulty arising from the fact that the relation of steady wind 
to the distnbution of pressure is dependent paitly upon the earth’s spin 
which gives the geostroplnc component of the baiomclnc gradient depending 
upon the fust power of the velocity, and partly upon the centufugal effect of 
the motion in a small circle which balances the cyclostrophic component of 
the baiomotnc gradient depending upon the square of the velocity and the 
angular radius of the small circle osculating the path 

If we could neglect the cjclostropluc component and consider only the 
geostroplnc component, tho velocity lines drawn m the figures would at onoe 
become isobars drawn on a uniform scale, and the translation into isobars 
would consist simply m writing suitable pressure values against the lmes, 
when the latitude and the numenoal values of the velocity are assigned, but 
that simplification is not permissible When we are dealing with cases of 
revolving fluid the oyclostropbio component cannot be neglected In the 
equatorial regions, where sm X is a ratio of negligible magnitude, the geostrophio 
component might be disregarded and the lines of such a diagram as fig 1 could 
have its pressure values written against them by inserting values for v and r 
m the cyclostrophic formula because the velocity lines are obviously also path 
lines and the curvature is that of the circles as drawn In all the remaining 
diagrams the assignment of pressure values to the velocity lines isa complicated 
prooess even if the balance of pressure and velocity be assumed, because the 
velocity lines are not path lmes. 

In any particular ease the actual path curves can be determined when the 
data are obtained. If we take a point on the outer run m the case of fig 3 
the path is a cycloid. For the upper part the cyolostrophio component may 
be neglected because the velocity is small and near the bottom the radius of 
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curvature is laige, so for a large outer circle tbe curvature correction may be 
disregarded without affecting the general shape of things, but near the core of 
apy revolving fluid, unless the velocity is veiy small, the rotational term is 
dominant The assumption of uniform velocity m rotation that was made for 
drawing the velocity diagrams is an arbitrary one, and without any obvious 
departure from known facts we may substitute for it the assumption that the 
distribution of velocity is such thg,t what we ha\ e obtained as velocity lines 
shall now represent pressure hues and the velocity may be adjusted in 
accordance therewith Whether that assumption would give a distribution 
of velocity symmetrical with regard to the centre I have not fully examined, 
but, if not, we may assume that the shapes of the lines could be adjusted to 
give the necessary symmetry without altering the general appearance as 
represented on a map which cannot give the details minutely. 

Let us, therefore, now regard figs 2-4 as diagrams of isobars of that part 
of a map which contains a mass of revolving fluid earned along in a mam 
current The next step is to deal with the ends of the isobars outside the 
circle of revolving fluid In the atmosphere an isobar cannot have loose ends, 
they must be joined We have drawn the isobars outside the circle as 
parallel straight lines Straight lBobarB are not at all an unusual form of 
grouping on a map, tlieie must be low pressure on the left and high pressure 
on the nght and the ends will be joined sooner or later by enclosing a low- 
pressure area or a high-pressure area. They belong in fact to the marginal 
region of a cyclone or anticyclone The position of the revolving fluid is thus 
identified not as the ceutre of a cyolone or anticyclone but as a distortion of 
the isobars in the main current controlled by the general distribution of 
pressure of which the cyclone and antioydone are elements It is the 
velocity of tins current which carries the revolving fluid along, and it our 
diagnosis is true the velocity of translation of the revolving fluid is the 
velocity of the mam current in which it is formed, and that telocity can he 
inferred from the distribution of the pressure iu regions near to but undis¬ 
turbed by the revolving fluid. It was merely for the purposes of simplicity 
that we drew the continuations of the isobars as straight lines on tbe diagram, 
what amount of curvature can be allowed in the isobars of the ounent in 
which a revolving column or diso is formed must be left to experience to 
deoide. 

Two more elements must be brought into consideration connected with the 
possibility of permanence of a column or disc of fluid earned along in a main 
current of air The first is to what height in the atmosphere does the column 
of fluid extend ? One of the great difficulties of imagining the maintenance 
for days together of a tropical revolving storm or any other example of 
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revolving fluid which is supposed to demand unlimited supplies of air from 
the bottom is why it does not take in air £ram the top and fill up Without 
going into particulars, which are really necessary, it has been customary to 
mention, the word convection and leave it at that; but it requires a very 
finely organised scheme of convection to keep a hurricane in being for a week 
Convection, we know, stops short of the stratosphere, which ib low over low 
pressure In the application of a formula for the variation of wind with 
height m a cyclostrophic system for a lecture at the Boyal Institution in 
March, 1916, I made out that when the stratospheie was reached and, m 
consequence, higher pressure coiresponds with colder air, the velocity of 
rotation and consequent pressure-difference would fall rapidly with height, and 
so a cap in which rotation gradually falls off’ would automatically protect the 
column of revolving fluid below It then the mam current which earned the 
revolving column extended into the stratosphere and so was available for 
carrying the cap along with the revolving column the combination would 
have a fair chance of permanence or persistence 

The best a meteorologist can say at this stage is that there seems no 
possibility of maintaining quasi-permanently a column of revolving fluid m 
the atmosphere unless it extends from its base up to the boundaiy of the 
troposphere It is quite possible to imagine a secondary “ lid ” formed by an 
“ inversion of temperature gradient ” which would take the place of the strato¬ 
sphere at a lower level, |jut there is no definite evidence about the bounding 
Of a quasi-permanent eddy in that way 
That bnngs us to the second point in connection with the persistence of 
a column of revolving fluid, namely, the necessity for the extension of the 
main current carrying the revolving fluid without change of its velocity up 
to the top of the oolumn m our case apparently right up to the top of the 
troposphere and a little beyond it That is a matter which certainly 
requires consideration One of the oommonplaces of meteorological statistics 
is that the wind generally increases, sometimes decreases, and hardly ever 
‘remains the same at different levels Egnell’s law denved from the observa¬ 
tion of clouds, and accounted for on a physical basis, in a paper on the inter¬ 
pretation of the results of soundings with pilot balloons* gives the velocities 
at any height as inversely proportional to the densities of the air at those 
heights. This would mean*that with a velocity of 20 metres per second near 
the surface these will be a velocity at 10 kilom. height of 60 metres per second 
finoh a distribution of velocity would very soon make an mid of a column of 
rotating fluid; after on hour of it the head would be 90 miles away from the 
foot, after a day, 2000 miles awsy. It would be literally tom to pieces. So we 
* ‘Q. J Roy MstSoc.,* vol. 40, p. Ill (1914). 
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have got to imagine the coxflRtions in which Egnell'slaw does not apply, and in 
which the velocity of the wind Buffers neither increase nor decrease in the 10 
or 12 kilometres of height over whioh the meteor stretohes In the lecture 
already referred to, I gave a formula for the variation of wind wifh height 
under geostrophic conditions, and Mr W. H. Dines* lias pat similar reasoning 
into a much simpler form He Bhows that the wind velocity remains 
invariable with height if the isobaric surfaces m the atmosphere are also 
isothermal 

I do not know exactly how to interpret tins condition m general terms. 
I can imagine the atmosphere to be stratified m layers defined by isobane 
surfaces, of which the parts of each layer are isentropioally related without 
consecutive layeis being so related The entropy-relation of different parts 
of the atmosphere is so complicated by water and its vapour that I have not 
yet succeeded in reducing the reasoning about it to on easily manageable 
form, but m any case this is true, that if the churning of the atmosphere 
and consequent lsentropic equivalence of the several parts is complete, then 
Mr Dines’ condition for uniform velocity at all levels is satisfied. In the 
upper regions of the atmosphere convection is the chief, if not practically the 
only, agent for promoting lsentropic mixture, and if we want to find an 
example of a current of air with practically equal velocity at all levels it 
would be well to look for it in a region where convection has been active 
and ubiquitous There may be other examples ^covered by the formula 
wlnoh I cannot picture to myself, but that one is certain. Now, from an 
entropy temperature diagram of atmospheno air, not yet published, which 
Mr E V Newnham has recently constructed for me, it is dear that the 
average condition of air in a cyclone very nearly corresponds with an 
adiabatic line for saturated air, from which I conclude that the nuny 
region of a cyclone (that is to say, the region where convection has been and 
is active) is the proper place to look for an example of a current that is 
generally uentropio, and, consequently, has a uniform velooity throughout 
its height and is in the condition necessary for carrying a revolving fluid 
without pulling the top from the bottom. 

To be effective, for the purpose of carrying along a column of revolving 
air, this current must extend upwards somewhat beyond the base of the 
stratosphere The southern aide of a cyclone, %o far as we can judge, does 
that The pressure-difference between the outer region on the south of a 
cyclone and the region near the centre may be said to originate in 4he 
stratosphere f In this case the lsentropic condition gives a relation 

* ‘Nature,’ vol 99, p 24 (1017) 

t See 1 Geophysical Memoirs,' No 2,1912. 
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between p end 6, which gradually diminish® the pressure-difference aa 
one goes upwards, but it is only when the stratosphere is reached that the 
pressure-differenoe and the velocity begin to fall away rapidly, in con¬ 
sequence of the slope of temperature being opposite to the slope of 
pressure the westerly current on the south side of a cyclone is one of 
the most definite meteorological entities, and most certain of great 
extension m the vertical direction 

If, therefore, we desire to find an example of the motion of revolving 
fluid in the atmosphere of these latitudes, we shall not look for it at the 
centre of a oyolone with circular isobars, nor shall we expect its own 
isobars to be circular when we find them. It will be represented by 
distortions of the isobars of the general distribution of pressure Himilar m 
shape to one or other of the figures (1-4), according to the relation between 
the velocity with which it travels and its own speed of rotation The speed 
for any circle will be one-half of the difference between the velocity 
indicated on the map for the two points on the diameter of the oirole 
transverse to the motion of translation, and the speed of translation will 
be one-lialf of the sum 

I propose to give two examples which illustrate these views, In the first 
(fig 5), the shapes of the isobars suggest the existence of a rotating system 
such as that described. It is shown on the map for 8 aji on March 24, 
1895, and, with very littlo change of character, also on the maps for 
2 and 6 i\m. on the same day The map for 8 o'clock the following 
morning suggests that by that tune the system had degenerated into a 
cyclone. The second is the case of a tornado in Devonshire and South 
Wales cm October 27,1913,* the worst damage of which was done about 
6 F.M., although the isobars on the map for that epoch (fig. 7), as drawn iu 
the working-charts of the office for the Daily Weather Beport, show no sign 
of any exceptional atmospheric activity, so that m this case the revolving 
flnul must be regarded as being carried forward with the stream represented 
by the isobars withou| producing any interference with the general run of 
those lines. * 

The first case, that of March 24, 1895, has always been regarded as 
a noteworthy example of the destructive qffeot of a "small secondary," and 
for that reaeon it is figured in my book on 'Forecasting Weather.’ It was 
the most destructive gale within my experience of the weather at Cambridge 
between the years 1872 and 1900. It began there about 2 o’clook in the 
afternoon, and by 6 o’clock many of the oldest and strongest trees had been 
uprooted, some buildings had been demolished, and a great deal of minor 
* 1 Geophysical Memoir*,' No, 11,1914. 
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damage done The remarkable feature of the gale was that, in the Eaatero 
Counties, it waB unattended with any rainfall, either before, at daring, or 
after the strong wind Except for the wind, it waa a fine afternoon, and 
remained so The scene of destruction caused by the wind in a few hours 
will probably always remain in the memory of those who were in Cambridge 
at the time On the same afternoon many trees were uprooted or broken in 
Norfolk, one particular plantation near Shenngham was completely wiped 
out A remarkable feature of the case was that, although the phenomena 
were locally suggestive of an occurrence that happens only onoe in a 
lifetime, the Daily Weather He port of the following morning seemed to 
regard it only as an ordinary gale, and no winds of exceptional force were 
noted at the observing stations. In illustration of what was noted at the 
time, I have had the observations reported to the Meteorological Office for 
8 A.M , 2 pm, 6 v M , on March 24, and 8 ah on March 25, recomputed 
and plotted on maps showmg isobars and wind, with others showing weather 
and temperature for the four epochs and past ramlall for each of the two 
days at 8 a M The two strongest winds, each of force 11, on the map for 
2 pm ore taken from the logs of lightships off the Norfolk ooast. 

The locality of the centre of the revolving fluid is easily identified on the 
three maps of the 24th, and m each case a dotted circle has been drawn, to 
indicate the probable boundary of the revolving mass. The guiding idea in 
selecting the radius is the extension of the line of calm on the northern side 
of the centre in oompanson with the extension of the intensified wind on 
the southern side The revolving fluid seems to have travelled with great 
rapidity, hut with little change, between 8 am. and 6 pm The aetaal 
speed of translation, according to the maps, between 8 a.m and 2 P.M, is 
55 miles per hour, the geostrophic wind computed from the 8 o'clock map 
63 miles per hour if taken from the separation of the isobars south-east of 
the revolving mass, or 40 miles per hour if a line is taken between the 
isobars on either side of the path. Between 2 f.m and 6 vm the velocity 
computed in a similar way is either 81 miles per hour or 67 miles per hour, 
and the actual velocity of translation is 82 miles per hour. There is a 
curious congestion of the isobars south of the path, which suggests that the 
current which earned the whirbeased off to the north of the whirl 

After 6 pm. the rate of travel of the centre was much slower, and the 
characteristic features of rotating fluid had probably been loot Has may, 
therefore, be cited as a good example of revolving fluid earned along in a 
main current, the velocity of translation being governed by the spacing of 
the isobars of the main depression outside the area affected by the local 
rotation, and, in virtue of this, the air which formed the mass of revolving 
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—Charts of isobars, wind and stats of the sky at 81 2 P.n , and 6 T.x on the 24th and at B a it on the 26th Match, 1696, illustrating the pmaage of a small “ secondary" front the south of Ireland 

to Denmark, which probably consisted of a column of revolving fluid, indicated in the dotted circles on the maps for the 24th 



PRESSURE. WIND AND STATE Of THE SKY 

The line of ctoSmb indicate* the path of the centre of the secondary 
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fluid over the south of Ireland at 8 A.M was earned along bodily to Denmark 
by 6 pm The spin was maintained, and the damage done proves that 
the velocities of the air were exceptionally great The local variation of 
intensity may be attnbuted to the alteration in diameter of the revolving 
rings The absenoe of ram shows that very little additional phyucal energy 
was given to the revolving fluid during its passage across the Eastern 
Counties In flg 6 is given all the available information abont temperature 
and rainfall. It shows that the differences ot temperature were very slight, 
both from the geographical and chronological pointB of view The origin of 
the rotation in the first case may, perhaps, be attributed to the line of heavy 
rainfall along the south of Ireland, Valencia 26 mm, Roche’s Point 28 mm, 
and Pembroke 18 mm, before 8 am on the 24th The line is more or Iosb 
parallel to the general run of the isobars, and the suggestion of parallelism 
between the rainfall lines and the pressure lines is borne out by the records 
at the other stations on the map The existence of the rainfall is pnmd 
fane evidence ot a good deal of convection m the atmosphere, so that it 
would be reasonable to assume lhat the conditions specified for the mainten¬ 
ance of a column of revolving fluid are satisfied, namely that the wind 
velocity in the surrounding medium should be uniform at all heights This 
case therefore agiees with the theoretical considerations that have been put 
forward m lespect of the velocity of travel m relation to the isobars of the 
an in which the secondary is formed, the shape of the isobars m the 
immediate locality of the secondary, and in the physical conditions of the 
atmosphere necessary for the persistence of a travelling column of revolving 
fluid 

The second case, that of October 27, 1918, is interesting as illustrating 
what may certainly occur, because m this particular instance it did occur, 
without any noteworthy deformation of tho isobars actually drawn on the 
map, and explaining the possibility of immense structural damage in those 
circumstances by the existence of a column of rotattug fluid earned along by 
a general current of wind I he phenomena are thus summarised by 
Mr Billet m the memoir referred to — 

“ On October 27,1918, a severe thunderstorm swept the West of England 
and Wales, from the South of Devon to Cheshire, and developed locally into 
a tornado of exceptional violenoe Such phenomena were experienced 
for a distance of about 11 miles up the Taff Valley in Glamorganshire, for 
about ah equal distance in Shropshire, and for about 5 miles m Cheshire 
M Violent meteorological phenomena were confined approximately to a 
straight line running almost due North from the South of Devon to Cheshire 
They did not exhibit themselves with equal intensity throughout the length 
to u xcav_ a. x 
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of this line, but there appear to have been, four mam regions of action •—> 
(1) South Devon, (2) South Wales, (3) Shropshire, (4) Cheshire " 

The map which forms the frontispiece to the memoir, and which has been 
redrawn m fig 7, shows a cyclonic circulation round a centre to the west, 
over the Atlantic The relation of the geostrophic wind m the region of 
South Wales to the motion of translation of the revolving fluid is not quite 
satisfactory The direction accords perfectly It appears from the text of 
the memoir that the velocity with whioh the violent disturbance travelled 
over its whole course from Devonshire to Cheshire varied from 34 miles an 
hour between Devon and South Wales to 37 miles an hour between South 
Wales and Cheshire The geostrophic wind computed for South Wales from 
the original chart of 6 p m , when the tornado was m that neighbourhood, was 
39 miles per hour, which gave also quite good agreement for the speed But 
ou the map, as redrawn for this paper in fig 7, the speed computed from the 
pair of isobars which cross South Wales is 48 miles per hour, which is 
certainly too fast for the tornado The diameter of the area of the damage 
vaned apparently from 150 yards to 300 yards, and the barometers were not 
affected during the passage of the tornado by as much as 1 mb at a greater 
distance than two or three miles from the line of destruction, a little 
further out only by a fraction of a millibar. Close to the centre the effect 
upon the barograph was a sudden fall and recovery of 10 mb which took 
plaoe within less than one minute There must therefore have been a very 
definite line of discontinuity marking off the area of rotational velocity from 
its environment In this case the localities where damage was done were 
localities of very heavy rainfall, arranged as shown on the map in a line 
nearly identical with the line which would have been followed by a 
column of revolving fluid earned by the general wind along isobars from 
Devonshire across South Wales to Cheshire. The concentration in South 
Wales with its accompanying destructive progress seems to have been due to 
the convergence of the air within the moving column of revolving fluid and to 
have furnished a good example of the progress of revolving flmd although the 
radius within which the whole operation was taking place at any moment was 
not large enough to affect the general run of the isobars on the map It is 
noteworthy that the penod of destrnotion was preceded by a period of 
ominous calm during which the wind from the south appropriate to the 
isobars was arrested by the effect of the approaching whirl. 

Thus it appears that it is possible occasionally to identify examples of 
revolving fluid in association with phenomena registered on the maps, 
although in some cases the region affected may be altogether too small to 
show on the map, and in other cases the revolving fluid may only he identified 
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MAP SHOWING THE METEOROLOGICAL CONDITIONS OF 27” OCTOBER 
1913 6 P.M. DURING THE OCCURRENCE OF A TORNADO IN SOUTH WALES 
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THE REGIONS MARKED BY SPECIAL VIOLENCE ARE 
INDICATED BY SHORT BLACK BARS WITH CIRCLES 
SHOWING A DIAMETER Or IO MILES. 



TEMPERATURES ARC GIVEN IN DECREES FAHRENHEIT 
RAINFALL IN THE NEIGHBOURHOOD pF THE TRACK OF 
THE DESTRUCTIVE WHIRL FOR THE RAIN DAY 4 OCT. E7 1 ' 
IS SHOWN BY DOTTED LINES MARKED IN INCHES. 
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as a small secondary The identifiable oases are oertamly not very frequent, 
but there may be others less conspicuous in their effects which are less easily 
found 

We ore thus able to draw a definite distinction between the cyclonic or 
anticyclonic motion as exhibited 19 the atmosphere and cases of revolving 
fluid motion In the latter there is rotation about the vertical axis and the 
whole mass of revolving fluid ir earned along bodily in a curient of ail which 
has a velocity corresponding with its position m the main cyclonic system and 
which can be related to the run and the distance apart of the isobars. There 
is pioetical discontinuity of velocity between this cunont and the rotating 
mass, and there is no relation between the velocity of wind in the whirl and 
the velocity of translation in which the whirl travels over the country I 11 
the case of a cyclonic depression the travel over the oountiy is a part of the 
motion of the wind in the cyclone itself There is no discontinuity of 
velocity The wind so moves that each part of it revolves about a centre 
which has a motion of translation The rate of progress of the centre depends 
upon the curvature of the path of the air m the cyclone, and the motion of 
the centre is apparently due to the fact that the cyclostrophic component of 
the pressure is governed by the radius of curvature of the path and not by 
the radius of the circle of instantaneous motion The motion m a travelling 
cyclonic depression is, therefore, of a different type from that of motion in a 
circle with a superposed volocity of translation. 

[Note added August 3,1917 —Since tins paper was written tho author has 
hod the advantage of seeing a proof of a paper on Tornadoes m the United 
States, by Prof R de C Ward, of Harvard University, which is to appear 
m the ‘Quarterly Journal of the Royal Meteorological Society* for July. 
There is a remarkable similarity between the terms used by Prof Ward to 
describe the meteorological conditions in which tornadoes are found to occur 
and those used in this paper in respect of the occurrence of columns of 
revolving fluid 4 so much so as to leave little or no doubt that tornadoes are 
columns of revolving fluid developed locally in the southern portions of large 
cyclones and earned along with the ordinary wind of the cyclone in which 
they are formed.] 
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Derivatives. 

By A P Laurie and Clerk Barken. 

(Communicated by Prof .T Walker, FJtS Received July 14, 1917) 

If shellac is boiled up with caibonato of soda, and the solution allowed 
to cool, a oon hi dor able part of the shellac separates out as a solid cake, 
resembling gntta-peicha m appearance, and easily cut with a knife If 
slices of this cake, or portions of the thin him deposited on the sides of the 
beaker, are placed in water, they rapidly expand, at the same tune changing 
in appearance, becoming opaque, and of a weak purple colour The colour 
is doubtless due to the dye which the shellac still contains. Ultimately, 
after swelling to several times the onginal size, the whole mass begins to 
break down into a flocculont precipitate The tune when this occurs is 
somewhat irregular, and seems to depend upon the conditions of preparation 
If a small portion is cut from the solid cake and immersed in water and 
allowed to expand, and then replaced m strong carbonate of soda solution, 
it rapidly contracts, on being replaced in water expands again, and so can 
be alternately expanded and contracted 

In order to make a rough measure of the expansion of these fragments 
small glass cells weie laid on graph paper, and a senes of fragments cut so 
as to measure five-tenths of an inch each way, and roughly about one-tenth 
to two-tenths of an inch thick, were placed m these cells, which were then 
filled with sodium carbonate solution of different strengths, and the expan¬ 
sion, of the fragments measured by means of the graph tracing cloth The 
following results were obtained — 
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These results will be found to plot into a fairly regular curve In the 
oese of the water, the 0*25 and the 0*5 solutions, the oakes, after expanding 
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to the registered size, began to break down. In the ease of the normal 
solution, no such breaking down took place. The anginal strength of solu¬ 
tion in which the shellac had been dissolved wbb twice normal, but had 
become concentrated during the solution The shellac dissolved in potassium 
carbonate seemed to behave in the same way, and there was no obvious dis¬ 
tinction between the two salts If pieces of shellac are left for some days 
in a cold twice normal solution of sodium carbonate they darken in colour, but 
otherwise there is little alteration If plaood m water they will absorb watei 
and expand just as m the case of the othei preparation, though more slowly. 

The next experiments were made with a preparation of shellac in bomx, 
aa it was found that on expansion in water the borax compound resisted 
disintegration, a skeleton being left retaining the shape of the original frag¬ 
ment. After experiments made with solutions of different strength, the 
following method of preparation was adopted:—57 grm of shellac were 
gradually added to 100 oc of a solution of borax containing 8 grm of 
borax. As the shellac dissolved the whole mass was continually stirred, 
the final result being a thick treacly mixture The boiling of this was 
continued until on dropping a portion into cold water it expanded, but did 
not disintegrate This preparation differs from the sodium carbonate one 
in that the whole of the solution ib involved, there being no separation of the 
solid body from the liquid 

If a little of the hot mixture is poured on a glass plate and another glass 
plate pressed upon the top, it can be pressed out into thin sheets which 
readily separate from the glass when cold Portions from these thin sheets 
expand when placed m water, and at the same tune the water becomes 
stained, of a brownish yellow colour, the ultimate result being an insoluble 
skeleton, and a brown coloured solution out of which, on addition of an amd, 
the shellac is precipitated If these squares are introduced into salt solutions 
of different strength they *will expand up to a certain limit, depending on 
the strength of the salt solution, and at the same time the salt solution becomes 
slightly stained with the soluble compound 

The following Table, obtained by the expansion of small squares, while not 
to be regarded as of quantitative value, gives a sufficiently acourate indication 
of the nature of this process , 

It was found in practice that no two preparations expanded to exactly the 
same extent, and that also the amount of expansion varied according to the 
length of tune between the preparation and the use of the substance. The 
substance evidently loses water quickly by evaporation at ordinary tem¬ 
peratures, as the thin sheets rapidly curl up, and, as it loses water, it 
becomes less capable of expansion. 
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Table II 


Strength of salt 
solution 

Sodium sulphate 

Sodium ohlonde 

Ammonium aestata 

W 

65 

40 

40 


40 
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88 

80 

80 


26 

26 
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IT 

25 

26 

26 


It will be noted, lor instance, in the figures given, that the final 
expansions of water are somewhat irregular At the same time, the 
general indications aro in favour of the hypothesis that we are dealing 
here with something of the nature of an osmotic expansion, which is 
controlled by the strength of the salt solution, the results being Bimilar for 
different salts 

With a view to obtaining more exact results, a new method was used in 
the next experiments A series of 6 c c glass measuring vessels were taken, 
and a senes of brass rods about inch in diameter Brass instead of glass 
was selected, bectuse it was found that the substance whioh it was desired 
to examine olrngs better to a metal surface The volume of the brass rods 
up to a mark having been determined by lowenng them into the graduated 
vessels, they were then coated with a thin layer of the mixture, and placed 
m the vessels hanging from corks, and the displacement volume again noted 
In this way a rough determination of the volume of the shellac mixture was 
made Expansion was then allowed to prooeed, and the rods lifted out from 
time to time, and the volume of liquid remauung noted Ab m the former 
oases, considerable irregularities were found in individual experiments, but 
these irregularities tend to disappear when the means of separate experi¬ 
ments are taken. 

The following Table contains the mean of the three results obtained for 
sodium sulphate and the three results for potassium ohlonde 

Table III.—Table of Iiesults with Brass Bods. The Total Volume of the 


Shellac Preparation being taken as 1. 
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If the order of sodium sulphate and potassium chloride u remembered in 
the Lyotrope senes, it is evident that this substance behaves quite di fle reafl^ 
to gelatme. ' 

It will be Been how closely they agree, and how much they confirm the 
results from the expansion of the small squares In one of these experi¬ 
ments, the expanded rod taken from one-eighth normal solution was placed 
in a normal solution, which was occasionally renewed. In course at a week 
it had contracted, the solution having increased m volume to within 15 ptir 
cent of the original water absorbed, so that, as in the case of the other 
experiments earlier described, it is possible to expand in a weak, and to 
contract and remove water in a strong solution If, however, instead of 
taking the substanoe expanded m a salt solution, we take the ultimate 
resultB of expansion m water, it is impossible to get this substance to 
contract on putting into a salt solution. 

In order to get over the irregularities caused by this method of preparation, 
it was decided to prepare the borax solution in another way A solution of 
borax was prepared containing 10 grm in 500 c c. borax, and shellac was 
added to the boiling liquid until no more dissolved In this case, owing to 
the greater dilution of the borax solution, the prooess did not go on sufficiently 
far to obtain the thick mixture of the other method This borax solution was 
then filtered and evaporated down, and when a thick consistency was obtained 
it could be poured out and cast into sheets or into any other convenient form. 
These sheets are very similar m appearance to those already described but are 
no longer affected to the same extent by being kept in the air, and show 
greater regularity of expansion They are at the same tune more sensitive to 
expansion than the substance prepared in the former way, which contains a 
larger proportion of shellac, and consequently an expansion begins in a 
solution of twice normal, although it is, at that saturation, very slight Ike 
general form of the curve obtained agrees with that m the earlier experiments, 
but the breakdown of the material and free delivery to the solution of the 
soluble contents takes place at about £ to £ normal 

It is evident that these phenomena ore of the nature of those classified 
under the head of imbibition which are to be noticed in the case of substances 
like gelatine and gum tragaoanth, but at the same tone there axe indications 
that there are differences from those already recorded for gelatine. As is well 
known, the connection between the expansion of gelatine and water and the 
strength of the surrounding salt solutions is very complicated, and is not in 
any way proportional to the strength of the solution. 

In the case of this preparation of shellac there are, X think, distinct 
indications that such a’classification is possible. If we imaginp that we an 
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pealing with a soluble organic molecule surrounded by a diaphragm which is 
^^fapermepble to the soluble organic nucleus, and whtoh is at the same time 
Clastic and capable of expansion, the easiest way to explain the results is to 
assume the diaphragm to be also impermeable to the salt molecules Then, as 
Soon as the internal osmotic pressure produced by the passage of the water 
into the nucleus is sufficient to balanoe the resistance of the elastic wall plus 
the external osmotic pressure of the salt solution, the eqiphbnum is obtained 
iRd the expansion and contraction can be varied according to the strength of 
the external solution If, however, the substance is introduced into pure 
water, the expansion goes on indefinitely until the osmotic cell walls are 
broken,' and the soluble constituent escapes into the water At the same time, 
even in the case of a salt solution, some of the external osmotic cells are 
probably broken, and hence some of the soluble contents escape, the percentage 
of the soluble content being, however, very small in the case of a salt solution 
as compared with the complete disintegration that takes place in the presence 
of water. 

To test this theory a brass rod was lowered into a burette containing 15 cc. 
of 0*66 N sodium sulphate. The volume of the rod up to the scratch as 
measured by displacement =19 ex Kod coated with shellac preparation 
ss 2 35 c c 

After the shellac had finished expanding it was removed from the solution, 
the volume diminishing by 3 95 cc Therefore the volume ot solution 
removed » 1*6 cc On analysis the original solution contained 009156 grm 
sodium sulphate per cubic centnnetie After the experiment it contained 
0 09282 grm per cubic centimetre 

There was, therefore, a slight concentiation of the solution due to the 
absorption by the shellac, the shellac taking up 008o2 grm. per oubic 
centimetre instead of 0*0916 gini It is evident, therefore, that the diaphragm 
is not impermeable to salt solutions 

It is evident from these ex]ieiunents that the explanation of the control 
of the expansion of this substance is not to be found in a balance of osmotic 
pressure, and must be looked for elsewhere. 

Now if a solution of the soluble nucleus is prepared by allowing several 
pieoee to expand to tlieir full in cold water and filtering off the skeleton, and a 
strong Balt solution is added to this, the soluble matter is at onoe precipitated. 
This is not like the precipitation of oolloids by very weak salt solution The 
solution has to be strong, approaching saturation, to produoe such a precipitate 
When diluted little or no precipitation occurs. The explanation, therefore, 
of the control of the expansion by the strength of the salt solution seems to 
Beta this. 4 
▼ox, xotrMh. 


F 
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As the salt molecule passes freely through the diaphragm the soluble 
nucleus is dissolving in the presence of the salt solution, and therefore t$ta 
amount that can dissolve and the consequent osmotic pressure is thus ogb^ 
trolled ^ * 

Among a fair number of ordinary salts tried, only two exceptions have erf 
far been found. In sodium carbonate the borax mixtures wells much more 
than in water ultimately disintegrating, and ammonium chloride, even 
dilute, precipitates the soluble portion A systematic investigation of * 
behaviour of salts requires to be made 

At first sight the behaviour of Lius substance seems to differ v< 
markedly from the behavioui of substances like gelatine aa^ gum 
tragacanth, but the insolubility of the soluble portion in strong salt 
solutions very largely explains this difference, v 

In order to make a fair comparison, a medium must be tfpd, containing a 
constituent in which gum tragacanth, for instance, is insoluble Tfy 
following experiment illustrates this — ^ 

We took a dfenei of graduated glass cylinders, and placed 0 2 grm of 
powdered gum tragacanth m the bottom of each, and filled up each cylinder 
with 5 c.c. of a mixture of alcohol and water The following Table gives the 
expansion of the gum tragacanth — 

0 2 grm of Gum Tragacanth in 5 c c Solution 


Space occupied by expanded gum 


00 per cent alcohol 

25 per cent of water by volume 

60 n ji it 

75 ,i H „ 

Water 


oc 
0 6 
0 8 

1 4 

2 5 
8 


It is here behaving in exactly the same way as the shellac mixture, hat 
there is this difference on replacing the weaker by stronger alcohol, it did 
not contract again The interest of these experiments m shellac, in the 
light of the accepted view of the two-phase character of gelatine solutions 
and the continuance of this in the solid, and the view held as to a solable 
nucleus surrounded by a network of less soluble material, is obvious. 

If the shellac mixture, prepared in the way first described, is soaked for a 
considerable time m ether, a small quantity of a resin is extracted, hat it 
retains its properties. Solution in alcohol and subsequent evaporation has 
no effect on it, and the skeleton left dissolves on raising the temperature, 
while the soluble portion, if evaporated down again, CTpaadg wlysn put in 
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jjfrater. In the case of the preparation with sodium carbonate, as already 
MpP&ed, the ultimate result is complete disintegration, most passing into 
Igdution with a slight amount of iloceulent precipitate. 

% Detenninations^Sf the heat of imbibitioii of the shellac derivative were 
thade by mixing |aua calorimeter 5 grm. of the ground shellac derivative with 
10 q.c of water, Iknd noting the change of temperature. No change m 
temperature was Worded. Of course, this does not prelude the possibility 

heat being developed by the imbibition The heat so developed might be 
WtUt)frbalanced by a lowering of temperature due to the solution of the 
'Inarginic portion in the water. 

Iujinclttflion, this preparation of shellac seems to be of interest as tbrowiug 
fresh9ght on the behaviour in presence of water of substances of the nature 
of gelatine and^gum tragaoanth, and also may possibly throw further light on 
the problems contacted with the movements of sap. 


Two Cases of Congenital Night-Blindness. 

By Sir W de W Abhby, KCB, FRS. 

(Received July 31,1917 ) 

In the recent communication of my paper on a “ Fourth Sensation in 
Colour Vision,” in April last, attention was called to the case of night-blind 
eyes as throwing light on the question of the functions of the rods and cones 
in the retma m regard to colour and colourless vision I cited two eases 
of aongenital stationary night-blindness, which, through the kindness of 
Mr. Nettleship, were brought to my laboratory for examination in view of 
certain researches in which Prof (now Colonel) Watson and myself were 
together interested. As Colonel Watson has been long at the Front in 
France, and as he conducted a principal part of the only partially completed 
examination, X hesitated to give the details without his collaboration. I 
have new obtained his acquiescence in my request that I should communicate 
the results obtained to the Boyal Society. I now do so. As a matter of 
fact, I had worked out the observations before my oolleague left me for the 
Front some 2} yean ago, and these results I have put in the following com- 

I may say that any other form of night-blindness than those to which 
hfcte Nettieehip introduced us would have been useless lor the 


o 
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investigation on which we were engaged, as, if it were not so, night- 
blindness due to disease might call in question some of the deductions to 
be made Mr. Nettleship’s investigations of the family to which they 
belonged, and its history, left no doubt that we were dealing in onr two oases 
with genuine cases of congenital stationary types. 

The subject of congenital night-bhndnesB (sometimes called moon-blind¬ 
ness) has been left with several obscure points unexplained, and the present 
communication, it is hoped, may throw light on some of them 

The late Mr E Nettleship collected a large number of pedigrees in which 
the characteristics of night-blindness are shown His papers on the subject 
oontain, it is believed, nearly everything that is worth knowing The papers 
wcro published m the ‘ Royal London Ophthalmic Hospital Reports ’* He has 
amply proved that congenital night-blindness is hereditary He oommenoed 
with the work that the late Florent Cumerf published in 1838 on a family in 
which night-blindness existed Cunier gave long genealogioal pedigrees with the 
names, domiciles, and dates of birth and marriages of the members The total 
number of persons in seven generations was 629, of whom 66 were affected 
by mght-blindneBS. By subsequent researches Mr Nettleship was able to 
enlarge the pedigree, which as it stands now reaches 2121 persons, 1001 males 
and 960 females (of the remainder, sex* not known), of which 72 males 
and 62 females, and one (sex not etated) are known to have been night- 
blind, and all of whom sprang from a common ancestor, Nougaret by name, 
who lived about 1600 

This is only one of the several family pedigrees which Mr Nettleship 
gives, but all shew that there is heredity in congenital night-blindness 
There is a great distinction between the mght-blmd and the congenital 
monochromatic vision, of which cases are rare The one can see in daylight 
all the spectrum colours as ordinary normal vision does, the other does not 
A quotation from one of Mr Nettleship’s papers will give an idea of how 
congenital mght-hlmdhess manifests itself. After a description of the retina 
and refraction, he says “ (The patient) is extremely night-blind, but can see 
some of the brighter stars, and can do well by bright moonlight and artificial 
light On a moonless night has a great difficulty in finding hu way, cannot 
see the street before him, but guides himself in keeping to the middle of the 
road, and looking np and reoogmsing the sharp and black line of the house 
tops against the sky. 

» 

* See voL 17, Part III, and vol S7 of the ‘Ophthalmic Society’* Transaction*,’ beside* 
other*, 

t FI Cunier, 1 M6dedn Mihtaire,’ w Hktoire d’une B&n&acopie H6r6ditaire depute 
Deux Si&des dans one Famllle de Yendemair pffet Montpellier " 
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H A poor man, vme labourer, slow and awkward by training, but intelligent 
and moot graphic in hie descnption if allowed tune to find words and 
gestures. In walking up and down the partially darkened room " (in which 
he was examined), " he would put his hands out and sometimes stop alto¬ 
gether; indeed, he had the aspect of one blindfolded He was quite unable 
to see the fingers or even the back of the hands at 03 metre with an 
illumination that was ample for a normal person. He had been like this as 
long as he could remember (he was 46 years old), but had, nevertheless, 
been obliged to serve five years m the (French) Army His sight is not 
getting worse 

“ This man’s son, 16 years old, is as uigbt-blind as Ins father '* 

In the cose of the monochromatic vision to which I have alluded, they all 
saw well m low illumination, and but moderately in bnght daylight These 
cases have almost exactly opposite kind of vision. For this reason a 
physical examination of the vision of the night-bhnd seems desirable, and 
though this examination was not completed in some points such as colour 
field, it is believed that we have indications of marked differences in the 
perception of colours and light when tested by the speotrum method 
The clinical aspects of night-blindness, of course, my colleague and 
myself are unable to discuss It BufficeB to say, I think, that these two 
cases fulfilled the object we had in view, viz, to examine two of the con¬ 
genital cases which (the late) Mr Nettleship included m one of his pedigrees 
The first patient, Mr. E, a clergyman, came to the laboratory on 
February 25,1913, when he was examined in the writer's apparatus and 
presence for his extinction of colour from the red to the blue of the arc spectrum 
The luminosity of the D line coming through slits to the screen was the 
standard of tbe intensity of the luminosity of the diffeient rays of the 
speotrum This was gradually diminished by an annulus placed in tbe path 
of the ray until he just saw no light in the illuminated small square in tbe 
darkened camera attached to the spectroscopic apparatus He said that 
all light had vanished when the oolour was extinguished He repeated the 
observations in a reverse manner, noting the advent from darkness of the 
speotrum oolour. 

This semes of observations was repeated in a second apparatus m which 
the source of light was a Nernst lamp, the thread of which was rendered 
i n cand es cent by an amp&re of ourrent from a battery of 100 volts, the 
current was kept constant. Similar observations were made by this apparatus 
and recorded, and afterwards converted to tbe are scale Anally, the 
luminosity curve of his speotrum was taken and compared at the tune with 
that of my colleague. 
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In his observations he invariably said that, when the extinction was noted 
by the reduotion of the said intensity, whenever the colour was gone all the 
light had also gone In other words, the same redaction in intensity of the 
light was the threshold for both light and colour In the paper, " The 
Threshold of Vision for Different Coloured Lights,'** the same identity of 
extinctions of light and colour at the fovea of Class I retina is to be noted, 
as given by all observers, though the extinction of light outside the fovea is 
nearly O'OOOl times less than it is for colour at the fovea. 

Comparing the loss of colour for my own eye (Class II) when the intensity 
of the spectrum D is one candle-foot, the colour is extinguished at an intensity 
of about 0 0016 candle-foot,and the extinction of light at about 0 000036 candle- 
foot intensity For “ E ” the extinction of both light and colour in both oaBes 
takes place at about 0'0015-6. This indicates that the extinction of the 
feeble white light (or, as I have oalled it, of the fourth colourless sensation) 
is dependent on some other retinal perception that the normal eye possesses 
beyond that possessed by the night-blind. The same is probably the cause 
of the difference in the fovea of No I retina compared with that of No II 
retina If the rods and cones fill the places in reference to the light sensa¬ 
tions which have been allotted to them, as stated in my last communication 
on the fourth sensation, then there is an absence of sensitive rods in the whole 
retinae of the night-blind The same remarks may apply to the observer A 
and his measures, though they differ slightly in shape for those of E, but 
not more so than do the curves of various observers m the ‘ Philosophical 
Transactions ’ paper just referred to 

On May 20, 1913, B came for hiB examination at the colour laboratory 
He is a clergyman, and is, we believe, a cousin of E His examination was con¬ 
ducted on the same lines as that of E, the arc light alone being used. In 
addition, he was made to match the colour of the D sodium line with mixed 
colours of thallium and lithium blue, in what is called the anomaloscope, a 
very useful instrument, though only partially indicative of any defect in 
colour vision 

[In Colonel Watson's and my paper, jointly published in the ' Philosophical 
Transactions,' it was shown that there seemed to be two classes of retina 
one in which only the colours of the spectrum were recognised in the 
spectrum and no colourless rays affected the fovea, and the other blass in 
which both oolour and the feeble colourless rays were equally effective. As 
we Boon gathered the return of the two patients at anjr part apparently were 
not stimulated by the colourless rays, we determined to compare them with 
the No I elan of retina, for which purpose we had to reduce the arc molts 

* ‘ Plnl, Tran*.,’ A, VoL 816, 
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into the Nernst coloured spectrum This was done, and the night-blinds* 
extinction of colour coincided practically with the threshold of No I retina 
at the fovea.] 

It should be mentioned that Mr Nettleship divides congenital night* 
blindness into two classes, both showing the same night-blindness. The one 
is myopic, but the other apparently normal, as far as refraction is concerned 
The two observers appear to be in the first division 
The mght-bhnd luminosity curves, taken with a luminous spectrum of the 
arc, compared with that of the normal eye, show that the intensity of oolour 
is the some for both Allowing for the difficulties of the shadow test, and 
a certain error m observation which is found in the flicker test, the ourves 
of luminosity of both may be said to be the same The luminosity ourves 
can be best compared by making the mght-blmd measures the numerator 
and the normal measure the denominator of a fraction. The following are 
the fractions for £ and B *— 
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Allowance has to be made for a difference m pigmentation of the foveal 
region It has been shown in my recent communication on the fourth sensa¬ 
tion that the added luminosity of the sensation of this fourth sensation is 



Log Extinction of Colour 
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negligible when the spectrum is of normal brightness (say when the D ray is of 
£ candle-power brightness at foot distance from the screen) These measures 
show that the luminosity of such a spectrum is, within the limits of error, the 
same in both cases 
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Annulus 315. Observer B 
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B,61 8i Li, 69 - 81 0,88 1, D, 80 6, X,89<8' ft,87<71 if, 80 061 Bh»U,3Ml 0,11* 
The above give the political of Itamhafer line# on the (e*e) epeotnua eoelo 
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A Contribution to the Study of the Magnetic Properties of 
Manganese and of some Special Manganese Steels. 

By Sir Rotlrt Hadfielo, F R S, C Ch^neveau, aud Ch. GiSneau 

(Received May 4, 1917.) 

I—General and Detailed Consideration of the Apparatus and 
Method of Measuring Magnetic Properties 

The object oi this research has been to find a connection between the 
magnetic susceptibility per umt mass (oalled the masB susceptibility) of 
different manganese steels and their chemical constitution All measure¬ 
ments were made with the help of the magnetic balance of P Curie and 
C Ch4ncveau * In this instrument the body to be tested is attached to one 
arm of a torsion balance A horseshoe magnet can be moved horizontally, 
so that the direction of motion is at right angles to the line joining the 
poles, fend the body is gradually brought into a stronger and stronger field 
The observed defection of the tomon balance increases at first, then 
diminishes, and becomes zero when the body lies between the poles of the 
magnet If the magnet be moved still further, a deflection in the opposite 
direction is observed, which agaiu passes through a maximum at the point 
where the variation of the field of force is greatest Fig 1 illustrates the 
deflections observed in a particular case. The difference between the 
readings of the torsion balance when the deflections are greatest on eithei 
side is proportional to the mass susceptibility, so that this quantity may be 
determined by comparison with a specimen whose susceptibility is known. 

Throughout the paper the mass susceptibility is denoted by the symbol x- 

Qhm Envelopes 

Unless otherwise indicated, all specimens were included in glass tubes of 
very different shapes, and generally with very thin walls These are shown 
in fig 5. They gave an inappreciable defleotion m the most intense 
magnetic Adds, even when the balance was at its greatest sensibility, 
t.e when the platinum wire was the thinnest procurable The use of this 
glass, the search for which has entailed great trouble, is exceedingly 
advantageous, in that it does away with the necessity of correcting for the 
magnetic effect of the envelope. 

* 'Jonta. de Phys.,’ Series 4, roL 8, p. 796 (1908); ‘Phil Mag,’ vo) 80, p. 387 
< 1910 ). 
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Fia 1 —'Variation of deflection shown as function of displacement of magnet. 


Standard of Companion 

F. Weiss and Foex* have devoted gnat attention to the determination of 
the mass susceptibility of salts in solution and in the solid state. We have 
adopted, as standard of comparison, anhydrous cobalt sulphate, to whioh 
these workers assign the value 

+ 68 x 10“* at 20° C. 

We have prepared some of this salt, adhering strictly to their instructions. 
It was divided into three portions, of which one was placed in a tube, 
which was then sealed and weighed. Ibis served ae a standard. The 
* ‘ Journ do Pbys.,’ Semes 6, vol. 1, p. 874 (1811). 
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following Table showB that this sample, placed in fields of different strengths 
and under different conditions of sensibility, always gave concordant results 



Magnetic Fields 

Two permanent magnets (Allevard steel), of the following dimensions, 
were used to establish the field of the Curie balance. The ratio of the 
fields was about 5 




Magnet I 

Magnet 11 

Extenor diameter 


15 cm 

15 om 

Intenor „ 


12 M 

12 .. 

Thickness 


1 46 ora 

1 46 om 

Thickness of pole pieces 
Height of polar space 
Breadth of „ „ 


0 45 „ 

O 66 „ 


8 0 „ 

1 25 „ 

3 0 „ 

2 6 „ 

Field 

i 


820 gauss 

I 

1600 gaum 


The values of the field strengths, which are only approximate, were 
oaloulated from the general formula of the apparatus by the aid of the 
known value of % for oobalt sulphate and from the constants of the torsion 
halanoe. An excellent verification of the validity of this procedure was 
obtained in Case II by the aid of a Grassot fluxmeter This gave 25,500 
maxwell* Taking an approximate value of 12 for the permeability of steel, 
and 1235 sq. cm. for section of polar space, a field of 1750 gauss was 
calculated 

To obtain more feeble fields the magnets were shunted, but the results of 
aueh teste were very irregular 
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Sensibility 

Varying sensibilities were obtained not only by interchanging the magneto, 
but also by altering the diameters of the platinum suspending wires. The 
relation of the sensibility to the diameters is given m the following Table:— 


Wires 

i. 

2 

3 

4 

Length 

36 4 cm 

83 8 om 

33 1 cm 

83 6 om 

Diameter 

0 01 „ 

0-02 „ 

0 06 „ 

0 01 „ 

Sensibility with— 

Magnet X 

1 

116,000 

7,220 

i 

i ISO 


„ II 

1 

1,440 

86 

23,000 


Wire No 1 broke very early on in the work, and was replaced by No 4 
No 3 gave very irregular results. The most trustworthy results have been 
obtained with Nos 2 and 4 

The eflect of the susceptibility of the an was found to be negligible m all 
cases 

Influence of Temperature — The following experiments made on steel 
1010 N when placed in a glass tube showed that in these experiments a 
variation of 26° G had but little effect on the results 


Steel No 1010 n. Mass, 5 782 grm Distance of scale, 236 om 



Temperature 

Deviation. 

Deviation per grm. 
at 1 metre 



mm 

mm 

Ordinary condition 
lube dip]>ed m ice 


97 

7 


90 

0 6 

T i ube retained in ice 


84 

6 

Allowed to heat up for one hour 

21 

66 

6 

Steel rusted and washed in hydrochloric 
aoid 

20 

106 

7 


Accuracy of Results. 

In all cases, on account of experimental dilBoulties, and the many sources 
of error which had to be overoome, the steel results can'only be trusted to 
within 6 per cent 

The manganese results are a little more aoourate. Their precision is 
indicated m the results 
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II— Study of the Magnetic Properties of Manganese. 

Thiough the kindness of M P Weiss, we have been able to work on the 
specimens of manganese used by M Kamerlmgh Onnes and himself in their 
work on the magnetic propeities of manganese, chromium, and vanadium * 

( 1 ) Powdered Manqanm 

The first specimen of manganese was in the form of a grey powder It was 
prepaied fiom an amalgam of manganese, which, when heated to a sufficient 
temperature m pure dry hjdrogen, yielded the metal in the form of the 
powdei mentioned above This powder was pressed into a glass tube in 
order to form a rod, and then soalod 

The two pievious workers have shown that this form of manganese is 
para-magnetic 

After a qualitative continuation ot this view wo proceeded to a quantita¬ 
tive test by determining the deviation of the sealed tube in fields I and II 
Unfortunately, wo were obliged to break this tube (naturally with great 
care) in order to determine the mass of the manganese and the magnetic 
quality of the glass 

The following results were obtained, a very small glass correction having 
been allowed for 


Field 

Sensibility 

X*10* 

1 Temperature 

1 

1600 gauss 

7200 

+10 e 

°C 

\ 18 0 

820 , 

1440 

1 +10 9 

17 fl 

i 

Average 


+ 10 8 

' 7 ™ 

i 


Owenf gives the number+ 8 9 x 10~® at 18° 0 Our number agrees with 
that found by H du Boib and Honda, while Gebhardt's value, quoted bj 
Weiss and Kamerlmgh Onnes} is five times too large Without doubt their 
samples were oxidised 

We have repeated the experiment upon the manganese powder after it 
had been kept for 10 days in a closed tube We have obtained 

x 10 ® » 112 

There was therefore no sensible oxidation 

* Pierre W«m and Kamerlmgh Onnea, 1 Comptee Bead, de I'Acad. dee Sci / vol 150, 
p. €87 (1910). 

+ ' Ann. Fhysik,’ vol. 87, p 657 (1912) 

t * Journ. de Phys.,’ Series IV, voL 9, p 555 (1910) 
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Wo have assured ourselves by the sensitive potassium thiocyanate 
reaction that there was no trace of iron m the sample 
We conclude, then, that the mass susceptibility of powdered manganese 
at 18° 0 is 

X 110x10“ 6 , within 2 per cent 


(2) Cast Manganese 

The second sample of manganese was composed of small black pieces, in 
parts coloured a metallic grey or yellow It was prepared by the fusion of 
the powder in an electnc resistance iuroace, the atmosphere being hydiogen 
Weiss and Onnes state that this form is ferro-magnetic 

With these pieces we carried out a senes of experiments which showed 
that the substance was either attracted or repelled, according to its position 
m the field This observation, which was verified for each separate piece, 
indicates that this sample of manganese was magnetised A slight, but 
sensible, effect upon a compass needle confirmed this 

Five years and five months after our first expenments we again tested this 
cast manganese, and found that it still retained its magnetism—which shows 
a strong coercive force We then carefully heated two fragments to a bright 
red—one a fragment of the black (No. 1), the other a fragment with 
metallic luBtre (No 2) The following results were obtained Initially the 
highest values of x were of the order +2000 x 10~® * 

Black fragment x x 106 ** +26 5 

Brilliant fragment x x — + 27 1 

The influences of heating, of temperature, and of the size of the sample, 
aie of some importance With a fairly large fragment (No 3) we obtained 

X 10® = +130 

* M Kuh (Thtae, Zurich, 1911) has given for the magnetic moment M of cast 
manganese — 


M 

H 

XKlO* 

1 

1 gun 

0 7080 1 876 

1 688 1 1600 

1 

— 

8180 

1090 


It is to be observed that for a field strength of about 320 gauss we have found 
numbers of the same ordei for the highest values of * x I0 8 of ferro-magnetic manganese, 
via, 9200 and, after an interval of five years, 2700 
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Several washings m pure hydiochlone acid gave successively 


1st heating 


J! 


1st washing 

XX 10" = +130 

2ml „ 

XX 10* = +116 

did 

X x 10® = +110 

4th 

XX 10° = + L09 


ltelieating and again washing in hydiochloiic acid gave 


2nd heating 1st washing % x 10 rt = + 34 

It is therefore clear that sufficiently prolonged heating considerably lessens 
the magnetic properties of magnetic cast manganese whilst the oxidation ol 
the specimen slightly raises its susceptibility 

In heating specimen No 1 above in order to oxidise it, without washing 
in acid, we obtained 

*xlO»= +3J, 

while with specimen No 2, aftei washing in acid, we obtained successive!) 


Initial value 
1st washing 
2nd washing 


X x 10* = +271 
X xlO« as +181 

x x 10 tt = +10 9 


The etfect of heating and washing ih clearly to cause an approach to the 
value for powdered manganese (+ 110) Heating produces demagnetisa¬ 
tion , subsequent washing m acid the disappearance of the oxide formed 
Dbhuoub of saving the remainder oi the manganese, further experiments 
weie discontinued 

If the manganese demagnetised by heating and deoxidised by the action of 
hydrochloric acid were ferro-magnetic, it should easily re-acquire its 
magnetism when placed m the field o! magnet No 1, or even by simply 
bringing into contact with another magnet That this is not so, is shown by 
the following results, giving identical values before and after the attempted 
magnetisation 


Specimen 

XX 10* 

| 

Before magnetic actiou 

After 

- * 

-- J 

— - 

No 2 

; + io o 

+ IC9 

No 8 , 

1 +109 

1 . __ 

+109 


The high coercive force of manganese fused in hydrogen (analogous to that 
of iron under similar conditions) and the preceding experiments lead us to 
the belief that its ferromagnetism is due to hydrogen* The difficulty of 
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completely disengaging a dissolved gas from a liquid is well known, and 
a fortiori the same difficulty must arise with a solid. 

It is hardly to l>e expected that the heat applied to our samples was 
sufficient to drive off all the hydrogen, and so to lower the magnetic pro¬ 
perties of the substance to that of the pure metal But thegfts was driven off 
sufficiently to prevent the metal being permanently magnetised This con¬ 
clusion is verified by an experiment of Seokeison * who has obtained electro- 
lytically ferromagnetic manganese, which necessarily contains hydrogen 
just as dul the electrolytic iron of Cailletet and d*Houllevigue.f 

Conclusion 

Manganese is para-magnetic, whatever its condition Its mass suscepti¬ 
bility^) at 18° C 1H +110x10-* The feiro-magnetie properties winch 
it possesses after being melted or deposited by electrolysis are without doubt 
due to occluded hydrogen 

It is perhaps in place to point out that the presence of occluded gases in 
metals or alloys which have been prepared by melting should not be 
neglected when examining the magnetic properties 

• 

III— Study of the Magnetic Properties of Some Manganese Steels 

The first experiments made with steel (in the form of small cylindrical 
rods) gave very irregular results For instance, they showed the steel 
2084 A as ferro-inagnetic, which was subsequently confirmed by experiments 
But they also gave the steel 1010 N as ferro-magnetio, whereas it is in fact 
para-magnetic. They showed, however, in all cases, in spite of die irre¬ 
gularities, the cause of which we shall try to find, that all the steels save the 
one mentioned above were only slightly magnetic, and the employment 
of the type of apparatus used was justified in the overwhelming majority of 
oases 

In what follows we confine ourselves to para-magnetic steels, later we will 
deal with the ferro-magnetio variety 

( 1 ) Influence of Chem ical Reagents 

The paradoxical result obtained with the steel 1010 n may easily be 
explained on the hypothesis that some ferriferous impurity gives to the 
specimen its ferro-magnetio oharacter. In fact, if the cylinder is gently 
washed with hydrochloric acid, the mass suaoeptibility passes rapidly from a 

* * Wied. Ana.,’ vol 67, p. 87 (1899). 

+ ‘ Journ, de FhyeSenes 8 , vol 6, p. 246 (1697) 
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value of x ^°° to be measured to % = 100 x 10"* The following 
experiment lends weight to this assumption When the oylimler 1370 Da 
was out by an iron tool without subsequently washing m acid, % rose m 
value from 76x10"* to 1960x10“* As the steel bars were worked into 
shape, and as it is often necessary to test small pieces cut from them, it is 
therefore essential, before using them m the balance, to wash them m 
hydrochloric acid, in order to remove traces of iron left by the tools An 
examination of the curves in fig 2 showH that for the steel 1010 o, whatever 
the form of the specimen, the deflections which, before chemical treatment* 
were not proportional to the weight became so when the Bample was so 
treated * 

Steel 1010 g (Magnet 2, Sensibility 1440) 



Dimensions 

Before attack by HCl 


After attack 


— 




Time of 

- 

— 





Deviation 

attaok 


Deviation 


Diameter 

Height 

Weight 

per gramme 


Weight 

per gramme 





at 1 metro 



at 1 metre 


' 

mm 

mm 

gnu 

mm 

mm 

grm 

mm 

Small cylinder 

4 6 

l 

0 252 

85 

15 

0 247 

24 

Sphere 

Medium cylinder 
Large * yhnder 

4 5 

— 

1 0 877 

80 

80 

0 867 1 

22 

4 6 

4 

! O 4»7 

80 

46 

O 478 i 

28 

4 6 

ft 

' 0 744 

24 

60 

0 708 

28 


Finally we mention here the observations of A C Jollyf and of one of usj 
upon copper In this case the mass susceptibility only became constant after 
a first washing with hydrochloric aid Subsequent washings had very little 
effect This is also shown m the curve for the steel 1010 n (fig 2), although 
the mass of the specimen was reduced in the process from 4 510 grm to 
1833 grm 

Although it would seem that in many instances the ferriferous impurity 
resides at the surface, yet there are others m which this does not seem to be 
entirely the case. We find it difficult to decide, however, whether we are 
really dealing purely with superficial effect, with an internal effect, or with a 
combination of the two* We simply estimate that the diminution in weight 
due to washing is at its maximum about 1 or 2 per cent 
Other experiments upon the steels 1010 Ga, 1010 f, 1010 o, 1010 m, 1010 », 
1339, 1343 a, 1343 b, 598 and 620, and the curves for the specimens 1010 n 

* Hie hydrochloric acid used was strictly diamagnetic with x ■■ -0 58 x 10" fl If the 
true value (from Quincke's work) is -0 66x 10“\ then the acid above does not contain 
more than 1/100,000 per cent, of iron 
t * The Electrician,’ vol 66 , No 26, p 1013 (1010) 

} GL Chtaeveau, ‘ Journ de Fhys.,' Senes 4, vol. 0, p. 163 (1910). 
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and 1798 n a (hg 2) lead equally to the conclusion that, after a fairly prolonged 
washing in hydiochlonc acid, the deflections become practically proportional 
to the mass of the specimen 


1717TV 



E mm 




Fm S —Influence of hydiochlonc acid on sensibility^ 


(2) Influence of Sue of Specimen 

For pura-magnetic bodies in which the susceptibility is not a function of the 
field strength, the shape of the speoimen should be immat erial and, in 
consequence, its dimensions should not affeot the measurements, otherwise 
than through the change of mass 

Certain of the steels were very hard to work and m the absence of diamond 
•dust we shaped them with ordinary tools. But for our experiments we ohose 
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fairly workable steels whioh were somewhat easily attacked by the acid. The 
washing was continued until strict proportionality was obtained between 
deflection and weight. 

With the steel 1798 Hi we find that when the sample is properly placed 
between the pole pieces the deflection is the same whether the specimen is 
placed parallel to the line joining the poles or perpendicular to it 



Number of observations 

Mean deflection 



mm 

Parallel 

6 

271 

Perpendicular 

4 

i 

272 


With the same steel we carried out a series of experiments under different 
conditions of sensibility, in which we varied one of the dimensions of the 
cylinder, keeping tiie other constant The curves in fig 3 show the relation¬ 
ship between the deflection and the height and diameter of the specimen 


mm 



Fro 3 —Vanation of deflection with dimensions. 


Experiments were also earned out on a very different type of steel (1010 n) 
The curve (fig 3) shows, in agreement with our previous results, that, provided 
oertain limits are not exceeded, the deflection is proportional to the dimensions 
of the specimen, to its weight. 

The conclusion to be drawn from these preceding Bones of experiments is 
that senous error can only be avoided by working on specimens giving 
deflections proportional to their masses. It is, therefore, advantageous to 
work with comparatively small samples. 


vol xcrv.—A. 


a 
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(3) Influence of the Position qf Specimen. 

The same conclusion is reached in studying the effect of the position of 
the specimen in the field on the aocuraoy of the results The following 
experiments were earned out with a small cylinder of steel 1798 at, having 
the following dimensions Height, 2 90 mm , diameter, 3 30 mm , mass, 
0197 grm It was washed in acid and plaoed m the tube sketched in fig. 4 

(a) Variation of the deflection until the vertical displacement of the metal 
m the field, the sjpeexme/n being at equal distances from the pole pieces and Us 
centre on the line of symmetry of the polar interstice —The results are shown 
in Curve 1, fig 4 

(b) Variation of the deviation with the distance of the meted from the pole 
pieces, the height of centre of specimen being 16'5 mm.—The results are shown 
m Curve II, fig. 4 



(o) Variation of deviation with the position of the magnet .— This is shown 
in fig 1. 

It is easy to deduce from these experiments the position for which small 
displacements least affect the accuracy of the results. 
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(4) Bert Experimental Conditions . 

It has been shown that it is advantageous to use fairly small specimens 
having a well defined geometrical shape (cylindrical) The specimen must be 
sufficiently washed in hydrochloric acid, and accurately placed with its centre 
at the centre of the polar interstice—that is, at equal distances from the pole 
pieces, and vertically, so that the centre of the specimen lies in the central 
line joining the pole pieces 

This adjustment, which ib somewhat delicate, can, nevertheless, be easil} 
accomplished by the employment of tubes having the forms shown in fig C 
The specimen is retained m position by means of lightly packed cotton-wool 



H 2 


Fw, 5,—'VanouB experimental tubes. 



78 


Sir R. Hadfield, C. Chdneveau, and Ch. Gdneau. 


The following numbers for the specimen 1708 Hi Hhow that error caused 
by small variations of height is slight, if the average of several experiments 
be taken 


Height 

Number of experiment* 

Deflection 

Mean 

mm 


mm 

mm 

17. 

1 

271 



2 

268 

266 


8 

266 


16 

1 

2 

208 

OAA 

«oo 

>87 

16 

1 

2 

11 

268 


(5) The Case of Ferro-magnetic Steel 

The magnetic torsion balance only lends itself to the determination of the 
mass susceptibility of diamagnetic and paramagnetio bodies For the 
successful study of ferro-inagnetio bodies, it is essential that the rod should 
be placed parallel to the field, and that itB length should be great in 
comparison with its diameter * 

We have only been able to work on very small specimens, weighing a few 
milligrammes, and, under these oircumstanoes, it was impossible to eliminate 
the demagnetising field due to the magnetisation In all cases, however, 
we have endeavoured to correct this error by approximate mathematical 
computation 

Suoh a correction is naturally somewhat uncertain, and we tested and 
verified its approximate validity by comparing the specimen 2064 a with a 
sample of pure iron wire (piano wire) Washing m hydrochloric acid was, 
as usual, oarried out before testing 

To prevent the tube coming into contaot with the magnet of the 
instrument when it contained ferro-magnetic matter, we attached a weight 
from a hook fixed to the lower end of the tube, as shown m fig 4 We 
ascertained that this did not affect the deflections when the weight did not 
exceed 10 grm 

Weight . 20 grm. 10 grm. 5 grm. 2 grm. 

Deflection at 164 cm . . 172 mm. 178 mm. 178 mm. 180 mm 

The following are the results (after all corrections had been applied) 
obtained in two perpendicular directions, with the sample plaoed either 
vertically and at right angles, or horizontally and parallel, to the field. The 
different values obtained in these oases is typical of the ferro-magnetic state. 

* eg* P. Curie, ‘CKuvree,’ 1006, p. 880. 
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Bodj 

X (corrected) 

Horuontal direction parallel 

X (not corrected) 

Vertical direction perpendicular 
to field H — 820 gaum 

to field H <■ 460 gauw * 

8t«el No 2064a 

0 24 

O 017 

Pure iron 

0 47+ 

0-022 


Thus, the steel 2084 a is slightly ferromagnetic compared with iron Its 
mass susceptibility is of the same order as that of pure iron 
A curious point arises m connection with this specimen Before being 
sent to Pans m 1911,11 was roughly examined with a hand magnet, and 
showed only slight magnetic quality, certainly not more than 4 or 5 per 
cent, of that of pure iron The above test, however, which was made about 
six years later, indicates distmct ferro-magnetic properties of the order of 
50 per cent of that of pure iron This marked difference was so striking 
that it was thought well to make a further examination of the specimen in the 
original approximate manner, with the result that this considerable increase 
of magnetic susceptibility with progress of time was fully confirmed. The 
specimen had not, during an interval of several years, been subjected to heat 
or mechanical treatment, and it can only be inferred that a gradual secular 
and internal change in magnetic character, apart altogether from any 
extraneous influences, had taken place in this material 


(6) Study of Powdered Steels 

These experiments were carried out on filings from samples 1010 and 
1109 d The ohemioal composition (which is very similar to that of the 
rods) is given below, together with the results of the magnetic tests 
These filings are so magnetic that we found it necessary to use a stouter 
torsion wire (diameter 0*5 mm ),and to fix a magnetic shunt to magnet No. 2 
In a field of about 18 gauss (1/18 of its previous value) we obtained the 
following results — 


Steel No 

a 

Si 

Mn 

m 

Deflection per gramme j 
at 100 cm i 

1010 

1 26 

0 45 

12*00 


mm 

88 

1100s 

0*60 

0*84 

5*04 

14 55 

01 


* The magnet used here was slightly stronger than that in the other case. For the 
same torsion wire, we deduced from deflections made with oobalt sulphate that the field 
in the position of greatest deflection waa 400 gauss, 
t In a field of 450 gauss it can he shown from Curie’s experiments that x « 0 4& 
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These deflections are approximately 130 times those given by the same 
matenal in bars 

Due precautions were taken to place the B&mple at the centre of the tube 
(fig 6), and we also tested the strict proportionality between weight and 
deflection (fig 6) up to the limits to which the expenmente weie confined. 

It is certain that these filings contain a considerable quantity of iron 
Washing m acid was resorted to f but we never reached a final value nor got 
rid of all the iron With steel 1010 we even found an increase of 
magnetisation (fig 6), suggesting that the constituents of the powder were 
unequally attacked by the acid 



We conclude that filings cannot be used for the determination of the mass 
susceptibility of manganese steels 

IV— -Summary of Experimental Results 

In the following Tables the chemical and physical results for the special 
manganese steels are collected together so as to determine the relations 
between chemical composition and the magnetic properties. 
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* 

(1) Influmvw of Manganese 

Within the range examined, it appears that m the case of manganese steels 
of constant carbon content this metal has only a feeble effect on the magnetic 
properties 

(2) Influence of Carbon 

The Table also allows that for steels of constant manganese content the 
susceptibility increases as the carbon content diminishes. 

These two conclusions are summarised in the column giving % as a function 
of the quotient C/Mn, and aUo in the curve representing the figure which is 
reproduced in fig 7 The mass susceptibility of manganese steel is seen to 
become smaller as the ratio C/Mn increases 

X.io 6 



0-01 005 o«i 


Recapitulative Table, showing Influence of Manganese and Carbon. 


Steel So 

C 

Mn 

XxlO* 1 

1 

Steel No j 

C/Mn 

x*10». 

80 

1 60 

16 26 

17- 

18790, 

0-01 

78 

508 

1 54 

18 50 

17 + 

101 Og 

0*076 

19 

18790, 

0 16 

36 20 

76 

698 

0-088 

17 + 

80 

1 60 

16*26 

17 

80 

0 1 

17- 





General Table of Results. 
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The result*) obtained in the two following senes of experiments are m good 
agreement with the conclusions arrived at In the first the manganese and 
earbon contents increase approximately m the same ratio.— 


Steel No 

0 

Si 

Mn 

C/Mn 

x* io* 

1010 

per tent 

1 21 

per cent 

0 88 

per cent 

10 58 

0 11 

19- 

1010 D 

1 84 

0 47 

13 84 | 

0 10 

20 

1010 k 

1 70 

0 35 

16 07 l 

0 10 

21- 

1010 F 

1 94 

| 0 40 

19 01 

0 11 

21-r 

1 


It is seen that % lemains approximately the same 

The second senes contains steels of constant carbon content and increasing 
manganese content As the increment of manganese is only 2 7 per cent, 
and as we have seen that an increment of 3 5 per cent does not affect x> it 
follows that these steels should have the same magnetic quality This is 
confirmed by the results — 


teal No 

c 

Si 

Mu 

XKlO 8 

1010 a 

1 24 


16 23 

19- 

1010 a s 

I 22 1 

0 17 

16 80 

18- 

1010 H 

1 25 | 

0 88 

18 85 

17 + 

1010 o 

1 06 

0 28 

18 66 

18 + 

1010 

1 04 ' 

0 27 

18 90 

18- 


i 


(3) Influence of Nickel 

If the nickel-manganeso steels, containing approximately the same carbon- 
manganese ratio, are arranged m order of their nickel content, it will be seen 
either from the following Table, or from the ourve of # fig 8, that the mass 
susceptibility of suoh steels increases with the proportion of nickel — 


Steel No* 

C/Mn 

Ni 

X>« 10* 

1389 

0 15 

2 67 

28 

1818 c 

0 14 

9*0 

85 

1109 » 

0 *15 

14*65 

68 

1414a 

0 12 

i 

19 0 

67 












(5) Influence of Chromium 

Chromium also seems to raise slightly the mass susceptibility.— 


Bteol No 1 

C/Mn 

1 * 

l 

X* 10* 

m ! 

0 •08 

1 _ 

17 + 

680 

I 

0 05 

' 3 G 

10- 


(6) Influence of Tungsten. 

Tungsten seems to act more strongly, for the addition of 0 74 per oent has 
a marked effect on the susceptibility'— 


$J*el Ao 

O/Mn 

W 

x*i& 

i . i 


1848 a 
1S48S 


0 186 8 86 
0 180 I 8 11 


18 
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(7) Influence of Silicon 

The addition of a considerable proportion (6 per cent) of Bilieon to a 
manganese steel makes it ferro-magnetic when the temperature of quenching 
is high — 


Steel No 

O/Mn 

' 

Si 

L 

i 

Temperature 

__i 

X xlO» 

1 

1370 d 3 

0 010 


C C 

1050 

76 

20H4a 

0 015 

1 

6 15 

1 

1050 

j 240,000 


We have already seen that this steel resembles iron m its magnetic 
properties 

V—Relations between Magnetic Properties and Other Physical 

Propkrtiks 
(1) Density 

As was to be expected, there is no simple relation between density and 
mass susceptibility, just as there is none between density and chemioal 
composition 

( 2 ) Magnetic Field 

For certain of the steely especially those of high susceptibility, there are 
small variations between the values m fields of different strengths In 
general, the highest susceptibility corresjtonds to the weakest field In view 
of the big difference between the fields and the smallness of the variation, 
it would not be safe to conclude that this is due to feeble ferro-magnetism 

On the contrary, it can be stated that, within the errors of experiment, 
the mass susceptibility is m the majority of cases independent of the field 
strength. The curves of fig 8, referring to manganese-nickel steels, in fields 
1 and 2, prove this. Apait from the manganese-silicon steel, which is 
decidedly ferro-magnetic, the other steels are para-magnetic 


(3) lfeat Treatment 

To show the effect of the temperature at which the steel was cooled, we 
give a comparison of similar steels — 


Steel No 

C/tfa 

Ni 

Thermal treatment 

x*w 

1798 

0 35 

19-98 

Cooled in (wmn from 
Wf 0. 

154 

1414a 

0 12 

19-0 

Quenched in water from 
1060°0 

67 
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The nickel-content in these steels is approximately constant, and, as we 
have seen that independently of the temperature of quenching the suscepti¬ 
bility should increase as the value C/Mn diminishes, it appears from the 
experiments that the susceptibility is increased by a low temperature of 


As chromium has only a feeble effect on the magnetic properties of 
manganese steels, its presenoe does not explain the difference found below 
between steels 2103 and 1109 D 


Stool No 

C/Mn 

Mn/Ni or 
(Mn + Cr)/5i 

Thermal treatment 

X*10* 

2108 

1 11 

0 82 

Quenched in water from 
946“ 0 

259 

1109 s 

i 

0 10 

0 30 

Quenched in water from I 
1060°0 

62 

1 


The conclusion to lie drawn is the same as before The lower the tem¬ 
perature from which the steel is cooled, the more are the magnetic qualities 
accentuated 


VI— CrENKBAIi CONCLUSIONS 

We have determined, with the magnetic balance of P Curie and 
C Ch&ieveau, the mass susceptibility of manganese and of some of itB special 
para-magnetic alloys 

1 Manganese. 

We have studied manganese under two forms, powdered and fused, in an 
atmosphere of hydrogen The specimens were very kindly lent us by M P 
Weiss, who had prepared and examined them * 

We believe ourselves to be justified m concluding that whatever itB condition, 
so long as there is no occluded gas, manganese is para-magnetic, its mass 
susceptibility at 18° C is 110 x 10“® ± 2 per cent This value is a little 
higher than that given by H du Bois and Honda (8 9) 

With regard to the ferro- magnetism of cast manganese, we attribute it to 
the presenoe of hydrogen This agrees with the observation that this type 
of manganese, after being heated red, cannot be remagnetised, and with 
the well known analogous properties of electrolytio manganese and eleotro- 
lytio iron 

In this connection we desire to recall the effect which certain oocluded 
gases have upon the magnetic properties of oast metals and alloys. 

# Pjorrs Wain and Kamerlingh Onnee, * Oomptss Rendu*,' voL 160, p. 687 (1810). 
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2 Special Manganese Allays 

We have shown that the mass susceptibilities of these alloys, which vary 
between+17 x 10~ a and +259 x 10“*, are independent of the magnetic field. 
The strength of the field ranged from 320 gauss to about five times that 
value These alloys are therefore para-magnetic 

(1) Manganese Steels— 

Within the range examined, the masH susceptibilities are only Blightly 
influenced by the amount of manganese present, but depend considerably 
on the carbon content Speaking generally, we may say that for these 
special steels the mass susceptibility increases as the ratio C/Mn diminish es 

(2) Steels containing Manganese and other Metals — 

If the carbon-manganese ratio is kept constant, the addition of other metals 
always increases the mass susceptibility 
Manganese-nickel Steels. —An mcieaae of the nickel (from 2 57 to 19 per 
cent) raises the mass susceptibility m the latio of 23 67 

Mangancse-tvmgsten Steels —An increment of 0 74 per cent of tungBten 
increased the mass susceptibility in the ratio of 18 29 
Manganese-chromium Steels —Chromium seems also to cause a slight 
increment. An increase of 3 5 per cent of chromium seems to correspond 
to an approximate increase in the mass susceptibility of 10 por cent 
Manganese-nickel-copper Steel —The comparison of two steels each having 
the Bame,manganese, nickel and carbon content, one containing no copper, 
and the other 2 25 per cent, shows that this metal, in spite of its diamag¬ 
netism, increases the mass susceptibility by about 19 per cent 
All the preceding steels were quenched in water from 1050° C They are 
all of the well known para-magnetic Austenitic type of steel The addition 
of a substance like manganese, which is also p&ra-magnetio, will have but 
little effeot m altering the properties of these steels, which remain para¬ 
magnetic 

Manganese-sdicon Steel. —The addition of 6 per cent of silicon to a man¬ 
ganese steel, where the C/Mn ratio is about 0 01, makes the steel much more 
ferro-magnetic. A secular change m the magnetic properties of this steel 
has also been observed, the specific magnetism increasing, in a penod ot 
several years, from the order of 4 or 5 per cent of that of pore iron up to 
nearly 60 per cent. 
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Vapours Further Studies 
lJy the Hon K J Stbutt, FRS 
(Received July 19, 1917 ) 

[Plate 1] 

In several previous papers,* I have described experiments showing that 
the luminosity of the spaik or arc dischaige thiough gases and metallic 
vapours lasts for an appreciable length of tune after the discharge has 
ceased to pass, and that the luminous vapour can be removed from the 
region where the electric current is passing, and still remain luminous, 
showing the same specti um as before, though m certain cases some lmes of 
thiB specti um fade out soonei than others The present paper is a continua¬ 
tion of these studies 

§ 1 The Luminous Jet at Very Low Pressures Effect of a Trammel se Electric 

Field 

The first experiments to be described were designed to observe the 
effects at very low gaseous pressures, and with small currents. The 
advantage of this is that the luminous particles m the jet are then com¬ 
paratively free to move under the action of an external force, and their 
motion in an electrostatic field can be conveniently examined Moreover, 
since the ions are few, they do not disturb the uniformity of the electno 
field applied foi this purpose • 

On the other hand, the luminous effects are very faint under these 
conditions, this difficulty can partly be met by photography with long 
exposures, but it is difficult to use the spectroscope 

The discharge passes through the globular vessel on the right (fig 1), 
which was varied in size in different experiments Usually, it was 16 cm. 
in diameter, though m some oases muoh more, The cathode is the iron 
disc A, whiob ib drawn up close to the wall of the globe.f The anode of the 
discharge is the iron disc h, perforated with a 1-mm hole in the centre. 
This iron disc covers as accurately as may be the end of the narrow glass 
discharge tube d, sealed on to the globe. The arrangements for holding the 
iron disc m position, and making contact to it, are a little complex at first 

* 'Boy. Sue Proc,’ A, vol 88, p. 110 (1919), vol. 90, p 364 (1914), voL 91, p. 9t 
<1914) 

+ Sometimes a mioa washer was interposed to dimmish risk of cracking the glass 
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sight The disc is soldered into the end of a brass tube e, and the glass 
tube d fits into c, and is continued up to the very end, so thAt the gaseous 
discharge can pass to b, but not to any part of e Electrical contact is made 
to the further end of f as shown, and airtightness is achieved by the rubber 
sleeve l, which is in practice sufficiently tight 

TtCATHOOiar T 
atmmiToR f# 
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So much for the discharge vessel, in which the luminous gas is generated 
Now for the observation vessel, into which the lummnuB gas is allowed to 
stream, and m which it can be subjected to a transverse electrostatic field 
This is a glass tube /, 6 cm m diametei, and with its axis perpendicular to 
the plane of the diagram It is prolonged for a distance of about 8 cm 
in front, and about the same distance behind, the dia gra m The front is 
closed by a plate glass window, and, behind, the electrical connections to 
the condenser plates q, h, are brought out These plates are earned by an 
ebonite support behind, which affords a black background * 

To supply the current, a continuous source is necessary. It would be very 
desirable to have a battery of small storage cells, giving 5000 volts No 
such battery was available, and I used a continuous-current generator, 
supplied by Messrs. Evershed and Vignoles This consists of three high- 
tension magneto generators, in series, direct driven by a motor The 
commutators of the several machines are so arranged round the axis as to 
compensate fluctuations of voltage, and oscillograph tests by the makers show 

* It luu not been thought necessary to show the details of this. 
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that the variation is not more than ±0*22 per cent But even this gave 
trouble, and a battery would be muoh preferable. The generator can yield 
10 milliamp&res at 5000 volts, and the full current output was usually 
employed 

When the molecular pump *was running, a stream of gas was admitted 
through m, so as to maintain the pressure m the discharge vessel nearly 
constant The pressure was not measured, but the length of negative dark 
space was used to control it The dark space vaned in different experiments 
from £ inch (6 3 mm ) to 2 inches (51 mm ) The large discharge globe was 
filled with negative glow, and the cathode rays struck the bottom of it, 
which became somewhat warm The tube d was filled with positive light, 
right up to the orifice at the far end b 

Owing to the small size (1 mm) of the orifice at b, the outrush from it 
was rapid, and the outrushmg jet of gas remained visibly luminous as it 
traversed the space between the plates g and h The luminosity was, 
however, faint, and, as m the analogous case of the nebulae, its form 
could be determined far better by photography than by visual observation 
Accordingly, a camera with a rapid lens was mounted in front of the tube /. 
Kapid photographic plates were used, and exksure« up to one hour were 
given, both with and without an electrostatic field between the metal 
plateB g, h 

The chief difficulty of the experiments is to eliminate stray electric 
discharges passing through the orifice b, and going to earth by the plates 
g and h, or down the exhaust pipe to the pump There is no difficulty m 
recognising these stray discharges, and distinguishing them from the 
genuine effects The stray discharges are much brighter, and they generally 
flicker in sympathy with any luminosity that can intermittently find its 
way round to the back of the cathode The particular arrangement of 
cathode shown, with the diso in contact with the walls of the bulb, was 
found effective in preventing this The trouble is connected, I feel almost 
certain, with the want of perfect steadiness in the £ M.F. of the generator, 
which may be regarded as yielding a minute alternating current superposed 
upon the continuous one It is to this minute alternating current that the 
trouble is attributed 

An additional precaution found useful was to carefully insulate the 
battery used to maintain an E.M F. between g and h. The observation 
tube /, in whioh these are mounted, should not be made of metal The 
ebonite cap e served to prevent the mam discharge coming through the 
orifice and passing td the outside of the diso b and the tube e whioh 
carries it 
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These various precautions proved perfectly successful in ooufining the 
discharge to its proper channel between cathode and anode, and preventing 
any part of the current from the generator penetrating into/ 

The gases investigated m this apparatus include hydrogen, oxygen, 
nitrogen, carbon dioxide, and mercury vapour The shape of the luminous 
jet was very*similar m all in the absence of an electric field. It is seen in 
Plate 1, No 1, which was obtained with hydrogen (dark Bpaoe 1 mob) 

When, however, the electric held was applied, the behaviour of the jet 
depended very much on the nature of the gas and on the pressure 
' The voltage employod was 160 volts between the plates g and A, which 
were 13 mm apart The traces of these plates can be distinguished on the 
photographs, the positive plate being m all cases the lower one So far as 
was observed, voltages less than 160 gave similar results, but less well 
marked Larger voltages were apt to stai t an arc m the ionised air between 
g and A, particularly at the lowest pressures The curient between g and A, 
when the voltage was on, w,is not systematically measured, but was of the 
order of 1 microampere This is very small compared with the currents 
which can be passed through the much more luminous jets distilled from the 
mercury vaouum arc, as in Scrum experiments* These latter are of the" 
order of 1 milliampere 5 

Taking the photographs m order, No 2 was obtained with hydrogen, dork 
space | inch (6 mm) Here the bulk of the luminous particles are attracted 
to the positive plate and are, therefore, to be regarded as negatively electrified 
A few, however, pursue then course undevuited, which indicates that they are 
electrically neutral. 

In No 3, hydrogen, dark space 4 inch (13 mm), the luminous particles aie 
practically all negative and the neutral particles have disappeared. 

No. 4, hydrogen, dark space 1 inch (25 mm ) here a few positive particles 
have made their appearance. 

No 5, hydrogen, dark space 2 inches (51 mm.): the positive particles have 
markedly increased, though the negative ones still predominate It was 
hardly practicable to work at much lower pressures than this last 

No 6, oxygen, dark space, i luoh (6 mm.) the negative particles are here 
somewhat more conspicuous than the positive, but the difference u not great 

No. 7, oxygen, dark space $ inch (13 mm) and No. 8, oxygen, dark space 
1 inoh (25 mm.), in these the positive and negative particles produce about 
equal'efifeota. 

No. 9, carbon dioxide, dark space 1 inch (25 mm )• positive and negative 
about equally oonspiouous. 

* ‘Boy Soc. Proa,’ A, vol 91, p 81 {1914} 
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No. 10, nitrogen, dark gpace 1 inch (25 mm ) positive particles rather in 
excess 

The remaining photographs relate to mercury vapoui A small quantity of 
mercury was placed at the bottom of the discharge bulb, and warmed by the 
oathode rays or by heat externally applied, which was regulated so as to keep 
the dark space at the desired length It was found difficult* to maintain 
steady discharge conditions after long running, when mercury vapour only 
was present, and all traces of other gas had been removed Some trace 
of other gas had to be present, therefore, though the spectrum of the 
discharge was always that of mercury, pure and simple For this reason it* 
was sometimes necessary to admit a small quantity of an, or to interrupt the 
exposure, let air into the apparatus for a time, and then re-establish the 
proper conditions 

No. 11, mercury, dark space j inch (19 miu ) negative particles only 

No 12, meroury, dark space 1} inch (32 mm ) negative particles, with a 
trace of positive 

No 13, mercury, dark space 1 j inch (38 mm) negative particles, with 
some positive 

The general result then, of these experiments is to show that the issuing 
stream of gas always contains luminous particles, negatively electrified, which 
may be defleated sideways by a transverse electrostatic field Sometimes 
also it contains luminous positive particles which may carry as much of the 
luminosity as the negative ones, or even more The tendency of a lowering 
of pressure in the discharge vessel is to increase the number of positive 
particles. But the positive particles come into prominence much sooner 
m oxygen, nitrogen or carbon dioxide than they do in hydrogen or mercury 
vapour 

It is diffiooll to see how these experiments can be reconciled with the 
idea that the light is due to recombination of positive and negative ions. If 
this were so, it would be expected that a separation of the two lands of tone 
m a transverse field would lead to*the extinction of all luminosity Instead 
of this the two kinds of ion, separated by the field into distinct streams, show 
the same aggregate luminosity as before. Sometimes the luminosity is aU in 
that stream which goes to the positive plate Sometimes both streams are 
about equally luminous. The streams lose their luminosity when they are 
discharged by contact with the eleotnfied plates. 

For these reasons I regard the luminous centres as being exalted before 
they have left the discharge tube. For the only process that can be supposed 
to excite them afterwards, namely, ionic recombination, se ems to be excluded 
by the considerations just gives This view, to which I have inclined before 
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in the interpretation of kindred experiments,* no doubt presents some 
difficulties The evidence brought forward in my former paper has been 
cnticised.f I hope to return to the discussion later m the light of further 
experimental evidence 

The electrostatic conditions require that positive and negative particles 
should be present in equal numbers m the jet, if, as in these experiments, no 
current is carried down to the pump In cases where one, say negative* 
sign shows in excess m the luminosity, it is not to be concluded that the 
equivalent of positive pat tides are not piesent but rathor that they are not 
luminous 

Hiqk-Prc&wt? Hcjk) intents Jet tn Hydrogen Thuimiuj of tfu 
Btvarfcvtd Sputum Line* 

The experiments which have been described so far m this paper are earned 
out at very low gaseous densities, and the luminous effects are very feeble— 
too feeble for easy spectroscope examination I come now to some kindled 
results obtained by working .it much higher pressing, pressures high enough 
in fact to give what may be called a spark rather than a vacuum discharge 

The method is a slight modification ot one wlucli 1 described formerly J 
A spark passes between iron wnes 1 cm apart in a silica tube of 1*5 mm 
inside diameter Half way between the iron wnes a lateral hole through 
the silica wall allows ot the outflow of gas horn the region^ of the spark 
to the space outside, which is in connection with a power air pump (sec 
tig 2) Any desired gas can be admitted at a regulated pressure to the 
spark region flowing m through the annular space between the silica tube 
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* ‘Roy Soc. Prue/ A, vol 91, p 98 (1914), 
t Child, ‘Phil. Msg’[VI], vol 31, p. 139(February, 1916). 
X * Boy Sec Proc,‘ A, vol 88, p 110(1913). 
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and one of the irou wues, as shown The lateral hole m the silica tube a b 
so small that it allows a considerable difference of pressure to be maintained 
between the space outside the tube and the spark-gap inside The hole 
usually was 0 7 mm diameter at the smaller end, tapering slightly outwards, 
as it passed through the walls of the tube 1 mm thick.* 

The most interesting results with this arrangement were obtained with 
hydrogen and nitiogeu 

Hydrogen gave far nioie striking effects with the condensed than with the 
uncoudensed dischatge The best result was obtained with about 17 cm 
pressure inside the tube, the pressure outside being reduced to 2 or 3 min 
In this case a tongue of flame of a beautiful rosy colour, and about 9 mm 
long, was seen issuing from the hole The photograph, Plate 1, No 14, 
shows the spark itself, together with this exuding tongue of flame, the 
latter is, however, to a great extent lost in the glare of the spark itself By 
covering the silica tube with a thin brass tube provided with a hole to 
correspond with that in the silica, oh shown in hg 2, this glare can lie 
suppressed, and the exuding luminosity can then lie photographed alone 
(see Plate l,No 15, where the outline of the tube has been ruled in by hand, 
in its pioper position relative to the photographed jet) 

The Bpectrum of this exuded jet is of interest Wheie the spectrum of a 
hydrogen discharge is examined directly, the Balmei series is invariably 
mixed up with lines of the secondary spectrum, which produce a luminous 
background, specially confusing at the end of the Benes, where the senes 
hues are faint and crowded. In the exuded jet of luminosity, the back¬ 
ground of the Balmer series is quite block, and the senes has been photo¬ 
graphed to the tenth member, quite unconfused by secondary spectrum. 
The method might be of advantage to anyone taking up the further study 
of the hydrogen spectrum The hydrogen used must be quite free from 
nitrogen, or the great cyanogen band at X 388 is sure to appear and obliterate 
the end of the Balmer senes 

As is well known, the Balmer Benes lines in the condensed spark are great)) 
widened by increase of pressure It was of interest to compare the width of 
these lines m the spark and in the exuded luminous jet, for the pressure of 
the luminous gas is much reduced in passing into the lattei Would the 
lines remain broad or not when the gas was excited m a spark of relatively 
high pressuie, and the luminosity observed in a space of low pressure * 
Experiment proved that the lines become narrow. The sparking tube was 
covered with a metal screen, having two small holes. One of these allowed 

* These boles wore drilled with a steel wire, fixed in a small vertical drilling machine 
end fed with carborundum and oil 
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the jet to pass out aft before, the othei, its axis at right angles to the first, 
allowed a small part of the spark to be seen simultaneously with the jet 
Both the spark and the jet weie focussed on the slit of a small spectrograph 
No 16 shows the result The narrow spectrum of thick lines is due to the 
spark The long thm lines above are from the luminous jet 

Stark has given reasons for believing that the broadening is due to the 
electric field of neighbouring atoms, and Merton and Nicholson have produced 
strong oonfirmatoiy evidence It is, therefore, not surprising that the removal 
of these to a greater mean distam e, when the gas issues from the hole and 
expands, should cause the linen to become narrow This does not settle the 
question of whether the identical luminous centres m the Bpark survive as 
such after emergence into the jet. or not If the experiment had given the 
opposite result it would have been more instructive on tins point 


§ 3 Th* Jet in Nihoym Pcnudu Sttuetnre 

Nitrogen has given interesting icsulta m the same form of experiment In 
this case, however the simple induction coil discharge without a condenser 
gives much more striking effects Ilian the condensed discharge Using the 
same sized silica tube as before, a long thin jet of the same reddish-orange 
colour as the spark itself is seen emetging from the hole and traceable as far 
as 5 cm from it In this experiment the pressure was 155 mm inside the 
tube, and 7 nun outside * 

No 17 is a photograph of the spaik and jet 

Nos. 18 and 19 aie photographs of the jet only, on various scales of 
enlargement, the spark being coveted over ho that the glare from it is avoided 

The most striking features of Huh jet, both visually and photographically, 
are the alternations ot light and comparative daikness winch may be seen along 
its length. Five or six of these can easily be counted, but they become less 
distinct tbe farthei out wo go iiom the onfice They remain absolutely steady 
in position hi spite of any irregularity ui the working of the induction coil 
Their appearance is at first sight reminiscent of the stnations along tho positive 
ooluxnn of a vacuum discharge, hut in reality they have nothing whatever to 
do with thi&f 

* The pressure mside was determined by a manometer attached to a aide tube attached 
to the left-hand side of the silica sparking tube* By inadvertence, this has not been 
represented in fig, 2 

t If by a faulty arrangement of the experiment, any stray discharge occurs in the 
outer vessel, it may, indeed, issue from the some hole as the jet, but escapes to one side, 
out of the relatively dense stream of gas, as soon as possible, following any convenient 
curved path. Hie Jet, on the other hand, takes a path confined to the axis of the hole 
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The periodic structure o:f the jet is of hydrodynamic origin It has been 
shown by the investigations of Mach 4 and Salcher and Emdenf that a high 
pressure jet of air escaping into the atmosphere shows, when photographed by 
the shadow method, a periodic structure very closely analogous to the 
structure seen in photographs 1 *7, IB, 19 For a full discussion reference may 
be made to a papei by Lord Lbiyleigh \ Hut the general explanation of this 
effect is as follows —The air or nitrogen issuing from the hole expauds 
against the Icssei pressuio ot the surrounding air As in any other case of a 
vibratory system, its inertia causes it to ovcishoot the mark, and expansion 
continues beyond the point at which the pressures are equalised There is 
then a contraction again to something like the ougiual density, and bo on 
alternately Simultaneously, the mass of air urnlei < onsuleration is carried 
forward, and thus the alternating variations of density are exhibited along the 
length of the jet The is analogous to that of the vibrations undei 
surface tension of a liquid jet escaping from an elliptical ouhcc 

It is not difficult to understand why the structure of the jet revealed m such 
experiments as those of Mach and Salcher and Etmlon should be visible m the 
self-luminous nitrogen jot, fm variations in the density of the gas are accom¬ 
panied by variations in the density of the luminous centieB which it contains, 
with corresponding variations in the intrinsic bnghtness and even apart from 
this the luminous condition allows the alternate swellings and contractions to 
be followed 

According to Emden h empirical results (loc t'ti ), the wave-length of the 
periodic structure is iound to lie 

II HHti . / 

V pi 

where d is the diametei ot the nozzle, p the high pressure, and p t the km 
pressure into which the jet emergen 

With the values above given, this liecomes 2 nun 

A measurement of photographs of the luminous jet gave the wave-length as 
1 8 mm , in sufflcieut agreement with the value calculated from Emden's 
formula. It must lie remembered that this formula whs obtained under 
pressure conditions widely different Emden's jet discharged into the 
atmosphere at 780 mm The self-luminous |et discharged into a space 
where the pressure was 7 nun 

from which it issue* If the silica tube w rotated about it* owu ana, the jet rotate* 
with it, tw if rigidly attached at right angle*, and may m thi* way he made to impinge 
un the glae* window of the apparatus. 

* ‘Wied Ann,’ vol 41, p 144 0890). 

* ‘ Wied Ann,' vol 09, pp 984,496 (1899) 

J ‘Phil Magvol .19, p 177 0616) 
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It will not fail to bo noticed that tho hydrogen jet (Plate 1, Nos 14 and 16) 
shows ndthmg of these periodic phenomena. The jar discharge, with its 
suddeu explosive character, probably produces a turbulence Which is fatal 
to the steady conditions ot motion required 

Nitrogen is the only gas m which striking luminous jet phenomena at 
relatively high pressures have been obtained, using the unoondensed 
discharge, thus it is the only ono m which it has been possible to observe 
the pel iodic phenomena by this method # 

If the gaB presmue is considerably reduced by checking the supply ot 
nitrogen, the jet remains essentially tho same, but loses its periodic 
structure 

The induction toil with break is the best source of current Tin 
oOOO-volt generatoi haidly supplies a large enough EMF, while a high- 
tension transformer with alternating supply, makes the electrodes m the 
confined space too hot 

§ 4 Spetiruni «/ tfa Nitrogen M Comparison with Active Nitrogen 

So far, the nitrogen jet lias been considered in relation to its hydro¬ 
dynamic relations Passing to the spectroscopic side, the jet is observed to 
have exactly the same tint as the spark from which it originates, and its 
spectrum shows exactly the same bands as the spark, in the same relative 
intensity These aic the gioups known as the first, second, and third 
positive nitrogen groups 

It is important to notice that, in spite of some superficial resemblances, 
the jet here described has nothing to do with active nitrogen Tho lattei, it 
will be remembeied, ih manifested m a luminosity which lasts Severn! 
seconds, m even minutes, after discharge through the gas has ceaBed Let 
us compare this with the present case. The jet issues from the side hole in 
the silica tube with a velocity comparable to the velocity of sound Since 
the distance for which it is traceable under favourable conditions is some 
2 inches (5 cm), the tune for which the luminosity lasts is of the order of 
1/6000 of a second. Thus the duration of the light is of quite anothen 
order of magnitude from that of the active nitrogen glow 

Secondly, the light is spectroscopically quite different from that of active 
nitrogen Let us suppose that we are dealing with gas of ordinary purity, 
like that used in the present experiments, not absolutely free from traces of 
oxygen compounds, then the following Table shows which sets of hands are 
present in the jet and which in active nitrogen 

* Something timilai has, however, been observed in mercury vapour by Matthias 
4 Verhand Dent Fhy*. (Ml; vol 1«, p. 754 (IWO). 
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Veal* ultraviolet 
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Far ultra violet 

1 
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It must be emphasised that those groups entered as “ present ” an very 
strong, and those entered “ absent ” are entirely mvisible on the photographs 
The distinction between the two spectra is not one of degiee, but of kind 

It may be asked, however, wliat has become of the active nitrogen which 
one might qxpeot to be generated in this experiment The reply is that 
there is very little of it, the uncondensed discharge being unfavourable ior 
its production, and that what there is hangs around the jet in the form pf 
a very diffuse and feebly luminous cloud, occupying a large volume, and 
Hoarsely visible iu the presence of the much more luminous jet 

When air is substituted for nitrogen, the jet becomes much shorter and less 
bright, it does not however disappear entirely, as active nitrogen does. 

§ 6 Summary 

1 The behaviour of jets of luminous gas flowing away from the region of 
discharge at a low gaseous pressure, has been investigated, umug the pnnoipal 
permanent gases, also mercury vapour 

In a transverse electrostatic field, the luminosity is deflected, part of it in 
most cases going to the positive plate, and part to the negative. 

But in hydrogen when the pressure is not very low, nearly the whole of the 
luminosity is deflected to the positive plate, a small part remaining 
uudefleoted. As the pressure is reduced, an increasing part of tfae luminosity 
goes to the negative plate Similar results are observed m mercury vapour 

2 Further observations are recorded on these jets at higher pressures, 
arranging a,spark discharge so that the gas can flow out from it through an 
orifice into a sustained vacuum With hydrogen (oondensed discharge) the 
exuded jet of luminosity, about 9 mm long, shows the Balmer sense. The 
discharge spectrum shows widened lines These become narrow es the 
luminous gas emerges 

8. Nitrogep in the same arangement, with an unoondensed discharge, ahem 
a jet with periodic swellings similar to those observed by liaeh and Saloher 
and Rrnden when a jet of compressed air, examined by the shadow method/ 
* 8es Fowler and Strutt,' Boy, See. Pros.,' A, voL 88, p 877 (UU) 
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escapes into the open Tire wave-length agrees with that to be antioipated 
from their experiments 

4 This nitrogen jet luminosity is not to be confined in any way with 
active nitrogen The tune for which it endnree is of quite a different ordnr of 
magnitude, and the sjiectrum is essentially different 


DESCRIPTION OF PLATE 1 

(Photograph* Non 1 to 13 an low pressure effects Boale, slightly more than half 

natural size) 

1 Kan»shaf>ed jot of lumiiioKitv, hydiugen, 1 inch (25 mm ) daik space No i lectin 

field 

(Non 2 to 13 hIkiw Himilai jets in an electric held ) 

2 Hydrogen, | inch (G nun ) daik spuu Negative and neutral luminous partulo 

3 Hydrogen, k melt (13 mm ) dark space Negative luimuouH pai titles only 

4 Hydrogen, 1 nidi (2 r > min ) flaik space Negative luminous particles, with a few 

positive 

5 Hydrogen, 2 unh (51 mm) dink spatf Negative luminous pai tides, with a 

considerable piofKution of positivi 

G Oxygen, J mdi (G mm ) daik span Negative luiiiiilmin puiticlon. Homewhat mote 
< on spumous than positive 

7 Oxygen, J inch 03 mm) dmk spare Negative and jKMtm about equally 
conspicuous 

H Oxygen, 1 inch (2 r > mm ) «lai k hfMct Negative and jiOHitivt again appeal equally 
» Carbon dioxide, 1 mill (25 uun ) dark sjwte Positive aiul negative appeal equally 

10 Nitrogen, 1 inch (25 mm ) dark ajiacf Positive luminous pai tides lather in excess 

11 Mercury vapour, j in< h (19 mm ) dark space Negative only, 

12 Mercury vapour, 1J imh (32 mm) daik space Negative luminous particles, with 

a few positive 

Id. Mercury, 1 1 null (38 mm) drtk *pini Negative luminous j*u tides, with some 
positive 

(Photographs 14 to li) i-efei to etfi«ts at higher pressmen (several nun of numury) 

14 Hydrogen spark and jet One and a half times natural size 
10. Hydrogen jet, same as 14, hut spai k m. leaned off 

16 Spectrum of hydiogen spark and jet, showing thinning of Palmei series lines when 

the jet emerges The linos beginning from the left Hie Hy H fi , H 4 

17 Nitrogen spark and jet, showing periodic stnirtnre About one and ft half times 

natural sise 

16. Nitrogen jet only, showing periodic structure About two and a half times 
natural slse. 

19 The same, enlarged to about five limes uatural miss 
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Characteristic Frequency and Atomic Number 

By U Stanley Allen, M A, H.Sc, University of London, King's College 

(Communicated by Prof O W Richardson, FRS Received May 31,—Revised 

.Tuly-August, 1917) 

1‘akt I.—Atomic Fre<juenoi ami Atomic Nomkkk 
§ 1 Charade right- Atomu Frequency 

Recant woik on the specific heat of chemical elements in the solid state 
has led to important conclusions with regard to the values of the atomic 
heat at constant volume The curves showing the variation ot atomic heat 
with temperature are all of the same form, and any given ourve can be 
transformed into any other merely by altering the scale on which the 
temperature is plotted This implies that the atomic heat (J, is a function 
of the temperature T, dependent on a single parameter, the function beiug 
the same for different elements ThuB 

C„ « F(0/T). 

where 0 is a certain temperature characteristic ot the element in question 
According to the quantum theory 0 as /3v =* hv/k, where 

v is tho characteristic atomic frequency, 

li is Planck’s constant, 6 558 x 10“ w , 

k is tho gas constant for a single molecule, 1.172 x 10" 1 * 

The work of Moseley* has shown that the frequency of the X-radiation 
from an element depends upon the atomic number, that is the number 
which determines the position of the element m the periodic classification, 
and is probably equal to the number of positive unit charges m the core of 
the atom. Isotopic elements, which occupy the same place w the periodic 
table, have the same atomic number, and chemically are inseparable They 
must therefore have the same chemical constant or chemical affinity But 
the affinity may be expressed m terms of the atomic heat at constant 
pressure Cp. Hence C, must be the same for isotopes But C« u a 
function of the frequency It is, then, probably fair to assume with 
Lrademannf that the atomic frequencies are identical for isotopic elements 
This leads to the conclusion that the characteristic frequency is a function of 
the atomic number, and is independent of the atomic weight It is the 

* Mowslsy, ‘Phil. Mag,' vol 26, p. 1024(1913), vol 27, p. 703 (1914). 

t Lmdemaan, ‘ Nature,’ vol 96, p. 7 (191ft) ’ ' 
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object of Part I of the present i>ajwr to show from the observed values that 
a simple relation holds between the atomic frequency v and the atomic 
number N 


§ 2 Tilt Relation between N and v 

Determinations at the cliaraclei istic temperature, or of the atomic 
frequency, from the obsmed values of the specific heats, have been made 
by Nernst and Lmdemrmn, K H GiiMiths* and K Wriffiths.f and at verj 
low temperatuies by Keesoin ami OnnoaJ Some iurthei lesults liave been 
collected for a nunibei of elements in n paper by C E Worn,} but to these 1 
smaller value must be attached 

Examination of the guiph obtained by plotting logv against log N 
suggested that, foi certain sots ol elements the product Nv had a constant 
value Kuither investigation showed that the value of the pioduct in some 
cases was a simple multiple of the value in othei cases Thus, the value of 
Ni/x 10- w for Ag is 211 0, lor Fe 209 0 Foi A1 the value is 107 5, which is 
nearly one-half the former uumlici Km Pt we find 41 d 4, and lor li 
415 8, numbers which are nearl} double those foi Ag or Fe Finall> it 
was found that, in almost ever) ease examined, the value of Nv could la* 
expressed with au accuracy of 4 oi 5 pel tent as u simple multiple of .* 
certain definite frequency This m illustrated in Table I, which contains 
the results for those metal 5 * im which the atomic frequency has been 
determined with the greatest accuracy All metals are included for which 
low temperature measurements are available, with the exception of sodium 
The product of the atomic number and the atomic frequency can be expressed 
in the form 

Nr = rti/ Ai 

where n is an integer, which may be teimed the Jiequewy number, and 
is a definite frequency, for which the weighted mean value is 
SI'S xlO u sec The variations in the values of v\ recorded in the Table 
are not greater than can be accounted foi by experimental errors in the 
determination of the frequency v 

Commenting on the want of concordance in the values found by Nernst 
for the atomic heat of lead, Messrs Griffiths remark “Lead, from our own 
experience, appeals to be a metal with which it is difficult to obtain 
concordant results." 

* Nornst, * Vortrhge fiber die Kmetwche Theone der Materia,’ J 014, p 77, 
t&H Griffiths attd E. Griffiths, 4 PhiL Tiana., 1 A, vol £14, p 319 (1914) * 
t Keesom and Onnes, 4 K Ak&d Amsterdam Proc.,’ vol 1ft, p 1247 (1919) 

8 O. E. Blom, * Ann d Phy*.,’ vol 42, p 1897 (1918; 
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Table 1. 





HxxlO-» 


Element 

IS 

* 



— 


i 

Nernet | 

Griffitlm | 

Kemom-OntiM 

Mean 

i 

Al 

1 

18 

! ~ 

5x21 ft 

5x21 4 ' 


5 x 21 *6 

Fe 

36 ; 


10x20-9 < 


10x20*0 

Cu 

29 

<) X 21 3 

9x21 D 

9x81 2 

9x01 8 

Zn i 

30 

7x20 0 

7x20 6 1 

: 

7x008 

Ag 

47 

10 x 21 2 

10x21 1 1 

; 

10x01*1 

Od 

48 


8 x 21 1 


8x81 1 

Hg 

SO 

8x20 2 



8x00-0 

VS 

82 

7 x 22 2 

7x29 ft 

7x21 « 

' 7x08-0 

YY etghtod tm mi 

1 21 1 

21 -3 

2i 4 

01 0 

I 


In dismissing the experimental values recorded in the Table, attention 
must be directed to the temperature at which the observations have been 
made There are several reasons why determinations at low temperatures 
ate to be preferred In the first place, the difference between C p and C P 
becomes negligible ut such temperatures Again “ It is at very low tem¬ 
peratures that the assumption made hy Debye, namely, that the vibrations 
whose frequency is greater than v are negligible, can best be justified, since 
at suoli temperatures the slow heat vibrations would be the most important’’ 
(Griffiths). Thirdly, at such temperatures the formula of Debye simplifies 
to the form C„ = const (T/0)\ which is probably the correct type at low 
temperatures, and must bo approximated to by an) formula that is to give 
an accurate representation of the variation of specifio beat with temperature 

Accordingly greater weight has been attached to the determinations of 
Keosora and Onnes, who determined the specific heat of copper between 14° 
and 90° K, and that of lead between 14° and 80° K, taking special precautions 
as to the temperature measurements and the punty of the material employed 
It is to lie noticed that the value of v\ for lead from these observations is 
much nearer to the mean value than the results obtained by the earlier 
investigators.* 

Messrs Griffiths give two sets of values for 8 or In the first set the 
values axe chosen so as to give agreement with Debye's formula over the lowest 
portion of the temperature range considered. In the second set is chosen 

* The remits of Keesoui end Onnes for lead have been confirmed bg Suofaea end 
Schwjrs in a senes of experiments for which great aocamcy la claimed. The latest 
determinations in Nernst'a laboratory give for aluminium N» ■» Sxfl'OxlO M i and for 
oopper 9 x fill x 10 u , showing even bettor agreement than the earlier figures. Schwtrt, 
‘ Ffaja. Bevvol, 8, p. 117 (1918). 



Characteristic Frequency and Atomic Number 108 

00 as to give oometdence at about 125° K, with the result that, m general, a 
slightly smaller value of v is obtained In Table I the values for v are those 
belonging to the first set 

These experimenters also investigated v for sodium, which appears to be 
somewhat exceptional in its thermal behaviour, and for that l'eason has not 
been included in the Table At low temperatures they found 180, 
whilst at 125° K the value is considerably lower, ftv = 152 Taking the low 
temperature value, v s 3 77 x 10 13 , and Ni> = 2 x 20 71 x 10 13 a result which 
is m good agreement with those recorded m the Table 

Nernst has published determinations of the atomic frequency for two non- 
metals, carbon (in the form of diamond) and iodine, and it is interesting to 
find that they fall into line with the metallic elements For C we find 
Nr rs 12 x 20 x 10* and lor I, Nr = 5 x 21 6 x 10 13 
Similar results wore obtained for nearly all the elements contained in the 
list given by Blom Table II gives the figures for these elements with the 
exception of Li* and Pf The value of Ni> x 10~ 13 is in brackets in those 
cases in which the atomic frequency is stated by Blom to be less reliable 
Even in these cases it will be noticed that p A has practically the same value 
as was found to hold when accurate determinations of v weie available 


Table II 


Klement 

N 

i 

Xi-xlO »• 1 

1 

Fluinent 1 

» 1 

i 

Nv K 10~ K 

i 

I 

Be 

t 

fcx20 1 

Til 

28 

J1 x 20 4 

B 

5 

6x20 1 

Mo 

42 

(12x21*0) 

Mg 

12 

4x20 1 

1M 

46 

(11x20*91 

Si 

14 

9x20 2 

, 8n 

60 

(9*21 1) 

K 

19 

(2x20 0) 

Sb 

51 

12*81 8 

Ti 

22 

H x 21 o 

. Jr 1 

1 77 

80 * 80 8 

Or 

24 

11x21 4 

. Ft 1 

1 78 

(80 * 80 7) 

Mo j 

25 

8x21 6 

Au 

1 79 

(16*80 7) 

Fe 

28 

10x21 8 

» fii 

I 88 

(18*88 li 

Co 

27 

10 x 20 8 

1 

1 



The weighted mean value found from tho results of Table II is 
20-85 xlO* 

It will bo noticed that the mean value for v k found from Table 11, 
20*85 x 10*, is somewhat smaller than the mean value found flow Table 1, 
21*8 x 10* This may arise from the fact that the values of v given by Blom 

* For 14 Blom gives p * 8 3 x 10 13 , which would make N» - 84-9 x JO 19 . Thu suggesti* 
that * * 1 in this esse Determinations of the specific heat at low temperatures are 
much to be deeired, 

* t For red phosphorus Biota’s value is r ^ 63x'lO 19 . This non-xuetalhc element ut 
exceptional; we may write Ns in the form 4$ x 21*0x10“ 
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are derived from observations of the specific heat at higher temperatures, a 
prooedure which, as we have noticed already, usually gives a smaller value for 
the frequency 

§ 3 Application of tin Theory of Probability 
1 n view of the unexpected character of these results it is desirable to have 
some check upon them m order to be reasonably sure that the agreement 
hetween the valnos of v\ is not accidental Such a check is provided by the 
theory of probability The case is similar to that discussed by Strutt* in a 
paper on the tendency of the atomic weights to approximate to whole 
numbers. Individual values of Nv cannot deviate by more than a fixed 
amount y{— ) from the nearest integral multiple of y A “What we 

lequtre is the piobability that after a given mimbci (?) of ‘trials’ the sum of 
the results should not exceed a certain given amount r , the result of each 
trial lying between 0 and y, and any value between these limits being equally 
likely ” A formula fm the probability has been given by Laplace f 



The senes is to be continued only so long os the quantities raised to the 
power * are positive 

Applying this foimula to the results of Table 1, taking y = £ x 21 3 and for 
i the sum of the differences hetween the observed and the calculated values 
of Nrx 10 -1 *, the approximate value of the probability is found to be — 

Results of Nernst, i, 


Results of Griffiths, 

Mean results, ~ 

60 

That is, there is one chance m 26 that the mean values of Nvx 10-“ should 
approximate so closely to integral multiples of the number 21‘3 by accident 
The application of the formula to the results of Table II gives for the 
piobability approximately *y Consequently when the results of both Tables 
are taken into consideration there is but a small chance that the assumed 
regularity may be accidental 


§ 4 The Formula of Debye, 

tn the theory of Dobye| the characteristic frequency is a «ia*m»«y ni 
frequency which limits abruptly the range of vibrations forming the 
* Strutt, ‘ Phil Mag.,' voL 1, p. 911 (1901). 
t ‘TWone Aiwlyiique de* Probability*, p. 989. 
t Debye, • Aon. d Phya.,' ml. 99, p, 769 (1911). 
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“ speotmua ” of the solid Itw value in tame ot the elastic Constanta is given 
by the formula 


v 


ysy i' 

VF/ 


where N' is the number of atoms m volume V, ami 


F = ^ p*!* K'V 2 


\3(1— 2ff) '3(1— ff) 




p being the density, K the compressibility, and a Poisson*# ratio When the 
mass of the solid considered is equal to the atomic weight, V becomes the 
atomic volume, and IT A vogadro’s ( onslanL * It should be noticed that this 
formula, for the frequency contains no undetermined constant , all the 
quantities involved can be measured experimental!} Table IX ot Debye's 
paper gives the value of the eharaotenstu temperatuie found from the elastic 
constants for 12 metals, and these lesults have been employed in the ealcula- 
tton of v and ot Np in the following Table (111) It will lie seen that m each 
case the product *NV can lie expiessed in the form /i**\ — 


Table HI —Atomic Pieqnency bv Debye's Foimula 


I* )eim*nl 


* 


i x10“ 1 W x 10 1 


I 

I 

i 

l 


At 

V* 

Ni 

Ou 

Pd 


flu 

Pfc 

An 

Pb 

B» 


Jrf 

My 

28 

20 

m 

47 

to 

50 

7H 

70 

82 

83 


H 20 

6x21 5 

9 07 

12x20 9 

0 01 

12x21 0 

0 81 

9x21 7 

i 22 

9 x 21 6 

1 89 

10 x 20 0 

8 4H 

8x20 9 

S 88 

0x21 3 

4 68 

18 X 20 a 

a 44 

13x20 9 

1 49 

0x2} 4 

2 80 

9x21 2 


Merni value of Nr - 21 *02 * 10 5 


Calculation ot the probability m thiH case shows that there is only one 
chance in 45 that the product Nv should by accident approach so nearly to 
integral rautiples of a single fundamental frequency, v K Considering the 
difficulties in the determination of the elastio constants, and the uncertainty 
attaching to the temperature at which the measurements should be made, 
this is a striking insult 

* Debye mmmm N' * 6*68x10 *"; Millikan's value, N' » 8062 x I0 lu t would tmuwie 
the values of * by lather more than 8 per mnt 
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A comparison ol the values of the frequency number, a, obtained fay the 
use of Debye’s formula, with those obtained from the specific heat, reveals the 
unexpected result that in several oases the integers aie not the same. Thu 
difference m the values of a no doubt arises from variations m tbe physical 
conditions of the substance under examination The temperature at which 
the determinations aie made must be taken into consideration. It u well 
known that in the case of oertain elements various physical modifications 
exist consequent upon structural changes in the solid 

§ 6 dunce oj the Atomic 1Vvmbris 

in the foregoing work the atomie numbers employed have been those given 
by Moseley It has been suggested by Rydberg that two unknown elements 
should be included in the Periodic Table between hydrogen and lithium, so 
that lithium would have an atomic number 6 instead oi 3 For all the 
elements later in tho Table, ltydberg’s ordinals are greater by 2 units than 
Moseley’s numbers It is found that the relation Nr = nv\ iita the results 
of observation more closely when Moseley's numbers aie used for N. This is 
clearly shown by calculating the probability foi the two sets of numbers 
Taking the observations of Ncinst, tho probability given by Rydbergs 
ordinals is 1/13 instead oi 1/9 For the observations of Griffiths, the proba¬ 
bility given by Rydberg’s ordinals is 1/16 instead of 1/11. When Debye’s 
formula for the characteristic frequency is employed, the probabilty is 1/5 4 
for Kydbeig’s ordinals, but 1/45 for Moseley’s numbers These results may 
I® regarded as evidence strongly in favour of the atomic numbem proposed by 
Moseley * 

§ 6 The Physical Significance of the Relation Nr = nv\ 

Tho results so far obtained may be summarised in the equation Nr = uta 
T hus for each element the characteristic frequency (or frequencies) may be 
expressed in terms of a single fundamental frequency,f r A , by employing two 
integers N and n The integer N denotes Moseley's atomio number, the 
physical significance of »is not as yet dear, but it may be suggested that it 
is related to the nutubet of (valency) electrons which determine the crystal¬ 
line structure of the solids A possible interpretation may be given to the 
empirical relation by tbe Quantum Theory Multiply each side of the 
equation by Planck's constant, h, which denotes the quantum of action Then 

NAr =s nhp± 

* The anna conclusion was arrived at, m a different way, fay van den Break, 4 Phil 
Mag,' voL 88, p. 680 (1814) 

t It is possible that, in some oases, instead of the value n » 31*3 x 10*, It may fa* 
neosaeary to take a simple aubmultipU, each as ^ of tida quantity 
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Considering an atom of any element, hv represents one quantum of energy 
corresponding to the ontical temperature 0 The left-hand side of the 
equation accordingly represents the amount of energy for as many quanta as 
there are positive charges in the core of the atom The nght-liand side may 
be regarded as the energy corresponding to an integral multiple of a certain 
fundamental quautum, hv K . It is necessary to emphasise the fact that this 
does not imply the actual existence of “atoms of energy” We are here 
concerned with the characteristic frequency, that is, with a certain limiting 
condition aiTeoting each element in the solid state, and the occurrence of the 
quantity hv A implies only that there is a certain limiting amount of energy 
involved, which is the same for various elements 

Aooordmg to the theories of Debye and of Born and Kihmdn, the vibra¬ 
tions of the atoms in a solid foim a continuous spectrum, limited by a definite 
boundary on the side of the shorter wave-lengths It is thiB limiting 
frequency which is taken as the characteristic atomio fiequency It is not 
unreasonable to suppose that this fiequency may lie subject to a condition 
similar to that expressed by Einstein's relation, Vr = h (v—v 9 ), which has 
been proved true by the experiments of Richardson and Compton, Hughes 
and Millikan, for the photoelectric effect It has, m fact, been proved by 
several investigators that the relation "Ve—hv accurately defines the boundary 
on the Bide of the shorter wave-lengths of the spectrum of X-iadiution. In 
the equation NAv = » \hv K we maj substitute V« for hv, and V A e for hv K , 
where Y and V A denote potentials at present undefined, and e is the charge 
on an electron. Then N«V = ruY A , or N«V—n«V A = 0 But N<- is E, the 
charge on the nucleus of the atom, and — ne is the charge earned by n 
electrons If we may identify Y with the potential of the nucleus, and Y A 
(equal to about volt) with the potential of a ling of electrons (or of the 
valency electrons), the relation expresses the fact that the energy of the 
atomio system is zero, or perhaps a minimum, in the condition corresponding 
to the limiting frequency. This involves the supposition that in the limit¬ 
ing condition tbb potential of the electrons m question assumes a constant 
value (or perhaps a multiple of some constant value, ainoe n may be p x q, 
whore p and q are integers) 

The relation may also be written in the form EV ss nA, where A is 
constant. This may be interpreted as expressing the fact that in the limiting 
condition the energy of the nucleus is an integral multiple of a certain 
quantity of energy A. 


VOL. XCIV.—A. 
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1’AitT II — Elsttuomc Fiikqukncy and Atomic Numbeu 
§7 Elvrti unit Fr* qnenetes 

A relation similar to that alioady discussed apj>ears lo hold fot certain 
electronic frequencies Whon, however, the vibration of art electron is m 
question it is neceswin to replace the atomic constant v\ (JI3 x 10 ia sec " 1 ) 
bj the lundamental elccfcromc frequency, rjB« 3 289xl0 lfi sec" 1 , which is 
Kjdberg'a constant m spectral series, usually expressed as the wave number 
109679 22 (Curtis) The lelation then takes the foun 

Nr = wv |, oi Nr ss (»+J)i'k 

In these Pises, as in dealing with the clmiac tens tic atomic frequency, v 
lefers to some 1 uniting frequency or to a frequency associated with a 
nuumuui value of some vanahle quantity 

§ 8 Tin MitLinuuu of the Photothctne Effut 

Vohl and l’liugshcun* have deteimined the value of the wave-leugth 
conespondmg to the maximum of the “selective 11 photoelectric effect with 
au accuracy of about 2 oi t pei cent Then results have been employed in 
the constniction of Table IV, which gives the \ alues «»t v and of Nr for the 
iom alkali metals examined 



Table IV 



1* lerm lit 

N 

X ill fifi 

“ 

V H 10-'< 

Nv x 10~ lD 

Li 

a 

280 

10 71 

1x8 21 

Na 

n 

MU 

8 H2 

3x8 28* 

K 

19 

485 

e 90 

4x8 27, 

JEfcb | 

•17 

480 

0 25 

7x3 30 

—. - — — 

_ - 

, , 

_ _ 

[_ 


The figures m the last column of the Table show that Nr may be expressed 
* in the form nr B , where n is a simple integer and m w very nearly constant 
The mean value of r K ioi these four elements is 3255 x 10 1R sec - l f which is 
so near the Rydberg value 3 289 x 10 lfi sec that there can be little doubt 
as to the identity of the two numbers 

A maximum photoelectric activity has been recorded for the four elements 
magnesium, aluminium, calcium, and barium, which do not show a true 
“selective” effect It is possible that the corresponding frequency and the 
atomic numbei are lelated in a Hinulai way m these cases also, but the results 
are not decisive 


* *l>ie LuhteleUriachen Erachemungeu ’ (Vleweg, 1914) 



Characteristic Frequency and Atomic Number. 109 

| 9 The Limiting Frequenty of the Fhatochrtne Effect 

The emission of electrons under the influence of light taken place 
only when the frequency of the exciting light exceeds a certain limiting 
frequency, v v Itiehaidson and Compton* have deteimmed this limit Iwth 
from the maximum energy of the elec Irons emitted, and also from their mean 
energy The results hue been employed in the construction of Table V 


Table V 


“ 


f 

— 

1 

i 

1 Nv 0 x 10 14 

i Heiuent 

1 * 

1 




Maximum energy 

: Moan energy 

Na 

11 

2 x 2 88 

2x2 86 

A1 

13 

3 x 2 73 

3x8 1(> 

, Mg 

12 

, dxd It 

3 x 3 20 

Zu 

30 

1 Nxd 00 

8x3 15 

Hn 

50 1 

1 Mxdlti 

13x3 42 

1 Bi 

HA i 

j 23 x 3 28 

28 x 3 21 

j Cu 

20 1 

i 0x«l 22 

9x3 18 


78 

i 

25 x 1 24 

1 

25 x 3 21 


With the exception of the values foi sodium and one value foi aluminium, 
the results ate in fan agreement with the relation NV 0 = uv K 


$1 10 Ion ita (ton Tot nit nth 

The minimum potential required foi the ionisation of a gas is probably 
connected with w», the least frequency of ladiation which can ionise the gas 
photoelectncally f 
Einstein's equation is 

cV» ss hv u , 

where Vo denote* the ionisation potential If tlien in, is subject to the 
relation NVq = »wg, we should expect to find NV v as aVg, where Vg denotes 
& constant potential determined by rVg a hv g From this relation the 
value of Yg is found to be 13 5 volte Thu is the value in Bohr’s theory 
for the ionising potential in the oaee of (atomic) hydrogen. For, according to 
thu theory, the work done in moving the electron from its orbit to a position 
of rest at infinity is W =s 2w*»ie*/A* and vs. — Hence W, which 

u e Yg, is equal to hr g 

The value of the ionisation potential for (tnoleoular) hydrogen determined 

* Rusfaardaon sad Compton, * Phil Mag,’ vol 84, p 576 (1918). vol. 26, p 649 (1914) 
t Biturtwm, 'Ann. d. Phy*.,’ vol 17, p 198(1906), Biehavdaon, 4 Phil Msg,’vol 84, 
p> 670 (1911), K. T. Compton, ‘Phy*. Revvol 8, pp 386,418(1916) 
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* x 

experimentally is of the right order of magnitude, but is only 11 volts instead 
of 13 5 volte 

The following Table (VI) gives the value of the ionisation potential, V* and 
of the product NV 0l m all cases where direct experimental determinations have 
been carried out * The results in the last column of the Table Bhow that, 
with the exception of hydrogen and oxygen, there is remarkable agreement 
with the relation NV„ = »V B 


Table VI 


Element 

N 

Vo(Tolto) 

NV„ 

Hydrogen 

1 

11 0 

lxll 0 

Helmut 

2 

20 5 

3x18 7 

Nitrogen 

7 

7 5 

4x13 1 

Oxygon 

8 1 

0 0 

5x14 4 

Neon 

10 ( 

16 O 

12 x 18 8 

Argon 

IK 

12 O 

16 x 18 6 

! Mercury 

80 

4 8 

30 x 13 1 


In the case of mercury ionisation of a second typo also occurs for a 
potential of 10 volts,t which is almost exaotly double the value ieoorded in 
the Table, so that the corresponding frequency number, », would be 60. 

§ 11 Thermionic Potentials 

Intimately connected with the potentials here discussed are the potentials 
observed in dealing with the emission of electrons from glowing solids and 
the contact potentials between different metals In these eases the results 
obtained depend to such an extent on surface conditions and the presence of 
gaseous films, that as yet it is hardly possible to assign to the various 
elements reliable values that shall be characteristic of the elements themselves. 
The work that an electron would have to do to escape from the substance 
may be measured by the equivalent potential difference, if> The values 
quoted in Table VII for the " electron affinity ” of the elements in volts, 
are derived from thermionic measurements^ and for the reason stated must 
be received with some reserve It is, however, interesting to find that the 

values of approximate fairly closely to multiples of 13 6 volts. 

# 

* Franck and Hertz, 'Verb Deutsch Phyi Qesellvol 16, p 34(1913); vol. 18, 
pp. 467, 619 (1014) | McLennan and Hendoraotv * Boy Boo. Proe,’ A, vol 91, p. 466 
(1916), Goucber, ‘Phya. Bov.,’ vol 8, p Ml <1916), Bausoni, ‘Phil. Mag,' vol St, 
p 666 (1916) 

+ Tate, ‘Fhye. Bov,' vol 7, p 686 (1916). 

JO W Biohardson, ‘The Enuanon of Electricity from Hot Bodies* pp. 60-79 
164-178 (1916), Langmuir, ‘American Electrochemical Society,'pp. 341-896 (1916). 
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IL\ 


Hlemo at 

N 

e (volts) 

Authority 


Carbon 

0 

4 14 

Langmuir 

8x12 4 



4 51 

Deiunger 

2x18 6 

Oalmmn 

30 

8*04 

Horton 

5x12 2 

Titanium 

22 

2 4* 

Langmuir 

4x18 2 

Iron 

26 

8 2* 

Langmuir 

6x18*9 

Nickel 

28 

2*9 

Sobuohter 

6x18 5 

Molybdenum 

42 

4 81 

Langmuir 

14x18 0 

Tantalum 

78 

4 81 

Langmuir 

28x18*7 

Tungsten 

74 

4 52 

Langmuir 

25 x 13 4 

Platinum * 

78 

5 02 

Deuunger 

80x18 1 



5 1 

Horton 

80x13 8 

Thorium 

90 

8 86 

Langmuir 

22x18 7 

. . 


_ 


- 


* Preliminary measurement* by Dr Diuhman 


§ 12 Condumn 

The empirical relations discussed m Part II may be summarised in the 
formula 

Nv ss nv\t. 

On multiplying each side of this equation by h, we obtain 

NAi» =s nkvjt, 

or, by using the quantum relation hv as eV, 

N«V sb nsV* 

But Ns is equal to the charge, £, on the atomic nucleus Hence 

EV —neV s = 0 

This suggests that in the limiting conditions which arise in all the physical 
phenomena under disoussion, we have to deal with a minimum value of the 
energy of a system comprising the nucleus and a certain number of electrons 


* vfljm xonr.— a. 


L 
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The Nature of the Ions pi oduced by the Spraying of Water 
By J J Nolan, M A , T) Sc, University College, Dublin 

(Communicated by Prof J \ McClelland, FRS Received Juno 16, 1917 ) 

Intkoduction 

Jn a paper on the electrification of watci by splashing and Hpraymg* 
the author gave a brief ai count ot the nature ot the ionisation which 
accompanies these pnmcsses In a later paperf these results were 
extended It waB shown that when pure water is spiayed, ions of both 
signs aie produced, negative being m excess These ions an* found in a 
certain nurnbei of distinct groups, each group having a characteristic 
mobility There is no variation of mobility with time, that is to say, 
urns of any specified mobility will be found if an examination is made 
over as wide a lange of tune as is experimentally possible between the 
production and disappeaiance of the ionisation The mobilities found 
weie —0 00038, 0 0010, 0 004J, 0 013, 0 046 012, 024, 0 53, 1 09, 156, 
3 27 and 6 5, all being expressed as the velocity of tlio ion m centimetres 
per second in a held of 1 volt per centimetre As fai as mobilities are 
concerned, no difference between the positive and the negative ions was 
found except that the fastest ion (mobility 6 5) was not found with a 
positive chaige 

In an investigation of the ionisation produced by bubbling au through 
meicury, Prof McClelland and P J Nolan} found live distinct gioups of 
ions, the mobilities of the ions in this case depending on the time elapsing 
from their production and also on the degree of dryness ot the air When 
the air was dried, or when the ions wcie examined as soon after formation 
as possible, comparatively high values of mobility were obtained With 
damp air the mobilities weie lower, and by increasing the time interval 
between production and observation the ions could be brought to a final 
steady mobility The mobilities of the five groups in this state agreed 
very well with the mobilities of the five slowest ions produced from wdter. 
In a joint discussion it was suggested that these five ions are the Bame 
in each case, hut that when produced by the breaking up of mercury, they 
take some little time to add on enough water to attain to their final steady 
state We imagined them therefore as water aggregates of five different 

* ‘Roy Soc Proc,’ A, vol 90(1914) 

+ * Royal Irwh Academy Proc { A, vol 33, p 9 (1916) 
t /ktf.p 24(1916) 
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sizes In the present paper a more definite theory will be submitted os 
to tbe constitution of these ions, a theory which m the light of the fuller 
acoount which can now be given of the more mobile ions can be made to 
cover all the ions observed 

Part I—Determination of Mobilities of Very Bawd Ions 

In the previous experiments the method of observation employed was 
to draw the ionised air at a steady rate through a tube having a coaxial 
cylindrical electrode suitably msulaLed. The outer tube was charged to 
various voltages, and the current to the electiode measured When the 
current-voltage giaph was plotted it consisted of a number of straight 
lines, the intersections of the si might lines showing the voltages at which 
the various groups of ions were saturated The determination of mobilities 
then reduces itself to the accurate drawing of the current-voltage graphs 
If the observations of current aie unsteady, or if the number of ions of 
any class is small, so that the bend due to the saturation of that class 
is not well marked, the possibility of an accuiate determination of mobility 
is accordingly reduced Great attention was giveu, therefore, in the previous 
work to the accurate drawing of these graphs In the result it was felt 
that the mobilities of the different groups were fairly well established—apart 
fiom a few cases m which theic appeared to be a real variation It was 
felt, however, that much more information could be obtained about the 
more mobile ions, if a method which would more effectively separate out 
the different classes of ions could be employed—and especially if such a 
method could be devised to examine the ions as soon as possible alter their 
production, when their numbeis had not been reduced by recombination 
or diffusion The method descnlxid below was found to be suitable, and 
it was immediately found that ions of much higher mobility than those 
previously observed were present Ions which had been obscuied in the 
other observations were readily separated out A full aocount can now be 
given of the more mobile ions 

Exfpei imental Method 

The apparatus used is shown in fig 1 A strong wooden box of rectangular 
shape was mode measuring internally 100 om long, 25 3 cm wide and 14 cm 
deep* To the top and bottom were fitted metal plates The bottom plate 
was 50 cm* long and its end was 20 om. from the open end of the box This 
plate was supported by two metal rods passing through ebonite plugs in the 
bottom of the box. The plate came within 04 cm. of the bottom Strips 
of ebonite of tins thickness were placed transversely under the plate so 
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that its snrfaoe was quite level Exactly above this plate were two plates 
C and D, each 25 cm. long, separated by an interval of about 0*2 cm. These 



plates weie Buppoited by motal rods passing through ebonite plugs fitted with 
guard-rings connected to earth Blocks of paraffin (P, P) served to keep the 
plates m position The lowoi plate was 24 cm wide, giving a little clearance 
on each side The upper plates were 15 cm wide Punning along on each 
side of the upper plates were strips of metal 5 cm wide (shown in end view 
of apparatus) Those were fastened on to wooden blooks (B, B) and were 
connected to earth There was thus a gap of 015 ern at each side between 
the itppor plates and the cat thed strips The spraying apparatus consisted of 
an ordinary metal scent-spray connected to a large glass bottle containing 
distilled water It was driven by an at a constant pressure of 27 cm of 
mercurj The nozzle of the sprayer passed through the bottom of the box 
and piojwted a distance of 5 cm over the lower plate The distance 
between the nozzle and the plate was approximately 02 cm Connection 
was made with a gasometer at A, so that a strong current of air could be 
drawn thiuugh the apparatus at a uniform rate The lower plate was 
connected to a potentiometer by means of whioli it could be charged to any 
desired voltago In practically all the experiments the plate C was connected 
to the electrometer and the plate D to earth In a few experiments 0 and D 
were both connected to the eleotrometor, but the other arrangement was 
generally more suitable The apparatus was tilted slightly so that the water 
sprayed along the lower plate drained away into a vessel provided for it 
If a certain number of ions of the same mobility, u, aie produced at the tip 
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of the sprayer, they will all move along the same path and arrive at the end 
of the plate C, having traversed the horizontal distance L at a voltage V, when 

uY = Qa/U) s 

Q being the volume of air passing between the plates per second, a being the 
distance between the plates, and h the inside width of the apparatus If a 
current-voltage graph is plotted the following result should be obtained 
From zero up to a certain voltage the plate C should receive no charge, at a 
certain voltage the fastest gioup of ions should arrive together at the plate 
and the graph go up steeply It should then become level again, the current 
being constant while the voltage is rising until the next group of ions is 
received The giaph will then resemble a senes of steps, each step 
representing the collection of a gioup of ions of a certain mobility The 
mobilities are readily calculated from the voltage at which thp step occurs by 
the formula given above It is obvious that if this can bo realised in 
practice, the method is much easier and more accurate than that previously 
employed for the determination of mobilities It has the special advantage 
also that it separates out ions of mobilities lying close together and makes it 
possible to obtain a good value of mobility for each 

When the method was put into piactice the step-like nature of the current- 
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voltage graphs was at once apparent But an unexpected complication had 
arisen which will lie cleai from an inspection of fig 2 These two graphs deal 
with negative ions The steps are very well developed, but in each case for 
zero voltage a very considerable negative current is recoided Positive 
voltages, m one case three, and m the other oase ovei four volts, have to be 
applied in order to bring the negative current down to zero Independently 
of the applied voltage there seems to be a negative field in operation of the 
order of three or four volts A little consideration makes the origin of this 
field clear The jet from the sprayer contains (see piovious paper*) minute 
water drops with a high positive charge and large numbers of positive and 
negative 1011 s with mobilities of all values from very fast to veiy slow The 
negative ions are in excess, the diffidence corresponding to the positive charge 
on the water When this jet is spread out over the lower plate a certain 
fraction of the watei-drops are caught by the plate and give up their charge 
to it A commensurate number of ions will not lie disohaiged, because, 
whereas the water drops may be earned against the plate by the velooity 
of their projection from the sprayer, the ions will not retain Buch a velocity, 
but will take up almost at once the stieam-like motion of the air m the 
apparatus The result is that an excess of negative eleetneity is formed dose 
to the lower plate In this way a field could easily be set up of the order of 
magnitude observed The distance between the platen is approximately 
10 cm The positive voltage necessary to secure a zero reading of current 
varied between zero and 6 volts, but was generally about two These 
variations occurred in such a way as to lend suppoit to the explanation just 
given Sbght variations in the position of the spraying nozzle would mean 
that more oi less ot the water-diops would be discharged against the lower 
plate It was found that tho field varied accordingly Agam, if the velocity 
of tho air m the apparatus is increased, it is to be expected that the negative 
excess present at any time would be diminished and that the field would be 
correspondingly smaller It is found that the field does vary in this way with 
the air-velocity. 

It is very important to be clear as to how far this phenomenon affects the 
determination of mobdities In practically all tho experiments dealt with 
here the rate of drawing air through the apparatus was such that V« 
(saturation voltage x mobility) had the value 47*0 The voltage corre¬ 
sponding to the determination of the mobility of the ordinary small urn 
would be between 25 and 30 As the value of the extra voltage was 
generally two, and sometimes less, it was easy to choose conditions so that the 
effect ib negligible for the small ion and for any ion of lower mbbihty. It is 
* 1 Boy. Sac ProcA, voL 90 (1914), 
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in connection with the fast ions, and especially with the very fast ones, that 
the effect is most important The question is this Can we treat tins held as 
being equivalent to a uniform steady field, which is simply to be added on to 
the applied field if the latter is negative, or subtracted fiom it if it is 
positive ? It is easy to verify that, for any fixed position of the spraying 
nozzle and for a uniform air-blast, the voltage necessary to give zero current 
19 quite constant, bo that the field is steady m that respect at least It will 
not lie affected either by the different motion of the ions under different 
applied fields, because the small voltages used in dealing with the veiy 
mobile ions leave the motion of the great majority of the ions absolutely 
unaffected. The voltage to be added or subtracted will not therefore be 
different for different values of the applied field As to whether the field is 
sufficiently umfoim to he treated simply in an additive way, we ohu look to 
experimental results for guidance Observations of the current-voltage 
curve have been obtained under various conditions, the 4 * correcting voltage " 
or positive voltage necessary to give zero current vaiying between zeio 
and 45 The obseivations when the correcting voltage was zero are 
especially valuable The Table given below contains the results of these 
observations, it shows the voltage at which steps occurred on the current- 
voltage curve—these voltages ha\ mg been coirected by the addition of the 
correcting voltage These observations deal with negative ions 


Table I 


Correcting voltage 

Voltages at 

whifh steps occur (c 

urrected) 

* 

0 0 17 

- 

_ 

6 76 

i 

9 6 

2 8 IS 

! 2 9 

4 a 

6 8 

6 2 | 

10 8 

3 75 1 76 

1 8 a 1 . 

— 

i — 

— 

— 

4 5 — 

i 

1 85 | 

— - 

5 5 

i 

7 5 

10 6 


This Table deals with some of the steps corresponding to the very rapid 
ions It is clear that the corrected >oltages agree very well among 
themselves, and that they agree very well with the voltages oliserved m 
the case when no correction had to be applied In every senes of observa¬ 
tions, consequently, whatever part of the current-voltage curve is being 
examined, it is neoessory to take a few observations with low positive 
voltages, in order to determine the point at which the graph crosses the line 
of aero current It is much easier to proceed m this way than to endeavour 
to arrange the apparatus so that the correcting voltage it always zero 
Efforts were directed to keeping the necessary correcting voltage as low as 
possible, and to determining its vaiue accurately for each experiment. 
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An interesting example of tins determination is given (III, fig. 3). As 
the curve is drawn, the voltage corresponding to zero current is +3'75 



Takmg this as the correct zero of voltage, we see that the first well marked 
step is ul 1 75 voltH. But, before that, there seems to be an abrupt rise 
between zero and 0 25 volt Under the conditions of the experiment, Vu 
being 470, the mobility of the ion corresponding to this step would be 
47/0 25=188 cm /sec, or some higher value The same indications are 
present m curve I (fig 2), but the cuive just mentioned is the best example, 
as the readings of ourrent were big and steady. We can only attribute 
this effect to the presence of free electrons There are no corresponding 
indications on the positive curves The point is worthy of fuller examination. 

Two examples are given (IV and V, fig. 3) of the graphs obtained with 
higher values of voltage Botli refer to negative ions The voltages have 
been corrected 

The five curves given were obtained under the same conditions as regards 
air-velocity, etc ; the value of Yu is consequently the same for all, and they 
are therefore strictly comparable with one another. A consideration of the 
curves will illustrate some points in connection with these experiments. 
Thus, if we compare I and II, we find *that they agree in giving steps of 
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current at (corrected) voltages of approximately 6, 8, and 11 They also 
agree m giving a step at a voltage uf about 3 f but curve I shows steps at 18 
and 4 3 volts, which do not appear in curve II An explanation can be 
found in the fact that sufficient observations at various voltages were not 
taken m the second instance, and that the steps in the curve were thus 
obscured In the case of curve I, observations woie taken at intervals of 
half a volt over this part of the curve, whereas the intervals m curve II are 
double thiB value 

If we compare curves IV and V, we find that they agree in giving steps at 
12, 24, 28 and 31 approximately, hut that between 12 and 24 they are in 
disagreement, curve V showing steps which do not appear on curve IV 
One of these steps—that at 14 \olts—is very faintly marked , in fact, there 
is hardly auy justification for indicating a step at this point except that 
it shows up more strongly in other curves And again both of these curves 
are in disagreement with curve II, which gives no indication of a step at 
12 volts Part of this disagreement may be attributed as before to the fact 
that if observations are not taken close enough together steps may be 
obscured But in addition there appears to be over part of the curve, say 
from 10 to 24 volts, some unsteadiness or variation which prevents a consistent 
agreement Most of the steps on the current-voltage curves are found easily 
and are always present In this particular region some have been established 
fairly well, but others must be regarded as in some degree open to doubt 
The latter are specially noted later 

In the actual determinations of mobility, shorter curves than those 
illustrated were generally used, the observations being taken close together 
round about the regions m which steps were indicated in preliminary 
surveys 

Statement of Mmt/ts 

The following Tables give the values of mobility of the ions deduced from 
the best observations. Only ions of mobility greater than unity have been 
included, those of lower mobility have not jet been so fully examined by this 
method. 

Comparing the positive and negative ions we find that the fastest positive 
and the Second fastest negative are practically the same After that there is 
disagreement, but the six slowest in each case are practically identical 
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Table IIa —Negative Iona 


Mobility 


Remarks 


27*0 

15 2 


11 4 

6 84 

6*00 

Observed three times Not vv oil marked 

(4 42) 1 

It is not quite certain whether these mobilities represent different ions 

3 83 J 

2 69 

or different observations of the same ion Two observations of 4 42 

2 28 

1 94 
\ 70 

1 49 

1 34 

Two observations 

(1 16) 
1*06 

Sometimes absent 

i 


Mobility 


35 

4 

3 

2 

2 

1 

1 

1 

1 

(i 

i 


o 

m 

48 

70 

42 


72 

56 

37 

18) 

05 


Table II b—P ositive Ions 

Remarks 

One observation 

On/observation 

Not well marked 


Possible Sources of Erroi 

Some of the mobilities are muoli higher than would be anticipated It wbuld 
be useful at this stage to see if this could be due to any error in the method 
of working In estimating mobilities by the formula aV = Qa/li certain 
assumptions have been made 

1 It was assumed that all the ions are produced at the tip of the sprayer 
It is possible that the ions are not all produced at one pointer that, if they 
are, that point is not the tip of the sprayer But the fact that the steps m 
the current-voltage graph are so steep and sharply marked is a pretty clear 
indication that the ongm of the ions is sharply localised, at least within the 
lmlits of experimental observation. It might be said, however, that the point 
at which the ions are produoed ib not the tip of the sprayer but some point 
2, 3 or 4 cm in front of it This is very unlikely, and if it were true 4fc 
would mean that our estimate of L is too high and that the true values of 
mobility are higher than those given above. 
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2 The quantity Q waa estimated by measuring the total quantity of air 
passing between the upper and the lower plates per second But the ongin 
of the ions waa some distance (0 2 cm ) above the lower plate Therefore the 
quantity Q is not the total volume of air, but is less than it by an amount 
equal to the quantity of air flowing between the lowei plate and a plane 
drawn parallel to it through the Up of the sprayer But it is easily seen that 
if the wr velocity at the plates is zero, and if the distribution of velocities 
between the plates is approximately paiahohc, the error involved in this 
estimation is altogether negligible, when the distance between the plates is as 
great as 10 cm 

d The disturbing otfeeta of the lush of air fmui the sptay weie neglected 
But if this lush of an had any effect on the ions it would mean that the ions 
were carried along with a certain velocity parallel to the bottom plate instead 
of partaking of the undisturbed stream-line motion of the an This would moan 
that a higher voltage than is allowed for in our calculation would be necessary 
to bring them over to the upper plate, and that consequently the values foi* 
mobility are too low It is very unlikely, however, that, theie is any effect ot 
thiB kind When an ion is produced at the tip of the sprayer it comes undei 
the influence of the field and at once moves up out of the i ush from the sprayer 
and takes up the velocity of the laycis of an into which it successively moves 

4 The principal assumption is in connection with the u correcting 
voltages” This has been discussed alieady, but perhaps two points may 
be emphasised once more The first is that oui values for the mobilities 
from, say, mobility = 2 downwards, are practically unaffected by any 
unceitainty that, might be felt m this connection The second point is that 
the values deduced from the experiment m which no correcting voltage 
had to be applied do not disagree m any way with those deduced from other 
experiments 

The facility with which mobilities can be determined by this method is 
clear from an inspection of the graphs There are a few other points about 
the method which are worthy ot note 

Each group of ions travels along a path of its own through air free from 
any other ions. Thus there is no loss by recombination, and no complication 
introduced by encounters with other ions. Again, if any member of the 
group changes m mobility, say by an increase of mass, it drops out of the 
group and follows a different path for the rest of the way The unchanged 
ions arrive at the upper plate together, causing an abrupt upward step 
iti the curve* The ions which have increased in mass arrive at various 4 
higher voltages, and their effect on the curve is to give a slight upward 
slope to the approximately horizontal part between steps. This effect 
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i« very marked m the part of the positive curves corresponding to high 
mobilities The conclusion is that the very small positive ions are varying 
m a more rapid way than has l>een noticed in the case of the negative ions 
The very well-marked steps in the negative cuives show that m this case 
there is little variation of mobility during the time of experiment The 
values of mobility deduced from the curves are therefore the true mobilities 
of ioiih observed at their foimation and undergoing no change during the 
pro< ess of observation 

A geneial study of the cuives shows that it is the fastest ions and then 
the slower ones from 1 94 to 1 06 which give the sharpest steps The 
conclusion is that these ions have a fail degree of stability and a definite 
period of existence The ions, on the other hand, of mobilities between 
44 and 2 28 do not give indications that are so satisfactory or consistent 
It re probable then that these ions are of a more fugitive character 

Before we endeavour to arrive at an idea of the nature of these rapid ions, 
'it is convenient to consider the ions of low mobility which are formed at 
the same time From a preliminary study of the slower ions we can derive 
some suggestions as to the magnitudes involved m the case of the ions which 
have lust been described 

Part II—Tub Naiukk o* thk Larger Ions produced from Water. 

In the introduction to this i>aper an account has been given of the variety 
of slowly moving ions produced when dretilled water is sprayed The five 
slowest ions have mobilities respectively, 0 00038, 0 0010, 0 0043, 0 013 and 
0 046 It will hardly bo disputed that they are composed of water The 
circumstances of their production, the way in which their growth depends 
on tune and on the moisture of the air when, os in the experiments of 
McClelland and 1 J J. Nolan, they are not produced directly from water, 
all lend support to this idea, which from any point of view seems to be the 
only feasible one Assuming, then, that they consist of water, there are 
two ways in which we can calculate their size, (1) by applying Stokes’ Law, 
and (2) by using the theoretical formula deduced for the mobility of an 
ion which is gieat m comparison with the molecules of the gas which 
contain it 

Application of Stokesf Law 

The modified form of Stokes’ Law which follows was deduced by Millikan* 
from obsei vat ions on the fall of minute oil-drops in air 

„ * 2 Qa*(a-p) ^ x+8?4+0 . S2e -i J., 

• Millikan, ‘Ph ju. Rev ,< vel 1 (1818) 
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where l is the mean free path of the gaa molecules Substituting for g 
the acceleration X«/m due to an electric field of intensity X, e being the 
charge on the ion, and assuming for the present that the charge is the 
electronic charge 4 77 x 10~ 1A electrostatic unite, we can calculate the radius 
of these five ions For 17 the value 0 000182 is taken, and for l the value 
9*27 x 10“® cm The values deduced are tabulated below 


Table III 


Mobility 

Calculated radium 

I Mass 

1 

Batin of masses 

0 00038 

cm 

4 *08 x 10- fi 

grm 

, 2850 k 10- 17 

1770 

0 OOIO 

J 41 

587 

306 

0 0048 

1 12 

68 7 1 

36 5 

0 018 

0*637 

10 8 

6 7 

0*046 

1 

0 887 

1 1 61 1 

i 

1 


The masses of the 10 ns calculated m this way are related to one another 
m a v$ry definite way If wo exclude the second ion, there is an almost 
uniform ratio between the masses The value of this ratio is about 6 5 
The special reason for excluding the second ion will be dealt with at a 
later stage. 

The validity of Millikan’s formula for drops of very small radius might 
be questioned We can show, however, that the results deduced are in 
close agreement with those deduced from theoretical formulas for the mobility 
of 10 ns, 

Application of Mobility Foi mu/a; 

Sir J J Thomson,* on the assumption that the effects of collisions between 
ions and inoleoules arc the same os those between two hard elastio spheres, 
gives the formula 

M t? NtcVM fll MiMj J 4 1 M*+5MiJ ’ 

where N is the number of molecules of the gas per unit volume, M the mass 
of a hydrogen moleoule, O its average velocity at the temperature of the gas, 
Mi the mass of the ion, Ms that of a molecule, a the snm of the radu of an 
ion and a moleoule, and c the charge on an ion If the mass of the ion is large 
compared with that of the gas molecule this becomes 

Mobility = jfi| y/ 

* Sir J J, Thomson, *Phys, Soc. ProcPart 1, vol 27 (1914). 
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On the same sitpposition with regard to elastic collisions, Townsend * follow¬ 
ing Langevin'sf investigation of the coefficient of interdifl'usion of two gases, 
gives for the velocity U of an ion m the direction of an electric foroe X the 
formula 

IT - i*. // fe(M, + Ma) \ 

“8V \ wMiM, r 

where 2 h == N/IT, IT being the pressure of a gas containing N molecules per 
cubic centunotie When the mass of the ion is large compared with that of 
the gas molecule, this becomes identical with the eoiresponding formula of 
Sir J J Thomson 

Using this formula, then, we can hnd the value of <r corresponding to the 
various ions. Assuming once more that the chaige is the unit electronic 
charge, we find for the radius of the ion of mobility 0 00038, the value 
410x10“* cm. as compared with the value 4 08x10“* cm deduced from 
Millikans formula The agreement between the two values is remarkably* 
good 

But a senous difficulty arises at this stage If the large ion has the size 
winch these two very different methods of calculation agree in ascribing to it, 
it shogld be very easily visible in the ultraimcroscope But de BrogheJ 
states that the large ion produced from flames cannot be seen in the ultra* 
micioscope, and suggests that it consists of some sort of loose grouping too 
diffuse to give an ultianucroscopic image We have considered each ion so 
fai as if it could be rcpieeented os a spherical globule of water We must 
recognise that this is a very definite assumption and that the alternative 
possibility must be considered, namely, that some at least of the ions consist 
of loose aggregates of some smaller drops which have not coalesced 

This possibility can be considered more effectively at a later stage, for even 
if we at once accept de Broglie's experiment as decisive and regard the largest 
ion as a grouping of something smaller, we have as yet no clue to what that 
sinallei globule may be, nor have we as yet any evidence as to how many* of 
the ions are built up in this loose manner When we arrive at the stage at 
which the ions are compact spheres of different sizes the formula we have 
used will then be valid Meanwhile we will continue the calculations based 
upon the original assumption which regards all the ions as consisting of 
compact aggregates of water 


* Townsend, ‘•Electricity in Gases/ p 81 (1815) 
f Langevin, ‘Amu do dmn et de Phys,* ( 8 % vol 5, p. 245 (1905) 
+ Be Broglie, ‘ Uomptes Rendu*/ vol 148, p. 1817 (1909) 



125 


Iona produced by the Spraying of Water 


i Sizes of Ions Treated as Drops Calculated from Mobility Formula 
The theoretical formula for mobility may be put in the form 
Mobility = constant/a 9 , 

where a is the ladius of the ion In the ease of the first five ions the average 
ratio of mobility of each ion to the next slowest is 3 3 Therefore the radii 
of the ions are m the ratio 1 y/‘\ 3 and their masses are in the ratio 
1 (3 3 f a , which is approximately 1 6 The values deduced from Millikan’s 
formula ha\e already suggested that the masses of the ions are related to one 
another in a iatio almost identical with this Assuming then that the ions 
are built up in this way, each ion having a mass six times that of the next 
smallest, we can calculate the mobilities of the ions starting from the slowest 
The mobility of each ion is got (torn the next slowest by multiplying by 
fiV* which is equal to 3 302 The following Table shows the calculated 
mobilities compared with those experimentally found The agreement is 
very good except m the case of the second ion 


Table IV 


Observed mobility 

| Calculated mobility | 

Maas 

0*00088 

(0 00088) 

grm 

*ir(4 16x 10“*) s «*8 02 k 10 

0*0010 

0’0012ft 

»/6 

0*0043 

i 0 0043 

m/6* 

0 018 

Obl4 

m/6* 

0 040 

0 047 

m/6 4 


The ions next in order had the mobilities 012, 0 24,0 53, and 100 The 
ratio of mobilities is now different The value of 012/0 046 is about 2 6, and 
the subsequent ratios have values approximately 2 If the ratio of the 
masses of the ions was 8, the ratio of the mobilities would be 3^ = 2 08 
This agrees very well with the ratio found foi the faster ions, but the value 
2*6 found for one ratio ib in disagreement The latter value suggests a mass 
ratio of 4, which would give a ratio of mobilities of the value ot 4F* = 2 G2. 
It is possible that the ratio of the masses of the ions is uniformly 3 apd that 
the disagreement is in part due to experimental error and in part to the 
imperfection of our theory For the moment, however, we will assume that 
the slowest ion has a mass one-fourth that of the last ion in the Table above 
and that the Buooeeding ions have masses in the ratio of 3. Calculating the 
values of the mobilities on these assumptions, we find that they 'corresjwnd 
very closely with the experimental values. 
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Table IYa 


Observed mobility 

Calculated mobility 

Mass 

0 18 

0 12 

m/6 4 x 4 

0 24 

0 24 

m/6 4 x 4 x 8 

0 63 

0 61 

m/0 4 x 4 x 8* 

1*09 

1 06 

m/6 4 x 4x8* 


Possibility of Multiple Charges 

These calculations rest on the assumption that the charge on each of these 
ions is tho unit electronic charge Kennedy* has shown, however, that the 
large ions produced from flames may have various charges, e, 2c, etc, up to at 
least 6c We are obliged, therefore, to oonsidei the possibility that here also 
multiple charges are present In that case wo should expect to find a 
mixture of ions of charges c, 2e, and 3c, etc, with certain charges pre¬ 
dominating Kennedy’s results support this view In the case of ions as 
lurge as those with which we are dealing, there is no theoretical justification 
whatever for the idea that tho size could depend celt ns paribus on the charge. 
Therefoie, on any theory of mobility, we should expect to find a 1 2 3 4 .. 
relationship between the observod mobilities of the ions But no such 
relationship is apparent from an inspection of the mobilities obtained. It 
is most unlikely, therefore, that the majority of the ions have other than 
single charges There remains the case of the second ion. A great many 
observations of this ion gave the value 0 00088, other readings vaned from 
tliat up to 0 00131 The last value would agree with that calculated, 
0 00129 (see Table IV), and with the value observed by McClelland and 
T J Nolan, 0 0013 It was noted also in the previous work that the 
determination of the mobility of the final ion was difficult The observa¬ 
tions vaned from 0 00031 to 0 00044, and on some occasions it was difficult 
to decide whether this ion was present at all Again, very good observations 
were obtained of ions of mobility 0 00065, which could not be made to fit 
into uuy gioup It is clear, then, that m the case of the two slowest ions, 
we lia^e a variety of values which might be accounted for by the existence of 
multiple oharges 

On the whole, however, the assumption that the charge on the ions is the 
electronic charge is justified 

We arrive, then, at the idea that when pure water is broken up, water 
aggregates of certain definite sizes are produced These have at least a 


* Kennedy, 1 Boy Irish Academy Proc.,’ A, vol. 93, p 08 (1818) 
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certain degree of stability, and, on our present hypothesis, their masses are 
related to one another, first in a ratio of 6, and then for the faster ions m a 
ratio of 3 But intervening there is a step from the ion of mobility 0 047 to 
the ion of mobility 012, where we have supposed a mass-relationship of 4 
It is possible, of course, that the true ratio of the masses of the ions is 3.1, 
in harmony with the other lighter ions, in that case the calculated 
mobilities of the faster ions would have to be lowered about 20 per cent 
This would involve a disagreement of about that magnitude between the 
calculated and the observed values Such a disagreement would not be very 
serious, seeing that any error in calculation due to the inadequacy of the 
theory is cumulative in the method which we have employed. 

The ion of mobility 0 047 Beems to occupy a special position. There are 
reasons for believing that it is a particularly stable aggregate Taking the 
radius of the largest ion (mobility 0 00038) as 4*16 x 10" 0 cm, the radius of 
this ion will be 

416 x lO“ 0 /6^® == 3 8 x 10“ 7 cm approximately 

Now, it has been shown by Sir J J Thomson* and Langevin/f that drops 
of a certain radius should have a very high degree of stabihty The value of 
the radius of such a drop is calculated as 5 x 10“ 7 cm This is m rough 
correspondence with the value that lias been found above, and it is possible, 
therefore, that the ion of mobility 0 047 is the true persistent ion deduced by 
Sir J J Thomson and Langevin rather than the ordinary 11 large ion,” the 
radius of which we have shown to be 416 x 10~ a cm or larger 

The Larger Ions Considered as Loose Groupings 

In discussing the larger ions as loose assemblages of some smaller unit 
rather than as oompact masses, we must make some assumption as to the 
nature of the unit This unit we may assume to be the largest possible 
single water-globule, the true w persistent ion” of Langevin a,nd Sir J, J 
Thomson, which we have juBt suggested is identical with the ion of 
mobility 0047 The next largest ion, instead of being formed from six 
of the latter, coalescing into a larger water-sphere, as we supposed before, is, 
on the present view, formed from a loose group of three. The viscous 
resistance to motion offered by this group of three will probably be 
something greater than three times the resistance of each of the drops from 
which it is formed, corresponding with the observed ratio of the mobilities 
of 3 3. Hence we might regard the ions of mobility 0 013, 0*0043, 0 0013, 

* ‘Conduction of Electricity through Gases,* p. 148 (1903). 
f See Chauveau, ‘Le Radium,* March~Aprfl, 1918. 

VOL XOIV.—A. 
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and 0 00038 as loose groups of 3, 9, 27, and 81 water-globules of the stable 
size. The ions with mobilities intermediate between these which have been 
observed by McClelland and P. J Nolan in dried air would be built up in 
the same way from a smaller unit. This is only a slightly more definite 
statement of the theory put forward by Prof McClelland and P J Nolan, 
and the present author in the previous paper already referred to. 

The masses and dimensions calculated above for the faster ions would 
remain unaltered in the new arrangement The new Bcheme has this 
advantage, that it is easier to see why all the ions have, in general, unit 
charge Each ion is formed from three smaller ones, which will m general be 
two positives and a negative, or two negatives and a positive We can also 
easily provide for the formation of ions carrying a number of charges, the 
mobility of which will not be sensibly different from that of the ion with 
umt charge For supposing that two, three, four or any higher number of 
the latter ions, all of the same sign, come together to form a loose grouping, 
the resistance of the Bystem will be increased in approximately the same 
proportion as the charge, so that the mobility will be very much the same aa 
that of the Bingly charged ion. 

There are thus two possible views of the larger ions, that which regards 
them as single water-globules and that which looks on them as groupings of a 
smaller drop, whioh is the real stable water drop There is no doubt that the 
ultra-microscopic experiments of de Broglie on flame gases give a very strong 
support to the second view The greater regularity in the process of building 
up of ions which it permits and the ease with which it explains multiple 
oharges are also strongly m its favour Further experiments on the large 
ions should put the matter beyond doubt. Meanwhile our calculations for the 
smaller ions are still valid 

Before considering the very rapid ions it is of interest to calculate the sue 
of the smallest of the ions which we are considering at present This ion, of 
observed mobility 109, has a mass (Table IV) s m/6 4 x4x9*, where 
m m 3’02 x 10 -w grm, calculating on the basis of Sir J. J Thomson’s formula. 
Thus the mass of the ion is 2 14 x 10~ n grm The mass of a molecule of 
water is 3 x 10“** grm., therefore this ion oontains 214/3 as 71 molecules of 
water If we take the value deduced from Millikan’s formula we find that 
the corresponding result is 66 molecules of water. 

Past III— The Natuke or the Smaller Ions Pkoduoed from Watsb. 

When we consider the values obtained for the mobilities of the smaller ions, 
we are confronted with mobilities wluoh ate unexpectedly high. There are 
two ways in which we might try to make these mobilities fit in with normal 
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values • (1) We might suppose, at least m the case of the negative ion, that 
what we are dealing with is an electron which has become attached to a 
molecule or group of molecules for a certain portion of its path, or (2) we 
might suppose that there are present ions with a variety of multiple charges 
On the first hypothesis, it ib very difficult to imagine how a variety of high 
mobilities sharply differentiated from one another could be produoed But, 
apart from that, the faot that wo find a positive ion with mobility 155 shows 
that we have to deal with molecules The question of multiple charges is not 
so easily decided If there were molecules present with one, two, three 
charges, etc, we would expect to find a 1 2:3 4 relation between 
the mobilities. An inspection of the table of mobilities shows that it is easy 
enough to pick out here and there mobilities which are roughly m the ratio 
1.2 or 1 3 but we can find no sustained 1 2 3*4 relation The 
first three well-established mobilities, 27,15 2 and 8 34, may suggest 3 2 1. 
But the numerical agreement is not sufficiently good Even if we admitted 
that these ions had three, two and one charges respectively, we have to 
explain why the doubly charged positive ion (mobility 15 5) occurs while 
there is no trace of this ion with a single positive chaige 
Any such allocation of multiple charges, moreover, does not make much 
change m the difficulty as regards high values of mobility For example, 
even if the 3 2 1 ratio of charges mentioned above could be successfully 
established, it would leave us with a singly oharged ion of the unusually high 
mobility of 8 34 

Calculation of the Mobility of an Ion 


The very high values of mobility obtained in the present work seem to 
support the view that the collisions between ionB and moleoulee may he 
regarded as taking place between hard elastic spheres The other hypotheses 
as to ionic collision made familiar by the work of Wellisch* and Sutherland^ 
would yield much lower values 

On the elastic collision hypothesis Sir J J Thomson,} finds for the mobility 
of an ion the equations 


and 


e /M, + M,\*5/M S +3M,\ 

" " MiM 7) 4\Mj+5Mi/ 

'ttWVH'm MiM, ) lSM^+lOMitfa-Mi** 


according as Mi is greater or less than M> N »the number of molecules of 

* WslliMh, • Phil Trans.,’ A, voL 800, p. 272 (1900) 

+ Sutherland, ‘Phil Mag,’ Sept,, 1909 
t 1 Phya Soo. ProoPart I, vol. 97 (1914). 
g There ie a misprint in this formula as published. 
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the gas per c o, M the mass of a hydrogen molecule, SI its average velocity at 
the temperature of the gas, Mi the mass of the ion and Ms that of the 
molecule We have already used the formula for the case when Mi is large 
compared with Ms We oan use these formulae for calculating the mobilities 
of various possible aggregates of molecules, but two difficulties arise The 
diameter of the sphere of influence of a molecule is not known accurately, 
and even if we could assign a value to o* m the case where the ion is a single 
molecule, we can only endeavour to approximate to it when the ion is a cluster 
of several molecules 

As the agreement between Sutherland's values of a for the ordinary gases 
and those deduced from the limiting density is very good, it waB decided to 
rely upon these two methods of calculation The values 2 9 x 10“ 8 cm. for 
air and 3 45 x 10‘ B cm for water have therefore been used in deducing the 
mobilities of various possible ions In calculating the mobility of a composite 
ion formed by n molecules of a gas, the diameter of the molecules being *i, in 
a gas of which the molecules had diameter 8% } the formula o* = $ (fy+nhi) has 
been employed. 

As to the composition of the ions, two possibilities present themselves— 
they may be aggregates of air-molecules (making no distinction for the 
moment between oxygen and nitrogen) or they may be aggregates of water 
The balance of probabilities is altogether in iavour of the latter view The 
slowest of these fast ions (mobility 106) is identical with the ion which 
was considered to consist of a cluster of about 70 water-molecules. From 
that ion up to the fastest there are a vanety of ions increasing m mobility 
and therefore decreasing m size There is no indication of any transition 
where the ions cease to be of water and begin to be composed of air There 
is no special reason in these experiments why a greater number of groupings 
of air-molecules should be formed; whereas there is very good reason to 
expect all possible aggregations of water Further reasons m support of 
this view will be brought forward at a later stage in tins paper 

Assuming then that we are concerned altogether with ions composed of 
water, we can employ the formulas given by Sir J J. Thomson to calculate 
the mobility of ions composed of 1,2,3, and various higher numbers of water- 
molecules In the following Table mobilities calculated for various groupings 
of water-molecules are given together with the mobilities observed, negative 
and positive 
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Table V. 


Number of ffgO 
moleoules 

Calculated mobility 

Observed mobility 

Negative 

Positive 

1 

12 8 

16 *2 

16 6 

2 

r 40 

8 34 

— 

8 

5 *66 

6 *06 

— 

4 

4 70 

— 

4 86 

6 

8 67 

8 68 

— 

7 

8 86 

— 

3 43 

12 

2 40 

2 60 

2 76 

(15) 

2 17 

(2 28) 

(2 42) 

18 

1 97 

1 94 

1 03 

24 

1-72 

1 70 

1 72 

80 

1 63 

1 40 

1 66 

88 

1 81 

1 84 

1 87 

48 

1 14 

(1 16) 

(1 18) 

64 

1 04 

1 ■06 

1 06 


Comparison of Calculated vnth Experimental Values of Mobility. 

The mobility oaloulated for au ion consisting of one water-molecule with 
unit charge (12 3) is in fair agreement with the values IS 2 and 16 5 found 
for negative and positive ions respectively A water-molecule with two 
charges would have a mobility 246, according to our calculations Thu 
corresponds fairly well with the fastest ion observed (mobility 27) No 
place has been found in the above Table for the ion sometimes observed, 
the mobility of which was 11 4 If the ion consisting of three water- 
moleoulea bad a double charge, its mobility should be 113 Thu u the 
most probable explanation of this ion The values for mobility of the 
negative ions ht m fairly well with the values calculated for ions consuting 
of 2, 3, 6 and 12 water-molecules, with a tendency for the observed values 
to be higher than the calculated ones, the agreement for 18, 24, 30, 36, 
48 and 54 u very good, both for positive and negative. Of course, in the 
last two oases, a fairly big ohange could be made m the number of water- 
molecules without very seriously affecting the mobility, but the way m 
which the observed values agree with those calculated for even increments 
of 6 water-molecules from 18 to 36 u very striking 'With regard to the 
ions of 12 and 15 wster-moleoules, it u possible that in thu case we are 
really only oonoerned with one ion consisting of 12 rather than 15 molecules. 
There are only two negative observations giving the value 228, and one 
positive giving tbe value 242. Perheps the disturbing element u one of 
the slower ions with a double oharge. If we eliminate the ion of 15 mole¬ 
cules, then the negative ions go fairly evenly 1, 2, 3, 6, 12,18,24,30, 36, 
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48 and 54 In the case of the positive ions nothing was found corresponding 
to the ions of 2 and 3 water-molecules The next highest mobilities after 
that whioh we suppose to be dne to one moleoule do not agree with any 
values found m the case of negative ioub. These mobilities (4 86 and 3*43) 
are deduoed from good experiments, and no doubt is felt about their 
approximate accuracy As will be seen from the Table, they fit m very well 
with the calculated mobilities for ions consisting of 4 and 7 water-molecules 
respectively This suggests that these ions are fonned by the union of a 
water-molecule which has lost an electron, to groups of 3 and 6 water- 
molecules It is possible that all the positive ions are formed m this way, 
that is, by the union of a positively charged moleoule with a stable or 
senn-Btable group of water-molecules which is already m exmtenoe When 
the number of molecules becomes considerable, tho resulting ion has 
practically the same mobility as the negative ion, which is formed from a 
similar group by the adding on of an electron 

All the ions observed have now been accounted for with the exception 
of the negative ion 442 There are only two observations of this ion, 
so that the exact value of its mobility is not very well established The 
best explanation then that can be given is that it consists of 5 water- 
molecules, such an ion would have a mobility about 415, as compared 
with the observed value of 4 42 

It is worthy of note that it is just those ions winch show up most 
consistently and easily on the experimental curves which fell most readily 
into a regular classification These are the very fast ions and the ions with 
mobilities from 1‘97 to 104 inclusive We oannot so easily classify the 
others, partly because of an uncertainty as to their accurate mobility values, 
and partly, no doubt, because some of them represent sggiegates of a small 
degree of stability which are not easily made to show a relationship with 
what we may regard as the more definite or stable forms 

On the supposition then that the ions are composed of various numbers 
of water-moleouleB we have been able to show that if the ions are built 
up in a certain regular way the observed mobilities agree fairly well with 
a theoretical estimate from the elastic collision point of view The agree¬ 
ment ib better the greater the number of moleoules in the ion, and for the 
last six ions the agreement is extremely good. Then the last ion is found 
to oouBist of 54 water-moleoules (assuming a regular step of 6 or a multiple 
of 6), agreeing as well as could be expected with our previous estimate of 
66 to 71. 
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Possibility that the Ions are Groups of Air-Molemdes 

It might be argued, however, that a set of ions could be built up from air- 
molecules which would fit the observed values as well as our theoretical 
water-ions But the previous work on the large long has led to the idea that 
the slowest of the present ions (mobility 1 06) is altogether water We 
would have to suppose, then, that as the ions became smaller a certain 
proportion of air-molecules entered into their composition, and that finally at 
a certain small size they were altogether composed of air-molecules But 
the very good agreement between the calculated and theoretical values for 
the last six ions suggests that they at least are altogether water There is 
nothing to suggest a change m composition Assuming that aggregations of 
air-molecules are possible, we can calculate the mobilities which ions composed 
of various small numbers of air-molecules should have Using Sir J J 
Thomson’s formula as before, we find that ions containing 1, 2, 3,4, 5 and 6 
air-molecules would have mobilities 12, 805, 6 4, 5 47, 4 85 and 443. The 
first of these numbers (12) is practically the same as the mobility calculated 
for a water-molecule, and indeed the two following, 8 06 and 6 4, are not far 
removed from the corresponding values for water, 74 and 5 66 If we 
consider the ratios pf the mobilities of the first three ions we find that the 
observed numbers are as 100 55 40 The values calculated for water are 
as 100 60 46, while those for air are as 100 67.53 The observed 
numbers, therefore, agree better with the supposition that the ions are 
composed of water than with the idea that they are composed of air The 
explanation of the two positive ions which do not correspond to any negative 
ions fits in very well on the supposition that the tons are of water If the 
ions are composed of air-molecules it is hard to see why there should be any 
difference between positive and negative, because the ion will then consist of 
a duster of molecules owing whatever stability it has to its charge The 
number of molecules in such an ion would depend only on the charge. We 
oannot imagine a duster of gaseous molecules becoming an ion by picking up 
an electron or a positive molecule, because there is no evidence that suoh 
dusters exist in a gas like oxygen or nitrogen In fact the only evidence of 
the existence of suoh uncharged clusters is in. the case of moist gases, where 
everything points to these dusters being composed of water. We cannot, of 
course, exdude the possibility that the first ion (mobility 152) may be a 
molecule of oxygen or nitrogen, because the observed value would agree as well 
with that assumption as with the supposition that it is a molecule of water. 
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Identity of Some of the Water lone with Ordinary Gaseous lone 

If we consider the four ions, the observed mobilities of which are (for 
negative ions) 194, 170, 149 and 134, we find indications of a possible 
connection with the mobilities of ordinary ions produced by X-rays or other 
ionising agents in air under different conditions For example, in saturated 
air the ordinary values* * * § for mobility of negative and positive ions are 
respectively 151 and 137, corresponding approximately to the third and 
fourth of the ions above For dry air the values given by different observers 
vary a great deal, and there is good reason for believing that thiB should be 
attributed to the degree of drying arrived at in various cases For example, 
WelliBchf gives the values 178 and 154 for negative and positive 
Langevm’si values are 1*70 and 140 In more recent work, where a very 
high degree of dryness was attained, Wellisch§ finds the valueB 193 and 
123, corresponding to some extent with Zeleny’s|| values 187 and 136 
All these values can be grouped fairly well into four classes corresponding 
to the four values quoted above, the negative ion having valueB approximating 
to 194,1 70, or 1*49, according to the drynesB of the air, and the positive ion 
having values approximating to 1*49 or 134 m the same way, with a tendency 
towards the last value occurring more frequently The small ion in air, there¬ 
fore, must at the very least resemble closely in mass and size the water-ions 
which we have been observing The way in which its mobility decreases m 
damp air resembles exactly the way in which the water-ion adds on further 
groups of water-molecules The view is put forward in this paper that the 
ordinary small ion is composed of water, the negative ion being an aggregate 
of 18, 24, or 30 molecules of water, according to the oonditaon of the air 
as regards humidity, and the positive ion "consisting of 30 or 36 water- 
molecules, more often the latter number. Of course we cannot insist on 
the exact accuracy of the number of water-molecules assigned, but it is felt 
that they are fairly close to the true values. This theory of the nature 
of the small ions applies to any of the permanent gases as well as to air. 
The nature of the small ion in a readily condensable gas is probably 
different The justification of the theory that the small ion is composed 
of water is found m the ease with which it explains several of the well- 
known properties of the gaseous ion 

* Zeleny, 'Phil Trans.,’ 1800. 

t Wellisch,' Phil Trans.,’ 1808 

} Laagevm, 1 Annalss de Ohunia et da Physique,’ 1808. 

§ Walkaoh, 1 American Journal of Soanoa,’ May, 1815. 

|| Zalany, foe. eit. 
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The Mobility of the Ion m Different Gates 

In a number of the permanent gases the mobility of the ion is inversely 
proportional to the square root of the density. This result follows 
immediately from our theory, for, the mass of the ion being large compared 
with that of the gas-molecule, the formula of Sir J J Thomson, which we 
have been usmg, becomes 

R as constant/v/Mj, 

Mi being the mass of the gas-molecule 

We can, moreover, use the full formula to calculate the mobilities of ions 
having the composition that we assume in different gases For example, 
taking Sutherland's value for the molecular diameter of hydrogen, we can 
calculate the mobilities of ions composed of 18, 24, 30, and 36 water- 
molecules m hydrogen 


Table VI —Hydrogen 


■ 

Calculated 

mobility 

Observed values 

Moist gas 
(Zeleny) • 


Pry gM 


Zeleny • 

Chattook f 

Franck and 

Poblt 

Haines $ 

18 HgO mol 

7 *98 


-7 85 

-7 48 

-7*08 

-7 8 

34 

6*81 

— 

+ 0 70 

— 

— 

— 

80 „ 

6 00 

-6*0 

— 

— 

40*02 

— 

86 „ 

6 44 

46 8 - 


46 4 

**■ 

46 4 


The agreement between mobilities calculated by this method and the 
values observed is extremely good Again, as in the case of air, we find the 
negative charge associated with 18 water-molecules, and the positive charge 
associated with 36, when the drying is specially good. Under other conditions 
of moisture the other two sizes tend to appear 
Space will not permit of the extension of these calculations to the other 
gases. It may be said, however, that the agreement is good in the case of 
the more permanent gases, but not so good in the case of gases which are 
easily condensable. 

The further advantages of the theory of the small ion just put forward 
may be summarised rapidly as follows:— 

* Zeleny, fee. at. 
t Ghattook, ‘Phil Msg1809 
J Franck sad Pohl, * Verh. d. Dent Phya Gea,’ 1907 
8 Haines, *7161. Mag.,’ April, 1919. 
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(1) It permits of ready explanation of the results of Blanc* and Wellischf 
for the mobilities of ions m gaseous mixtures 

(2) It can be harmonised with Phillips'} results on the variation of 
mobility with temperature 

(3) The sizes attributed to the ions are m fair agreement with the sises 
•deduced from the coefficient of diffusion 

(4) The abnormally high mobilities observed by Iiames§ iu very pure 
hydrogen are readily explained if we assume that the “ impunty ” necessary 
for the formation of ions is water, and that the ions which successively 
appear are composed of 1, 6,18, and 36 water-molecules respectively 

Conclusion 

It is no part of the theory given m this paper to insist on the absolute 
values (18, 36, etc) of the numbers of molecules supposed to constitute each 
ion These are the numbers which fit in best with our present knowledge of 
molecular sizes With fuller information, the ions might be better repre¬ 
sented m terms of some other unit rather than 6 || But enough evidence 
has been given to show that, in the case of ions produced by spraying water, 
there is a regular building up of aggregates of water, and that certain of 
these aggregates, which seem to lie specially stable, are at the very least 
similar, and are probably identical with the small ions observed in various 
gases 

It is clear that there are many ways in which the ideas put forward m 
this paper can be experimentally tested Further work should render it 
possible to decide whether the larger ions are to be regarded as loose 
groupings or compact aggregates. It should be possible also to obtain more 
information on the more important question of the nature of the ordinary 
small ion, and to test the theory put forward in this paper 

The author is indebted to Prof McClelland, to whose suggestion these 
researches are due, for his interest and advice. 

* Blanc, 4 Journ de Phys.,' vol 7, p. 836 (1008) 

+ Welhsch, 4 Boy Soc Proc.,’ vol 82, p BOO (1909). 

t Phillips, 4 Boy Soc. Proc./ vol 78 (1907) 

§ Haines, 1 PhiL Mag.,' April, 1916 

|| Perhaps in this connection the structure of crystallised water is pot without 
significance As is well known, snow crystals are almost always flat and hexagonal 
in character, taking various forms such as that of a six-pointed star, but showing 
evidence of having been formed around a single nucleus and having characteristic angles 
of 60* and 120*. 
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By G I. Taylor, M.A. 

(Communicated by Sir Napier Shaw, F R S —Received October 16, 1917 )i 

The object of the present paper is to bring’ together some of the 
meteorological phenomena which depend on the turbulenee of the lower 
atmosphere, to show how they depend on one another, and to demonstrate 
some numerical relationships which exist between them 

The transference of heat, water vapour and momentum by means of eddies 
has been discussod by the present writer in a previous paper * It was shown 
there that the effect of turbulent motion on the atmosphere is to endow it 
with a power of transmitting heat m much the same way as a solid possessing 
a large coefficient of conductivity 

The temperature, however, which enters into the equations of conductivity 
in the atmosphere is potential temperatuie.f instead of being the actual 
temperature, as it is in the oase of the equations for flow of heat in a 
conducting solid Thus, if the turbulent air is at a uniform temperature, 
heat will be transmitted downwards because, under those conditions, the 
potential temperature increases with height 

The power possessed by the atmosphere in virtue of its turbulenee of 
transmitting heat and momentum may be represented by the symbol K, where 
K is proportional to the velocity and to the scale of the turbulence As a 
rule the atmosphere is stratified in the sense that temperature and velocity 
vary much more rapidly in a vertical than m any horizontal direction In 
this case the rate at which heat flows into unit volume of air ib Kpw 
where 0 is the potential temperature, p the density and o- the specific heat of 
air, and z is height measured from the ground The rate at which momentum 
parallel to the horizontal axis x is communicated to unit volume is Kp8*w/&* 
where u is the mean component of velocity parallel to the axis «, and the 
quantity K should, according to this theory, be the same in the two cases 
Roughly E may be taken as equal to $«xf, where w represents the mean 
vertical component of velocity due to the turbulenoe, and d represents roughly 
tiie mean vertioal distance through which any portion of the atmosphere is 
raised or lowered while it forms part of an eddy till the time when it breaks off 
from it, and mixeB with the surroundings. This may be taken to be roughly 
equal to the diameter of a circular eddy 

* " Eddy Motion in the Atmosphere,"' Phil Trans,,' A, voL 81ft, p. 1,191ft 
+ The potential temperature of the air at any height is the temperature to which it 
would he reduced by expanding or compressing it adiabatioally to a standard pre ssure. 
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la the paper already referred to, values of K. have been found for the 
turbulence of air blown over the sea, from the measurements of the 
temperature over the Great Banks of Newfoundland A few simultaneous 
measurements of wind velocity over the same area tend to show that the 
value of tins K involved in the equations which represent the transference of 
momentum is of the same order of magnitude as the K involved in the heat 
transference equations The average value obtained for K by these measure¬ 
ments was 3 x 10 s m 0 G S units. 

On the other hand, observations taken by means of pilot balloonB over 
Salisbury Plain, of the K involved in the momentum transference equations 
indicate that the value of K on land is much greater The mean value was 
of the order 5 x 10 4 In 1914 I did not know of the existence of any 
observations which would enable me to calculate the value of the K involved 
in the equations for heat transference through the atmosphere over the land, 
but I have since found, m the ‘ Annales du Bureau Central Mdtdorologique de 
France,’ for 1894, a series of temperature measurements made at various 
heights on the Eiffel Tower, which supply the data necessary for calcula¬ 
ting this quantity It will be seen later that these measurements indicate 
that the value of K over the land is of the order 10 x 10 4 , but that it vanes 
considerably with the tune of year, and also, to a certain extent, with the 
height above the ground. 

Temperature Observations on the Eiffel Tower. 

Dunng the five years 1890-94 hourly observations of temperature were 
taken at three different heights on the Eiffel Tower, at 123, 197, and 302 
metres above ground. The results have been given by M Angot, who discussed 
the observations, in the form of the mean temperature of the air for each hour 
in the day for each month m the year Each figure given by M Angot is, 
therefore, the mean of about 150 observations. 

On examining the rise and fall in temperature dunng the day at the 
various stations on the Eiffel Tower, it will be found that the temperature 
may be represented very approximately by a simple harmonic function of the 
time That is to say, the curve which represents the venation m temperature 
during the day is approximately a sine curve A specimen curve (fig 1) has 
been picked out at random from the observations, and the true sine curve 
which most nearly represents the real curve has been drawn in as a dotted 
line beside it It will be seen that no serious error will result from taking 
the sine curve instead of the true ourve for the purposes of calculation, and it 
will be found that this introduces considerable simplification into the 
calculations. 



Turbulence in the Lower Atmosphere. 


139 



Table I—Amplitude in Centigrade Degrees of the Daily Variation of 
Temperature at Various Heights 


Month 

Terrace of the 
Bureau M6t6orologique 

Eiffel Tower 

18 metres 

123 metres 

197 metres 

802 metres 


o 

o 

• 

0 

January 

2 00 

2 46 

1 93 

1 81 

February 

4 62 

8 92 

8 22 

2 SO 

March 

0 46 

5 07 

4 90 

8 00 

April 

8 45 

7 16 

6 80 

6 12 

May 

7 76 

6 40 

6 63 

4 82 

June 

7 76 

6 48 

6 86 

6 21 

July 

7 57 

6 22 

6 59 

4 98 

August 

6 06 

6 04 

6 94 

6 12 

September 

7*06 

6 48 

6 47 

4 84 

October v 

6 61 

4 68 

8 66 

2 78 

November 

8 24 

2 79 

2 32 

1 66 

December 

2 74 

2 38 

2 04 

1 40 


In Table I are shown the amplitudes of the daily variation in temperature 
for the various months of the year at various heights above the ground. As 
might bo expeoted, the daily range in temperature decreases with the height 
above the ground, and the rate at which this range decreases evidently depends 
on the amount of turbulenoe m the atmosphere These observations of daily 
range will now be used to calculate the value of K for each month in the year. 
It will be found that the calculations are very greatly simplified if it is 
assumed that K is constant at all heights This assumption will therefore btf 
made in the first place, and afterwards the effect of varying K will be 
considered. 
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If z represents the height above the ground, the eqnation for convection of 
heat by means of turbulence is jr(Kpa80/8z) = p<r80/8t, where 80/8t 
represents the rate of increase in temperature with time 


If K be independent of s this becomes 


A solution of (1) is 

K&0/fo* = dd/dt. 

(1) 

0 = A<r»*(2wf/T-&*), 

(2) 

where 

6 s = w/TK. 

<3> 


If the daily variation of temperature at the height z = 0 is represented by 
0 = A sin (2w</T), where T = 24 hours or 86,400 sec, the daily range is 2A 
From (2) it will be seen that the ratio of the daily ranges, Ri and R*, at two 
heights z\ and z 3l is 

Ri/Rj = (2Ae~ b ‘>)/(2A.e~ b *>) = 

Henoe J(«g—*i) = log,Ri—log, Rg. 

Hence, if the ratio of the daily ranges at two heights whioh differ by an 
amount h is known, the quantity b may be found from the equation 

b — (log, B.i -log, K a )/A (4> 

The value of K may then be found from equation (3) 

In Table I are given the observed daily ranges at three stations on the 
Eiffel Tower at heights of 123,197, and 302 metres above the ground, and 
also the daily range at a station on the terrace of (he Bureau M^t^orologique 
at a height of 18 metres above the ground If K were independent of z, it 
could be found by taking the ratio of the daily ranges at any two heights, 
and the same result would be obtained whichever pan of ranges were taken. 
If, therefore, all the values of K obtained by applying equations (3) and (4) 
to various pairs of stations at different heights are the same, we are justified 
m assuming that this is the true value of K * On the other hand, if it be 
found that the values of K found m this way diminish as the mean height of 
the air between the two stations increases, it seems justifiable to assume 
that K diminishes with height, while, if the values of K obtained in this way 
are found to increase, the real value of K increases 
This method of calculation will not give the true values of K, unless £ is 
found to be codBtant or nearly constant at all heights, but it may be taken as 
giving, qualitatively, oerlaui general results concerning the changes in the 

* Strictly speaking, this is only true if the stations extend np to each s height that 
the daily variation in temperature is small compared with the daily variation near 
the ground, but no considerable error is likely to anae owing to the fact that thin 
condition is not fulfilled. 
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amount of turbulence at various heights above the ground during the 
course of the year In Table II are given the results of applying equations (3) 
and (4) to the daily ranges m temperature given in Table I, in order to find 
the mean value of K m different months of the year 


Table II —Mean Values of K between Various Heights from 18 to 
302 Metres above the Giound 


Month 

1 

18 to 302 metres 

2 

123 to 802 metres 

8 

107 to 302 metres 

4 

18 to 128 metres 

January 

4 8x 10* 

2 9 x lO 4 

2 7xlO* 

11x10* 

February 

6 4x10* 

4 1 x 10* 

1 6x10* 

20x10* 

March 

10 6 x lO 4 

8 3 x 10 * 

7-7 xlO 4 

24x10* 

April 

10 2 x 10* 

10 6 x 10 4 

8 2x10* 

14 xlO 4 

May 

12 9 x10* 

14 4X10 4 

16 7 x10 4 

11x10* 

June 

18 8 x 10 4 

24 4x10* 

28*8x10* 

12 x 10 1 

July 

16 7 x 10 4 

23 4 x10* 

80 1 xlO 4 

18x10* 

August 

14 6 x 10 4 

18 1 x lO 4 

19 6x10* 

18x10* 

September 

8 0 x 10 4 

7 2x10* 

7 6x10* 

10x10* 

October 

5 9 x 10 4 

4 9 x 10 4 

6 3x10* 

9x10* 

November 

6 4x10* 

3 2 x 10 4 

2 8x10* 

18x10* 

December 

6 6 x 10* 

4 4 x XO 4 

2 8x10* 

16x10* 

Mean 

10-Ox 10< 

i 




The most noticeable feature of the Table is the way in which the 
turbulence appears to decrease with height in the winter and to increase 
in the summer In June and July, for instance, the mean values of K m 
the whole height of the tower, from 18 to 302 metres, are 18 and 17 x 10 4 , 
while the mean values from 197 to 302 metres are 29 and 30 x 10 4 respec¬ 
tively In the winter months—November, December, January, and February 
—the mean values of K from 18 to 302 metres are 54, 6 5,4 3, and 6 4 x 10 4 , 
while the mean values from 197 to 302 metres are 2 5, 2*8, 2 7, and 16 x 10* 
respectively 

The explanation of this diminution of turbulence at the top of the 
Eiffel Tower in the winter must be looked for in tlio temperature gradient. 
The mean temperature gradient up to 300 metres is considerably less than 
the adiabatic gradient m the winter, and the number of occasions when the 
adiabatio gradient is reached is comparatively small. A gradient less than 
the adiabatic has a tendency to prevent the spontaneous formation of 
turbulence, and to suppress it when formed by any outside agencies, such as 
obstacles on the ground 

In the summer the mean temperature gradient in the first 300 metres is 
much more nearly adiabatio, and the number of occasions when it reaches 
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/ 

the'adiabatic gradient is large. A gradient equal to the adiabatio gradient 
has a tendency to encourage the spontaneous formation of turbulence 
Under these ciroumstanceB, an increase in the value of K with height is to 
be expected, because K is roughly proportional to the vertical component of 
turbulent velooity and to the diameters of tho eddies It is to be expected 
that the eddies will increase in size as the height above the ground increases, 
because they have more room to grow There will, therefore, be a tendency 
for K to increase with height 

Looking at the first and third columns in Table II, it will be seen that the 
mean values of K between 18 and 302 metres and between 197 and 
302 metres both have a maximum in the summer and a minimum in 
wmter, but the variation is much greater in the latter case than in the 
former It is a matter of some interest, therefore, to find out whether the 
value of K near the giound shows any marked monthly variation In 
column 4, Table II, is given the result of applying equations (3) and (4) to 
the daily ranges of temperature at 18 and 123 metres, but it must be 
remembered that the errors due to the method used in deducing K are 
greater near the ground, where the most rapid variations aie likely to occur, 
than they are higher up Accuracy in the figures of column 4 is therefore 
not to be expected. 

It will be seen that the values of K near the ground appear to vary m a 
haphazard manner, but that they show no marked monthly variation of the 
type exhibited by the hguies in all the other columns. It seems, therefore, 
that the effect of the mean temperature gradient, which reduces the 
turbulenoe at 300 metres in the winter and allows it to morease in the 
summer, does not have any marked effect on the mean amount of turbulence 
near the ground This must be governed almost entirely by wind velocity, 
which shows no marked monthly variation, and by the nature of the ground 

On the other hand, it will be seen later that the daily variation in 
temperature gradient near the ground has a very marked effect on the 
turbulence near the ground 

Identity of K found from Temperature Measurements with K found from 

Wind Measurements. 

On looking at oolumn 1, Table II, it will be seen that the mean value 
of E for the turbulenoe over Paris, as calculated from the Eiffel Tower 
temperature measurements, is about lOxlO 4 . It was pointed out on 
p 138 that the mean value of E for the turbulence over Salisbury Plain, 
as calculated from wind-velocity measurements, is about 6 x 10 4 . It is to be 
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expected, from the nature of the ground, that the turbulence over Pam 
would be greater than the turbulence over Salisbury Plain. 

Quite recently, Bince finishing the work described above, I have seen a 
paper by Dr. F Akerblom,* in which he uses the change in wind direction 
between the top and the bottom of the Eiffel Tower to find the coefficient of 
viscosity of the atmosphere due to turbulence Tins quantity, which is, of 
course, equal to li/p, was found to be about 85 CGS units in the winter 
and 115 in the summer Akeiblom finds, theiefore, that the mean value 
of K in the height of the Eiffel Tower is greater in the summer than m the 
winter, but the difference is considerably less than that indicated in the 
fust column of Table II The mean value obtained for li/p is given by 
Dr Akerblom as 95 C G- S units Taking p as 0 00125, the value of K over 
Paris, calculated from wind-velocity measurements, is therefore 95/0*00125, 
or 7 6 x 10 4 C G S units 

The agreement between this and the value oi 10xl0 4 obtained above 
from temperature measurement is quite as good as could possibly be 
expected, when it is lemembered that neither Akerblom's noi the present 
writer's equations aie rigidly applicable uuder the conditions which actually 
occur in the atmosphere It is sufhc lently good at any rate, to provide a 
satisfactoiy confirmation of the tlieoiy that momentum and heut are trans¬ 
mitted by the same agency, and that the behaviour of the lower atmosphere 
m legard to heat transmission can be calculated from observations of the 
retardation of the lower layeis of the earth's atmosphere by the friction of 
the ground. 

Daily Variation w Wind Velocity 

We have seen how a study of the change m wind velocity with height 
and of tiie diurnal variation in temperature leads to a knowledge of the 
amount of turbulence m the atmosphere near the ground We liave seen, 
also, how much the turbulence is reduced in the winter by the smaller 
average temperature gradient which is characteristic of that part of the year. 
So far, however, no mention has been made of what is by far the most 
notioeable feature of the meteorological effects of the turbulence of the 
lower atmosphere, namely, the daily variation of wind velocity The 
remainder of the paper will be devoted to discussing this variation It will 
be shoun that the knowledge which had been gained concerning turbulence 
is sufficient to explain all the facts which recent observations have brought 
to light concerning the daily variation in wind velocity at vanous heights 
above the ground and at vanous seasons of the year. 

It is well known that the wind near the ground is usually less strong at 

* F. Akerblom, * Nov Act Soc, Scient.,’ Upoala, 1008 

VOL XC1V,—A 


N 
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night than it is m the day time. Observations taken on mountains and on 
high buildings show that at comparatively small heights above the earth 
this variation in wind velocity is much less than it is quite close to the 
ground The Eiffel Tower observations show that at a height of 1000 feet 
the daily variation m wind velocity is reversed, so that it has a maximum 
at night and a minimum during the day 

Quite recently the diurnal variation m wind velocity has been made the 
subject of an elaborate senes of observations by Dr Hellmann * A brief 
description of his results will form the best introduction to the more theo¬ 
retical discussion which will follow later 
In a piece of flat meadow-land Dr Hellmann Bet up three anemometers at 
heights of 2, 16, and 32 metres above the ground, and the results of one 
year’s observations are dealt with m his paper 
During periods when strong winds were blowing, all three anemometers 
showed a maximum velocity m the middle of the day and a minimum during 
the night. The daily variation m light winds was of a different character 
At 2 metres there was a maximum in the day and a minimum at mght 
At 16 and 32 metres, however, there were maxima in the middle of the 
day, and also in the middle of the mght, with minima during the morning 
and afternoon At 16 metres these two maxima were about equal, while 
at 32 metres the mght maximum was greater than the day maximum 
On examining the seasonal effect, it was found that there was a distinct 
tendenoy in summer for the day maximum at 16 metres to be greater 
than the mght maximum, while in the winter the two maxima were about 
equal 

These results are shown graphically by means of curves in figs 2 and 3 
It will be seen that in light winds the height at which the day and night 
maxima are equal is about 16 metres in winter and between 16 and 32 metres 
in summer At greater heights the wind xs greatest in the middle of the 
mght, while at smaller heights it is greatest in the middle of the day This 
change in the type of the daily variation in wind velocity will be referred to 
as a “ reversal ” 

Dr Hellmann’s results are confirmed by his analysis of the daily variation 
in wind at the observatory at Potsdam, where the anemometer is plaoed at 
a height of 41 metres above the ground In fig 4 is shown the variation in 
wind velocity for light and for strong winds m the summer and in the 
winter It will be seen that for strong winds the maximum occurs in the 
middle of the day, at all times of the year In the case of light winds there 

* “IJber die Bewegung der Luft in den nntersten Schichten der Atmosphere,” 
4 Meteorolofjiflche Zeitechnft/ January, 1016 
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is ft miuimum in the middle of the day in the winter, while in the Bummer 
there ia a small maximum m the middle of the day, and a much larger 
maximum m the middle of the night It appears, therefoie, that the height 
at which the reversal in type ot daily variation oocurs is greater than 
41 meties for strong winds, but that for light wuuhi it ib less than 



Fio S. 

41 metres. During light winds m winter the height of the reversal ib so 
much less than 41 metres that the day maximum has altogether disappeared 
at that height In the summer, however, the height of the reversal is 
evidently much nearer to 41 metres, for the day maximum is still quite 
well developed at that height These results agree well with Dr. Hellmann’s 
observations. 

To account for the facts brought to light by these observations, Dr 'Hellmann 
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mentions the theory of Espy and Koppen, according to which both types 
of daily variation are the results of ascending and descending currents 
produoed by the heating of tho earth in the day time The descending 
currents carry the upper wind down to the ground, thus increasing the 
surface wind, while the ascending currents carry the more stagnant air at 



the surface up into the higher layers, an action which reduces the velocity 
in those regions 

This theory appears to contain some elements of truth, but in several ways 
it is very unsatisfactory. In the first place it is purely qualitative Pr£ 
Bumably, the height at which the reversal takes place should, according to 
this theory, be sotno definite fraction of the height to which the vertical 
currents produoed by the heating of the ground extend In order, therefore, 
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that the theory may account fox Di Hellmaun’s observations, it is necessary 
to assume that the vertical currents, due to heating of the ground, extend 
to a much gi eater height in strong wiuds than they do in light winds This 
is contrary to the commonly accepted idea of vertical heat currents, and is 
almost certainly untrue 

On examining the Espy-Koppen theoiy closely, it will be found that it not 
only fails to give quantitative expiesmon to the phenomena of daily varia¬ 
tion m wind velocity, but that it involves implicitl) several special assump¬ 
tions regarding the nature of the veitieal currents which convey horizontal 
momentum fiom the nppci lajcis to the lower layers of the atmosphere, and 



Fiu 4 

from these to the giound Moreover, there is no other evidence that these 
special assumptions are true We shall now enquire into the nature of these 
special assumptions 

The vertioal currents in the atmosphere promote an interchange of 
momentum between the different layers The aotion of an moreaae in the 
amount of vertical ourrents in the lower atmosphere is to increase the 
amount of rapidly moving air brought down from tlie upper layers to the 
layers dose to the ground, but at the same time it increases the amount of 
alowly moving or Btatiouary air brought up from the surface of the ground 
The velocity of the lowest stratum of air is determined by the balancing of 
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these two effects, and m order that an increase m the velocity of the wind 
close to the ground may result from an increase in the amount of the vertical 
currents, it is necessary to assume that the structure of the vertical currents 
is such that the increase m velocity due to the extra influx of momentum 
from above is greater than the decrease due to the extra outflow of 
momentum into the ground It has been shown by the present writer in a 
previous papei* that, with a given amount of eddy motion and a given 
pressure gradient, there is a certain distribution of wind velocity neai the 
ground, which exists as a steady state whon the system has been established 
long enough for the effeot of the initial conditions to have died awaj In 
the Espy-Koppen theory no account is taken of the Bteady state In the 
present paper, on the other hand, it will be assumed that the distribution of 
wind velocity in the lower atmosphere at any lime is the distribution which 
would result from the gradient velocity and turbulence which exist at that 
lime if the steady state had been reached This is equivalent to assuming 
that the lag of the variation in wind velocity behind the variation in 
turbulence which gives nse to it is small That this is sufliciently near the 
truth for our purpose is shown by the fact that the maxima m wind velocity 
occur about the middle of the day, at a time when the turbulence might be 
expected to be at its maximum 

It will be shown that a daily variation m turbulence, by an amount whioh 
might have been expected from oui previous knowledge of the subject, is 
sufficient to explain qualitatively—and also, in a rough way, quantitatively— 
all the known characters of the daily variation in wind velocity 

We have seen that the effeot of turbulenoe on the distribution of velocity 
ui the lower atmosphere depends on a certain quantity K, which can he 
regarded aB a number which expresses the amount of turbulence It has 
boon shown also that the mean distribution of wmd velocity in the lowei 
layer of the atmosphere is very nearly the same aB that in an ideal 
atmosphere m which K is constant at all heights We shall therefore find 
how the wind velocity at vanous heights would vary in the ideal case 
when its pressure gradient remains constant and K is constant at all heights 
but has a daily variation m magnitude. 

For this put pose it is neoessary to take account of the fact that the 
{notional force of the wind over the ground is proportional to the square of 
the wind velocity f The magnitude of the fnctional force has been calcu¬ 
lated for Salisbury Plain. It was shown that over the greasy land of 
whioh Salisbury Tlam is oomposed, the frictional force, F, is 0*0023 pQ,*, 

* '‘Eddy Motion ui the Atmosphere,” 'Phil. Trans,’ A, vol SIS (1015) 

t ' Boy Boa Proa,' A, vol 92, p 109 (1919) 
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where Q ( is the wind velocity close to the ground, and p is the density of the 
air. Using this value for F it may be shown that 

- = 0 0023 Q, 8 = 2 KQq sin «/B, (5) 

P 

w here « is the augle between the wind at the ground level and the gradient 
dnection, Q G ib the gradient velocity, K is the coefficient of eddy diffusion 
aheady referred to, and 13 is equal to ^(wsmX/K),* where o> is the angular 
velocity of rotation of the earth, which is numerically equal to 0 000073, and 
\ is the latitude of the place iu question, which in the case of Salisbury 
Plain is 60° N, bo that sin X = 0 77 Equation (6) may be transformed into 
the form 


1 __ 1 /<M a f 0 0023 v 

BQg 2 sin « \%! \ 0 000073 x 0 77 


Hence 


_1_ 

BQn 


20 4 , 

- (COS *— Sill 

S1U a 


butf Q•/Qq = cob a —sm a 


*? 


The values of l/BQ a may therefoic be tabulated for a series of values of a 
These aie given m Table III 

Since B depends only on K, it might be simpler to consider the variations 
in wind velocity at various heights wheu B iather than K undergoes a daily 
variation , but since the numerical value of K has been measured in several 
coses already, it is convenient to have a Table showing the relationship 
between K and a The quantity K/Q (1 * is a function of *, and its values are 
given m the last column of Table III 

Table III may now be used in conjunction with the equations given on 
pp 15 and 10 of “Eddy Motion in the Atmosphere,” to find the wind 
velocity at any height lor a given gradient velocity and a given value of K 
The numerical work is labonous, but the tesults can be shown simply by 
means of a series of curves These curves are shown m fig 5. The abscisses 
represent the wind velooity as fractions of the gradient, while the ordinates 
represent the quantity s/Qq, where z represents the height above the 
ground If the curves be regarded as giving the variation in wind velocity 
with height, the soale of the ordinates will depend on the gradient velooity 
Two scales of height m metros have been drawn on the nght-hand side of 
the figure, corresponding with the two gradient velocities of 4*6 and 
15*6 metres per Becond, which correspond with the classes “light” and 
“strong” winds for which mean values of K have been calculated} 


* “ Eddy Motion in the Atmosphere,” loe at , p IS 
t Ibid , p. 16 

J ‘Roy 8oc ProcA, vol OS, p 198 (1918) 
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Each of the curves in fig 5 represents the distribution of wind velocity at 
vunous heights with a given value of K and Q„. When K undergoes a daily 
variation, the daily variation in wind velocity is given by the vanatum in the 
abscissae of the different curves for a fixed ordinate 


Table 111 

a 

V»Q (1 

m,,' 

Degree* 

C0S uml« 

(J 0 8 units 

4 

252 

3 54 

6 

155 

1 35 

1 H 

106 

0 035 

! 10 

77 6 

0 338 

12 

58 5 

0 192 

1 14 

44 8 

0 116 

! 10 

34 9 

0-069 

18 

27 3 

0 042 

20 

21 9 

0 027 

22 

: i6 7 

0 0156 

24 | 

12 9 

0*0094 

20 ! 

! 9 9 

O 0055 

28 

1 7 4 

0*0031 

80 

5 6 

0 0017 

32 

3 7 

0-00085 

j 3 4 

( 2 0 

0*00038 

36 j 

i 

i__ —— 

! 1 7 

1_ 

0 00016 

i 


In order to simplify the application of the cuives in tig 5 another set of 
ouives, shown in fig. 6, has been constructed from them These represent 
the variation m wind velocity at a given height when » vanes owing to the 
vanations in K Each curve represents the variation m value of V/Qe for a 
given value of z/Qq when « varies from 6° to 30°. 

An inspection of the cuives of fig 6 shows that the daily variation in R 
will account for the character of the daily variation in wind at different 
heights Suppose, for instance, that the value of K vanes m such a way that 
* sb 10° at midday and 30° at midnight. At heights above that at which 
s/Qo = 15 the wind wiU be at a maximum at midnight and at a minimum at 
midday At heights for which sj Qo is equal to or leas than 1 there is a 
maximum at midday and a minimum at midnight At all intermediate 
heights there are two maxima, one at midday and the other at midnight. 
When */Qq = 4 the maxima at midday and at midnight are about equal for 
the particular range of R we have chosen 
, The several characteristics of the daily variation in wind velocity which 
this theory indicates are shown in fig 7. In this figure the value of K has 
been assumed to vary in a continuous manner so that it is a maximum at 
midday and a minimum at midnight Each curve represents the variation 
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m wind velocity ai a given height, represented, on an arbitrary scale, by the 
figure attached to the curve 

It will bo seen that this agrees remarkably well with the variation which 
was actually observed by Dr Hellnutnu. In the case of light winds m winter, 
for instance, the wind velocity at 2 me ties was a maximum at midday and 
remained practically constant fioin 6 I’M to 6am The wind at 16 metres 
had equal maxima at 1 am. and 1 I’.M The wind at 32 metres had a 
maximum at about 1 am and a smaller maximum about 1 pm It also had a 



'm 6—Curves Showing the Variation in Wind Velocity at Various Heights above the 
(iround when the Gradient Velocity lemains Fixed and a Vanea owing to Variations 
m K Each Cum Represents the Variations at a Fixed Height, and the value of i/Qo 
which corresponds with that is marked on the Curve in Question 

maximum at about 7'A m , but this appears to be an irregularity due to the 
fact that Dr Hellmann's observations only extend over one year The curves 
showing the daily variation of wiud velocity at Potsdam, whioh are based on 
five years’ observations, oertamly do not possess the corresponding maximum. 

It is interesting to see how far the information which we have obtained in 
various ways concerning the value of E may be used to set numerical limits 
to the height to which the ground type of daily variation in wind velocity ** 
likely to extend. 

It has been shown* that the mean value of K in the summer in the height 

* Sm Table II 
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of the Eiffel Tower is about 15 x 10 4 , while in the wintei it ib about 5 x 10 4 
These include strong as well as light winds, and mght as well as day. Since 
the value of K must be very low on all clear nights it seems probable that one 
might expect the mean value of K at midday to be at least as great as 
30 x I0 4 It will be higher for strong winds and lower for light winds, and m 
the absence of any further data we might guess the values 40 x 10 4 for strong 
winds and 20 x 10 4 for light winds For the winter the values of K may be 
taken as one-third of the summer values, because the mean value ol K in 



winter is one-thud of the mean value m summer, Hence they may be taken 
13 xlO 4 and 7x10*. 

The value of K at mght is governed by the fact that the temperature 
gradient is less than the adiabatic gradient, m fact it is frequently reversed 
near the ground Under these conditions the stabxhty of the air tends to 
prevent the formation of turbulence So far the value of K has not been 
determined on land under circumstances in which the temperature gradient 
is known. At sea, however, the value of K, under circumstances when there 
was an inversion of temperature, was found to be of the order 8 x 10* for 
mocferate winds and 10* for light winds. In strong winds at sea, therefore, 


154 


Turbulence %n the Lower Atmosphere . 


we might expect K to be of the order 6 x 10 s when there is an inversion of 
temperature gradient On land there is likely to be a still greater difference 
between the values of K fox light and foi strong winds at night because the 
air temperatuie at the grouud does not go down so much when the wind is 
strong as when it is light, whereas the temperature of the air near the sea 
is practically the same as that of the sea itself, whatever the wind velocity 
may be 

Taking the values of K given above and taking the mean gradient velocities 
m light and strong winds as 46 and 13*6 metres pei second respectively, it 
will be found from'Table III that the corresponding values of a are those set 
out m Table IV 

From the cuiven m fig 6, the value of #/Q a at which the maxima at 
midday and midnight are equal may be found In the case of strong winds 
in summer, for instance, the variation of « from 12° to 28° gives equal 
maxima of wind velocity, equal to 0 83 Qq when zf Q G = 4£. This corre¬ 
sponds with a height of GO metres At heights lower than this the 
greatest wind will be at midday, while for greater heights the maximum 
will be at midnight 


Table IV 







Height at whioh 



a a t nuddm 

a at midnight 

S /Q<i 

maxima at midday 
and midnight 






are equal 

1 


Cl 

i- 

1 

Metres 

| Strong winds -1 

' Summer 
Winter 

12 

17 

2S 

4 

| 3 

00 

60 

i 

| Light wind* i 

1 1 
i 

" Summer 
. Winter 

7 

10 

20 

7 

i 

80 

26 


i 

i 


i 


The heights at whioh the reversal m the character of the daily range 
occurs are given m the last column. It appears, therefore, that for light 
winds the reversal might be expected at heights between 25 and 30 metres. 
In strong winds, however, the type of daily variation in which the wind 
velooity is a maximum at midday would extend up to 50 or 60 metres. If, 
as was anticipated above, the value of K at midnight is considerably greater 
in strong winds than we have taken it to be, then the height of the reversal 
of the type of daily range would be much higher than 50 or 60 metres. 

On referring to the curves of figs 2, 8, and 4, it will be Been that these 
theoretical conclusions ^ agree with Dr. Hellmann’s observations, fie found 
the reversal to occur in light winds at about 16 metres in the winter and 
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about 32 metres in the summer In the case of strong winds there was no 
reversal in the first 32 metreB. 

In the case of Potsdam observations, it was found that the height of the 
reversal was less than 41 metres for light winds and greater for strong 
winds In the case of light winds in summer, there is a maximum at 
midday at Potsdam, but it is smaller than the maximum a hich occurs at 
midnight 

It appears, as a result of these calculations, that a variation in K by an 
amount which fits in well with all the other known data concerning the 
turbulent motion of the air near the ground is sufficient to explain, both 
qualitatively and quantitatively, all ttie facts concerning the daily variation 
of wind velocity at different heigh to above the ground which are brought to 
light by Dr Hellmann's observations 


The Discharge of Gases under High Pressures 
By L Hartshorn, BSc , ARCS 

(Communicated by tho Hon R J. Strutt, JP R S Received September 28, 1917 ) 

Introduction. 

This work was undertaken, following up a suggestion made by Lord 
Rayleigh.* De St Venant and Wantzel m 1839 stated, as a lesult of their 
experiments, that when gas was discharged through an onfioe from a vessel 
m which the pressure was p<>, into one in which the pressure was pi, then the 
rate of discharge was sensibly constant from pi = 0 upwards to pj as 0 3po or 
0 4p 0 , but then, as p A further increases, the discharge falls oft, slowly at first, 
afterwards with great rapidity. 

In 1885 Osborne Reynolds quoted some experiments which seemed to 
show that the flow remained constant from pi = 0 50po or 0 63po He 
explained tins by pointing out that the maximum “ reduced velocity ” occurs 
when the actual velocity coincides with that of sound under the conditions 
then prevailing, as then the effect of a further reduction of pressure in the 
recipient vessel cannot be propagated backwards against the stream. If 
iy at 1408 this argument suggests that for a nozzle ending abruptly at the 
narrowest part, the discharge reaches a maximum when the pressure in tho 

* ‘ Phil. Mag vol 99, p. 178 (191*6 ) 
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recipient vessel falls to 0 327po and then remains constant Lord Bayleigb 
}K>inted out the importance of examining with more accuracy than has 

hitherto been obtained the extent to which this 
constancy of flow for different values of p\ is 
true 

He suggested using for this purpose the airange- 
nient indicated diagrainmalically in fig 1 A ih 
the nozzle, B the recipient vessel, which is 
jwutially exhausted The passage D from the 
external air to the discharging vessel £ is 
somewhat choked and thus the reading of the 
pressure gauge F is a measiue of the discharge 
The discharge is absorbed by a powerful air- 
pump, communicating with B by the passage G 
If the flow remain constant in spite of variations in the pressure in B, then 
the reading of V will leraain constant 

Details of Apparatus 

The details of the actual apparatus used are shown m fig 2 The nozzle A 
was fitted into a brass tube a little more than a centimetre m diameter The 


D 




receiving vessel B and the discharging vessel E were made out of glass tubing 
4 cm in diameter The brass tube holding the nozzle was fitted into these 
by means of rubber corks t The pressure in B was measured by means of the 
straight manometer tube H and the barometer tube K. The difference 
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between the pressure in £ ami the atmoBpheno pressure was measured by 
means of the oil-gauge J, which could be out off by means of the tap T 
The small variations in this pressure were measured by observing the 
meniscus of the oil nr the tube L Tho lower end of this tube dipped into a 
wide vessel of oil, so that for small variations the whole change was shown 
by the change in level of oil m the tube These changes were measured by 
means of a microscope having a scale in the eyepiece 

M is a cylinder of thin brass, 23 cm long and of 5 cm diameter It was 
tightly packed with discs of copper gauze, which completely filled the tube 
It was placed in a large bath of water W at the temperature of the laboratory, 
and was connected to the entrance of the discharging vessel by glass tubing 
fitting mto rubber corks. The other end of this cylinder communicated with 
the glass tube N, which contained a plug of cotton-wool Thus the air passed 
first up the tube N, then through the gauze in M mto the dischaiging 
vessel £ It then passed through the nozzle into the receiving vessel B, and 
then to the pump through the large bottle It which served to steady the 
pressure in B The choking at the entrance to E was supplied partly by the 
gauze in M and partly by the cotton wool m N The latter also served to 
filter out the dust The pump used was a Lennox vacuum pump driven by a 
2 H P motor 

Prdiminm y Experiments 

In the first experiments M anti N wpre not used and the choking was 
supplied by a piece of capillary tubing fitting into the coik O The nozzle m 
these experiments consisted of a tlnn brass plate with a small hole in it 
This plate was soldered on to the end of the brass tube Under these 
conditions accurate measurement was found to be impossible owing to the fact 
that the level of the oil in L was not steady even when the pressure in B was 
constant The ohanges were of two kinds* (1) a slow regular fall of the 
meniscus, (2) rapid and irregulai fluctuations of the level The slow change 
was found to be due to the cooling effect at the nozzle. When the apparatus 
was left running for some time, this slow change gradually got slower and 
slower, and finally the mean position of the meniscus became constant, 
although the irregular fluctuations still persisted When the brass nozzle was 
replaced by one drawn down from silica tubing, which lias a very small 
coefficient of expansion, this slow change did not occur The irregular 
fluctuations were, however, just as bad as they were with the brass nozzle It 
was found that slightly warming the air entering E caused quite a considerable 
change of level in L, and this led to the suspicion that the irregular fluctuations 
were due to the nou-unxformity of the air entering the apparatus. 

The most probable source of any such temperature variation was the 
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pump, wlnoh, although water-cooled, hecamo warm alter working for some 
time. Accordingly steps were taken to draw the air from the part of the 
room most remote from the pump This was the purpose of tube N, which 
was of considerable length A great improvement m the steadiness of the 
oil-gauge reading was obtained in this way Additional improvement was 
obtained by the use of the cylinder of gauze M immersed in a large bath of 
watet at the tempo ratine of the laboratory This served to mix the air 
thoroughly and to keep it at the room tempeiatuie It should be mentioned 
that the oil fumes from the pump discharge were led into a fume cupboard, as 
if by any chance they contaminated the air drawn through the apparatus, the 
result was condensation of oil m the nozzle The air tued was not speoiallj 
dned 

Method of 1’rrformmg an Ecpennimt 

Owing to the difficulty of making silica nozzles to an exactly predetermined 
shape, it was decided to use invar The sample obtained had a coefficient of 
expansion larger than that of silica, so that the slow change in the oil-gange 
leading, due to alteration m the size of the nozzle with temperature, was quite 
appreciable Fuither there were also slight changes due to expansion or 
contraction of the manometer oil with slow changes in the 100 m temperature 
Any error due to this was avoided by prooeedmg as follows The pump was 
set working so as to exhaust B as far as possible The amount of choking 
whs then adjusted, by varying the amount of cotton wool m N, until the 
leading of L reached a convenient value The pressure m B was then 
slightly increased by opemng the tap S, through which B oommunicated with 
the atmosphere .When the pressme m B and E had become steady, the tap 
8 was closed, thus restoring tho original low pressure m B The level of the 
oil m L was continually watched by means of the mioroseope and any change 
noted This was now repeated for a still higher pressure m B, and so on In 
each oase the pressure in B was restored to its original value, so that m each 
case the total ohange was measured, and as the change only occupied a few 
seconds, there could be no error due to slow change of level in L with 
temperature Headings were taken until the change in level was too large 
to be measured on the microscope scale 

The Noulee 

The nozzles were all mods out oi a rod of invar, 8 mm in diameter They 
were soldered into a brass collar, which m turn was soldered into a length 
of brass tube Thus it was quite easy to change from one nozzle to another. 

The various shapes used are shown in fig 3. No. 1 consists of a 
parallel hole of 0 8 mm. diameter and 7 mm long No 2 is a parallel hole 
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of about the same diameter, but only about 1 mm long No 3 is really 
a hole in a thin plate, the edgeB being almost sharp The remainder are 
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all opened out similarly at the entrance end No 4 is cut off at the 
narrowest part To make this a parallel hole was first bored, then one 
end opened out, and the other end ground down until the hole just began 
to get huger, the measurement of its diameter being made with the mioro- 
scope Nos 5, 7, 8, 9, 10 and 11 end in divergent cones of angles 166°, 
7‘8°, 4*6°, 44°, 2 5° and 44° respectively. The length of the conical 
portion is about 2 cm in each case No 6 ends in a parallel hole 
All the nozzles were tested to make sure of their being auMught at the 
joints by dosing the hole with the finger and blowing into the nozzle with 
the bellows, the end of the nozzle being under water 
The min imum diameter was in eaoh oase measured by means of the 
cathetometer microscope, using the eyepiece scale. In the oase of nozzles 
ending in divergent cones the diameter at the base of the cone was 
measured in the same way, and the distance between these two diameters 
was obtained by measuring the distanoe through which it was necessary 
to advance the microscope m order to change the focus from one to the 
other The angle of the cone was deduced from these measurements The 
values are shown in Table I 
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Table I 


Nozzle 

Diameter at 
narrowest part 

1 

Angle of cone 


mm 

0 

1 

O S 

— 

2 

0 8 

— 

8 

O 5 

— 

4 

0 95 

— 

5 

1 1 

16 6 

6 

1 O 

0 

7 

I 1 2 

7 8 

8 

1 0 

4 4 

9 

1 0 

2 5 

10 

1 0 

0-7 

11 

! 2 4 

i 4 4 


i 


It has boon mentioned that the chief source of tiouble m the experiment 
was the unsteadiness of the leading of the oil-gauge, the irregular variations 
m particular Further, we have seen that these were largely due to 
variations in the temperature of the air flowing through the nozzle They 
wore not entirely due to this, however, for the readings were much steadier 
with some nozzles than with others, other conditions being exactly the 
same In no case were the readings perfectly steady Nozzle No 3 gave 
the best results, the variations m this case being very minute. No 4 gave 
the least steady readings The others were about equally good 

The scale in the eyepiece of the microscope had 50 divisions, and 30 of 
those corresponded to 0 1 inch (or 11 8 to 1 cm ) The pressure registered 
by the oil-gauge was about 17 inches (or 43 cm) of oil in each case, so that 
one division on the microscope scale corresponded to about 0 02 per cent, 
of the whole pressure Owing to the irregular variations mentioned above, 
it was not always possible to read the variations correct to less than one 
division on the microscope soale, though in nearly all cases it was possible 
to detect a total variation of half a division, and in many cases of less 
than this 

Result*. 

The results are shown in Table II, where po is the pressure in the dis¬ 
charging vessel It is equal to the atmospheric pressure diminished by 
the pressure indicated by the oil-gauge It is considered constant, as the 
variations in the oil-gauge reading are much too small to need taking 
account of in obtaining the ratio pifah , pi ib the pressure m the receiving 
vessel, and is given by the difference of the readings of the mercury columns 
H and K (fig 2) These readings were only token correct to the nearest 
millimetre, further accuracy being unnecessary owing to the errors involved 
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in making the other measurements The readings on the microscope scale, 
shown in column 7, give the variations of the pressure p% indicated by the 
oil-gauge, and thus show the variations in the discharge of gas 


Table II 


Nosale 

Baro¬ 

meter 

reading 

Oil 

gauge 

reading 

i 

Pi 

! 

1 pjpo- 

Micro¬ 

scope 

reading 

| Corrected 
’ microscope 
| reading 

Pi 

(max -MOO) 




' 

* 

scale 

| scale 

scale 


cm Ug 


cm Hg 

cm Hg 


dmsione 

division* 

divisions 

1 

76 3 

18 65 

72 8 

, 5 1 

' 0 071 

0 

i 0 

6000 



ma of oil 

, J5 0 

I 0 208 

0 

' 0 

6000 




| 19 1 

0 264 

0 8 

0 8 

400U 7 



3 *0 

i 23 5 

' 0 825 

3 

1 

4999 



om Hg 

, 25 2 

0 848 

3 7 

1 1 5 

4998 5 




27 a 

Cl 378 

8 6 

1 3 

1007 



5650 

30 1 

1 0 U7 

10 

9 

4901 



mic dir 

32 4 

0 448 

25 

22 

4978 



of oil 

1 33 8 

0 468 

38 

84 

4966 

2 

76 3 

17 7 

78 6 

1 5 6 

0*070 

0 

0 

5000 



ins of oil 


12 b 

o i7i 

0 

0 

5000 





l r > <> 

0 212 

0 A 

0 3 

4999 7 



2 H 


l 19 0 

, 0 258 

2 

2 

4998 



om fig 


22 0 

I 0 300 

4 

4 

4096 





24 9 

0 386 

8 

8 

4602 



5810 


28 0 

1 0 381 

10 

16 

4986 



mir dir 


30 1 

0 uo 

26 

25 

4675 


of oil 


31 1 

<J 423 

36 

33 

4067 




I | 32 3 

0 410 

48 

45 

4656 

8 

76 2 

17 4 

78 4 

3 0 

, o 041 

0 

0 

5000 



ins of oil 

1 13 0 

0 176 

0 

0 

6000 




1 J5 4 

0 210 

0 2 

0 2 

4998 8 



2 8 


17 « 

0 240 

0 5 

0 G 

4999 5 



cm Hg 


JO 0 

| 0 272 

1 

1 

4909 





n a 

0 304 

2 5 

2 5 

4997 5 



0220 


35 7 

0 350 

0 

6 

4994 



mic dir. 


28 1 

0 383 

U 

11 

4089 



of Oil 


30 8 

0 420 

23 

22 

4978 





82 3 

0 440 

34 

38 

4067 





88 6 

0 458 

48 

40 

4064 

4 

76 7 

17 7 

78*9 

9 0 

0 123 

0 

0 

6000 



ms of oil 


13*0 

0 176 

0 

0 

5000 





17 4 

0 236 

1 

1 

4909 



2 8 


19 5 

0 264 

2 

2 

4998 



cm Hg 


22 6 

0 804 

4 

4 

incut 

•%@gSCP 





25 5 

0 346 

7 

7 

4098 



6810 


28 5 

0 386 

18 

12 

4988 



mio div. 


SO 5 

0 418 

22 

21 

4079 



of oil 


82 7 

0 448 

87 

86 

4966 





33 7 

0 466 

47 

44 

4066 

5 

78 4 

17 '7 

78*6 

n 2 

0 152 

0 

0 

6000 



ins of oil 


28 *2 

0 886 

0 

0 

6000 





80'0 

0 420 

0 8 

0 8 

4090 7 



2 S 


88 3 

0 462 

1 

1 

4999 



om Hg 


36 0 

0 490 

4 

4 

4096 





89 1 

0 681 

10 

9 

4091 



5810 


41 6 

0 566 

28 

22 

4978 



mio. dir. 


48 1 

| 0 586 

88 

81 

4069 



of oil 


44*0 

0 698 

48 

40 

4060 


o 2 
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Table II— continued. 


Nozzle 

Baro¬ 

meter 

reading 

Oil 

gauge 

reading 

P 0 

Pi 

PilPo 

Micro 

scope 

reading 

Corrected 

microscope 

reading 

y—s. 

I 

M 

w 







scale 

scale 

scale 


om Ilf; 


om Hg 

cm Hg 


divisions 

divisions* 

divisions 

6 

77 0 

17 1 

74 2 

8 6 

0 116 

0 

0 

5000 


i nut of oil > 

18 8 

0 170 

0 

0 

6000 


i 

t 

10 2 

0 218 

0 6 

0 6 1 

4999 6 


1 a s | 

19 1 

0 258 

1 6 

1 5 

4998 6 


i cm Hg | 

21-7 

0 292 

3 6 

3 6 

4990 6 


| 

24 4 

0 329 

7 

7 

4993 


i 6180 ! 

27 4 

0 309 

14 

14 

4986 


mic dir , 

80 6 

0 413 

28 

27 t 

4978 


* o f oil 1 

32-0 

0 440 

43 

42 

4958 

7 

76 6 

17 36 | 

72 7 

12 *9 

0 178 

0 

0 

6000 


in* of oil 


87 8 

0 614 

0 

0 

5000 


t 


40 A 

0*666 

0 6 

0 6 

4999 6 


1 2 8 


48 8 

0 690 

1 6 

1 6 

4998 6 


' cm Hg 


40 8 

0 637 

4 

4 

4996 





48 0 

0 678 

8 

8 

4992 



5200 


61 2 

0 706 

16 

14 

4986 



mio dir 


(3 0 

0 787 

27 

20 

4974 



of oil 


66 4 

0 702 

46 

44 

4960 

8 

| 

76 0 j 

17 1 

78 a 

10 2 

0 189 

0 

0 

6000 



me of oil 


66 1 

0 766 

0 

0 

6000 





67 4 

0 786 

0 7 

0 7 

4999 8 



2 8 


68 4 

0*797 

2 6 

2 5 

4907 6 



om Hg 


68 8 

0 804 

8 4 

8 4 

4990*0 





69 2 

0 809 

5 

5 

4906 



6180 


69*8 

0 818 

9 

9 

4991 



mic dir 


00 2 

0 822 

12 

12 

4988 



ot oil 


01 3 

0 888 

30 

29 

4971 




02*0 

0 847 

46 

46 

4056 

9 

70 9 

17 1 

74 1 

0 7 

0 181 

0 

0 

6000 



me of oil 


66 0 

0*761 

0 

0 

6000 





67 2 

0 772 

0 6 

0 6 

4999 6 



2 8 


58*0 

0 791 

0 8 

0 8 

4999 9 



om Hg 


69 7 

0 806 

1 

1 

iltflA 

we* 





00 4 

0 816 

1 6 

1 6 

4998 6 



6180 


01 1 

0 826 

3 

8 

4997 



mic dir 


01 7 

0 883 

8 » 

8 

4992 



of oil 


62 2 

0 840 

12 6 

12 5 

4987 6 





02 7 

0 846 

32 

81 

4969 





68 1 

0 862 

46 

44 

4960 

in 

70 8 

17 0 

74 0 

9 6 

0 128 

0 

0 

0000 


4 

me of oil 


28 7 

0*888 

0 

0 

6000 





80 6 

0 412 

0 8 

0 8 

4999*2 



2 8 


32 0 

0 488 

1 7 

1*7 

4998 8 



cm Hg 


38 0 

0*454 

4 

4 

4990 





36 1 

0 476 

7 

7 

WVM 



6100 


80 7 

0*406 

11 6 

11 6 

2988*6 



inio div 


8ft 6 

0 622 

22 

22 

4978 



of JDll 


40 6 

0*647 

29 

88 

4962 

1 




41 5 

0 601 

51 

60 

4900 
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Table II —continued 


Bowie 

Baro- 

Oil 




Micro* 

Corrected 

Pi 

(max *>6000) 

meter 

reading 

gauge 

reading 

*0 

Pi 

Pl/Pv 

,0 ?r 

reading 

miorosoope 

reading 


i 





scale 

scale 

scale 


cm Hg 


ora Hg 

cm Hg 


divisions 

divisions 

divisions 

11 

76 8 

17 6 

78 r. 

49 2 

0 070 

0 

0 

6000 



ins of oil 


68 5 

0 796 

0 

0 

6000 




1 

69 6 

0 811 

0 6 

0 5 

4990 6 



2 6 


60 8 

0 ‘827 

1 

l 

4999 



am Hg 


61 6 

0 837 

3 

8 

4097 




62 2 

O 846 

7 

7 

4903 



6280 


1 62 8 

0 866 

14 

13 

4987 



nno. dir 


> 68 1 

0 869 

IB 

17 

4888 



of oil 


| 68 7 

0 866 

38 

86 

4964 





1 64 O 

1 

0 870 

r )U 

47 

4053 1 

1 


In order to allow the results for various nozzles to be conveniently compared, 
the values of p a are given corresponding to the various values of p\ expressed 
as a fraction of po, the maximum value of in each oase being reckoned 
as 5000 Since the actual value of p 0 was not exactly 5000 microscope 
divisions, the microscope readings woio corrected to make them correspond 
to this value 

Curves were plotted showing the relation Imtween p% and p x for the various 
nozzles. They are slioun m figs 4 and 5 
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Discussion of Remits. 

It will be seen from the curves tha* the fact that the discharge is 
independent of the pressure m the reeemng vessel, when this is less than 
a certain fraction of that in the discharging vessel, is amply verified by 
the experiments In each case the flow was constant, probably to within 
0*01 per cent, for a considerable range of pi, the pressure in the reoeiver 

The experiments also show thut we cannot acoept the theoretical value 
of thiB critical pressure below which the flow from a ^convergent nozzle 
remains oonstant, viz., 0 627 po as applying to all nozzles, indeed, we cannot 
accept any particular value as applying even approximately to all nozzles. 
In some cases the value is as low as 0 2po, and m others it is as great as 
0 8po The value 0 2 po holds very approximately, however, for all the 
nozzles tned except the divergent ones. Those ending in divergent cones 
all have higher values, and the value increases as the angle of the cone 
decreases from large values down to about 3° In thiB case the critical 
pressure is about 0 8#) As the angle of the cone ib further decreased the 
value of the critical pressure seems to decrease For an angle of 0 7° it is 
about 04poi and when the angle becomes zero, i.c , for a parallel hole, we 
obtain the value 0 2pa. 

It seemed possible that these results might be of practical importance 
in oonneobon with turbine nozzles. Aooordingly, in order to ascertain 
whether the phenomena were very considerably modified in nozzles of 
larger diameter, No 11 was made with a diameter as large as the pump 
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would allow The flow of air was then so large that the cylinder of gauze 
M produced too muoh choking to give a oonvemcnt reading of the mi-gauge, 
and it had to be removed, so that the chokiug was then supplied by the 
tube oonneotmg E and N (fig 2) and a very small piece of cotton-wool iu N* 
Even under these conditions the readings of the oil-gauge were fairly steady 
with this nozzle The first reading of p x was of course not very low in 
tins case, but it is seen to lie well on the horizontal portion of the curve 
The result for the nozzle of larger diameter is seen to be practically the 
same as that for a smaller one of the same shape 

Iu conclusion I wish to thank Pi of the Hon R J Strutt, FRS, for 
advice on many points, and foi the keen interest he has taken m the work 
throughout its progress 


On the Relation between Barometric Pressure and the Water-level 
m a Well at Kew Observatory, Richmond 
By E G. Biluam, A R C Sc, D1 C, B,Se, F R Met Soc 

(Communicated by Sir Napier Shaw, FRS Received October 13, 1917 ) 

I Introductory 

The investigation which forms the subject of the present communication 
must be regarded as forming part of a general inquiry into the mode of 
action of the well at Kew Observatory, Richmond The well was sunk 
during the course of some extensive alterations to the building about four 
years ago, and the water-level has been continuously recorded since the end 
of July, 1914 The mean level for each day expressed m centimetres above 
Ordnance Datum has been published m the 1 Geophysical Journal/ and the 
extreme values for each month have usually been given in the Monthly 
Weather Report, After being m action for two years, it was thought 
desirable to undertake a somewhat dotailed examination of the records which 
had accumulated The most interesting feature of the inquiry proved to be 
the periodic variations of level, which were to be attributed to the tidal 
oscillations of the neighbouring River Thames The most noteworthy 
response of the well was found in the case of the lunar fortnightly 
oscillation, which could, indeed, be plainly seen by merely plotting successive 
daily mean levels on a fairly open scale 
The solar and lunar diurnal, semi-diurnal, ter-diurnal, , , oscillations were 
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sought for by forming solar and lunar diurnal inequalities at two-hour 
intervals and analysing the resultant variations During the eourse of this 
work, it soon became evident that the extent of the solar diurnal variation 
was very much greater than one had any right to expect, and one inferred 
that the solar tides were not alone Concerned m its production The effect of 
barometric pressure suggested itself as a likely factor, and an investigation 
was accordingly taken in hand 

Full details of the method of registration and of standardising the traces, 
as well as a description of the site of the well, will appear m the paper 
embodying the results of the work on the tidal phenomena Some of the 
results are quoted in this paper where necessary With these exceptions, 
the inquiry relating to the effect of barometric pressure forms a more or less 
complete study m itself, and, from this point of view, the results would seem 
to be of sufficient interest to justify their being brought before the Society 

The well referred to penetrates to a depth of 11 feet below the basement of 
the Observatory, the bottom being 150 cm above Ordnance Datum The 
soil consists of sand and coarse gravel resting upon London Clay, at a depth 
of about 9 oi 10 feet The well is about 300 yards from the Thames 

II The Relation between Changes of Pressure and Water-level 

The direct detection of a relation between atmospheric pressure and 
water-level is a matter of no little difficulty, on account of' the multiplicity 
of factors which have been found to control the latter Beside the regular 
tidal effects, the well shows the usual type of seasonal variation, with a 
maximum late in winter and a minimum in the late autumn During the 
winter the changes of level may be very rapid and irregular, particularly at 
times of flood The well also appears to be highly sensitive to rainfall. 
Any connection between the height of the barometer and the height of the 
wator in the well is therefore almost certain to be masked in a short senes of 
observations by the large deviations due to those causes After consideration, 
the following method was adopted The change of level between 4 h. and 
7 h GMT each day was measured on the trace m millimetres The figure 
given in the Daily Weather Report for the barometno change in three hours 
ending at 7 h was then wntten down in an adjacent ooludra. This was done 
for each day of the two years, August, 1914, to July, 1916, with only such 
omissions as were necessitated by loss of record. For brevity, the changes of 
level and of pressure during the three hours ending at 7 h. will be denoted . 
by BXJ and SP respectively, and Bp will denote corresponding small 
changes of level and pressure in general. 

In the Daily Weather Beport the value of BP takes the form of an 
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integer—the unit being the half^millibar—to whieh a positive or negative 
sign is prefixed, to indicate a rising or falling barometer.* The same 
convention was adopted m tabulating the value of 8U. On account of the 
diurnal venation of pressure, the mean value of 8P is about +0 3 mb, but 
the passage of depressions and anticyclones introduces sufficient venation to 
produce a fairly normal distribution, in which values up to +4 5 mb occur 
with sufficient frequency Ketainmg the unit of the half-millibar, we may, 
then, place a given value of $U m one of 19 classes, according as the value 
of SP given in the Daily Weather Report is —9, —8, , 0, +8, or +9 

A few values of SP of higher magnitude occurred dunng the period under 
examination, but they have not been employed m the subsequent work 
The mean value of SU for each class, together with the frequency, for the 
whole penod, is given m Table I 


Table I 


iP (unit 0 5 mb ) 

-9 

-8 

-7 

-6 

-6 

-4 

-8 

-2 

-1 

0 

8U in millimetres 

+ 3*00 

+ 4*76 

+ 9 40 

+ 8 48 

+ 1 80 +2-00 

+ 0 46 

+ 0 56 

-0 48 

-1 20 

No of observation* 

2 

4 

2 

8 

6 

21 

31 

S3 

56 

122 

8P (unit 0 6 mb ) 

i 

+ 1 

+ 2 

] 

+ 8 

! + 4 

+ 6 

+ 6 

+ 7 

48 

4*9 

Mean 
4-0 720 

>U in millimetres 

-1 24 

-2 05 

-l*94ii 

-1 98 

-0 81 -8 70 

-3 71 

l -0 80 

-14 26 

-1 00 

No of observations 

126 

126 

i 

06 | 

81 

14 

11 


i * 1 

1 2 

668 


There are Borne irregulauties, but the tendency for negative values of 
SP to be associated with positive depaitures from the mean value of SU is 
manifest The values of SP and SU in the Table give a correlation 
coefficient of —0 88, which is high enough to place the reality of the 
connection beyond reasonable question The corresponding regression 
equation is 

8u s= —0 533 Sp 

or, converting the pressure units to millibars, 

Su = — 107 Sp, 

whence it appears that on the average an increase of pressuie of 1 mb, 
spread over a period of three hours, is accompanied by a depression of the 
water-level amounting to rathei more than & millimetre. 

The preliminary work having been successful, m so far as it indicated a 
definite connection between changes of pressure and water-level, it was 
thought desirable to extend the inquiry with the object of determining 

* More accurately, a negative sign indicates that the barometer was higher at 
4 fa. than at 7 h., and vie* vend 
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(1) Whether the value of the ratio BufBp depended upon the sign of 
Sj?, or upon the value of dpfdt , in other words, whether the relation between 
8U and $P were linear. 

(2) Whether the value of Ba/Bp were subject to seasonal variation, 

(3) Whether there were any lag in the response of the water-level to 
changes of pressure 

III Form of tfa Relation, between Bu and Bp 

Tho figures given m Table I are too irregular to permit of any conclusions 
being drawn regarding the liuearity or otherwise of the relation between 
Sw and Bp In ordei to obtain a smoother curve the fifteen classes included 
between BY = — 7 and BY = + 7 were reduced to five by combining succes¬ 
sive groups of three The lesults obtained in this way are given m Table II 


Table II 


Mean 1 

—5 HO 

—2 80 

+ 0 23 

+ 2 68 

+ 6 78 

Mean 8U 

+ 8 09 

^_ 

40 88 

_ i v__ 

-1 07 

A _ 

—2 00 
_ > \ __ 

-2 40 

- j 


\ i I I ■ - I— ■ W wm — I »■ y I III I / 

iu/lja (m mm /iub) J — 1 ’fll —1 26 —0 79 —0 29 


Plotting BU against BP (fig 1) it is seen that the slope of the curve 
decreases uniformly 111 going from negative to positive values of BP Before 
accepting this conclusion as representing a genuine phenomenon there are 



oertain points to bo considered In the first place, the observations are not 
really homogeneoua The more rapid ohangeB of barometric pressure are 
almost entirely confined to the winter months Consequently, values of BP 
of ±4 and upwards are very muoh more frequent during the winter then 
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during the rest of the year We cannot, therefore, regard the first ami 
last entries m Table II as fairly representing general conditions throughout 
the year. Again, it will be observed that the curve does not pass through 
the point representing the mean values of the two quantities This means 
that a small depression of water-level occurs without change of pressure, 
which seems to indicate that “ accidental ” features have not been completely 
eliminated 

For the purpose of investigating the existence of a seasonal variation of 
Su/Sp the data were subdivided into three groups m a manner to be explained 
presently From what has been said above, it appeals essential to treat 
the data according to a seasonal classification before futthei progress can be 
made towards interpreting the results so far obtained I will therefore 
proceed at once to the consideration of our second object of inquiry, the 
results of which may bo expected to throw some light on the question as to 
whether the relation between Ba and Bp is really linear oi not 

IV Sea son at V t natio a 

It has been previously remarked that the water-level at Kew shows a 
pronounced seasonal variation, tlu highest levels noimally occurring m 
winter, followed by a steady drop to a minimum late m the autumn In the 
work on the tidal phenomena it was found that the sensitiveness of the 
water-level to all kinds of variation was intimately related to the height of 
the water For example, the ranges of the solar and lunar diurnal varia¬ 
tions obtained from monthly mean inequalities were both found to increase 
with nse oi the mean level, the cm relation coefficients being about + 9 in 
each case. It was therefore thought best to take the water-level as a basis 
of olassifioation rathei than to employ the ordinary seasonal subdivisions of 
the year. The following three groups of months were formed — 


Group 1 

—High-Level Months 

1915 

January 

(•Ml) 

1915 

February 

(370) 

1915 

March 

(331) 

1915 

December 

(355) 

1916 

January 

(352) 

1916 

Febiuary 

(330) 

1916 

March 

(400) 

1916 

Apul 

(364) 


Mean level m 360 cm above MJ9 L 

— 190 cm. below ground level. 
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Group II.—Intermediate Months. 

1915 April (273) 

1915 May (252) 

1916 May (286) 

1916 June (245) 

Mean level ss 264 om above M 8 L 

= 286 cm below ground level. 

Group III —Low-level Months 


1914 

August 

(191) 

1914 

September 

(183) 

1914 

October 

(176) 

1914 

November 

(175) 

1914 

December 

(237) 

1915 

June 

(237) 

1915 

July 

(214) 

1916 

August 

(217) 

1915 

September 

(205) 

1915 

October 

(208) 

1915 

Novembei 

(225) 

1916 

July 

(223) 


Mean level = 208 cm above M S L 

ss 342 cm below ground level. 

The figures in parenthesis give the mean heights of the water m centi¬ 
metres above mean sea level The above classification, although quite 
arbitrary, was found to be veiy satisfactory m praotioe. There were many 
advantages and apparently no serious objections attending the use of the 
same groups in the present work’, and they were accordingly adopted 
The method followed has been similar to that used in Table II, with the 
exception that only three classes have been retained, comprising values of 
$P —4, —3, —2, —1, 0, +1, +2, +3 and +4 The observations in each 
olass are usually sufficiently numerous to give fairly reliable values, and the 
range of pressure is quite large enough, in view of the ultimate object of the 
inquiry, to determine what portion of the solar diurnal venation is to be 
attributed to the effect of barometric pressure 
In order to get some confirmation of the figures by comparing results 
obtained under similar but independent conditions the low-level and high- 
level months have each been considered in two groups; The complete results 
are given in Table III and shown graphically in fig. 2. 
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Table III 









- - 

" 


Period 

Mean 

Level 


#1* 



6V 


*«/*P 

*»/**» 

(oor 

reeted) 

High-level month*, 1915 
High-level month*, 1916 
All high-level month# 

om 

869 

861 

360 

1 mb . 
-3*01 
-2 91 
-3 00 

1 mb 
-0 10 
+ 0 11 
+ 0 01 

i mb 
+ 2 73 
+ 2 57 
+ 2 65 

nun 

42 46 
40 10 

4 1 31 

mm 
-8*68 
-2 89 
-3 24 

mm 
-2-01 
-6 27 
-4 21 

mm/mb 
-1 57 
-2 31 
-2*01 

mm /mb 
-1 68 
-2 39 
-2 08 

Intermediate month* 

264 

-2 40 

+ 0 23 

42 46 

-0 65 

-1 47 

-2 78 

-0 64 

-0 66 

Low level month*, 1914 
Low-level month*, 1915 
All low-level months 

192 
218 
• 206 

-2 78 
, —2 69 
-2 79 

+ 0 42 . 
+ 0 24 ! 
+ 0 31 j 

+ 2 67 
+ 2 53 
+ 2 57 

40 69 

4 0 49 
40 67 

40 39 
-0 35 
-0 15 

-0 27 
-0 80 
-0 85 

\ 

-0 43 
-0 49 
-0 49 

-0 44 
-0 51 
-0 51 

Mean of all results 

266 

-2 86 | 

+ 0 23 | 

| + 2 58 

1 

+ 0 88 1 

1 1 

1 -1 07 

i 

-2 DO 

-1 07 

-1 11 
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It will be seen that with one noteworthy exception (high level, 1916) the 
three points lie fairly on a straight line passing through the point corre¬ 
sponding to the mean values It seems fair to oonelude that the exceptional 
character of the 1915 high-level .curve must be entirely due to accidental 
ciroumstances. It must be remembered that changes of level are much more 
rapid and irregular during the high-level months than during other periods, 
and consequently a greater number of observations are necessary to reduce 
errors due to “accidental” movements (including m the latter term all 
movements which are not caused by changes of pressure) to a sufficient 
extent. It appears, then, that under similar conditions the effeot of an 
inorease of pressure of about 15 mb, spread over three hours, is equal and 
oppoBito to that produoed by an equal decrease of pressure Within those 
limits it would seem justifiable to generalise that conclusion From three 
pointB only it is of course not possible to obtain the true course of the curve 
on which they lie, but we may fairly assume that a fourth point is given by 
the mean values of 8U and <$P The results indicate that the four points he 
on a straight lino We may therefore write in general 

Su — a Bp, 

at any rate so long as dp frit does not exceed 0 6 mb per hour The factor a 
is always negative but varies with the amount of water m the well 

The values of the factor a, computed where necessary by the method of least 
squares, are given in the Table The nature of the correction which has been 
applied in order to obtain the results m the last column will be explained in 
the following section It will be seen that the sensitiveness of the water- 
level to changes of barometric pressure is conspicuously dependent upon the 
amount of water in the well, high levels being associated with high sensitive¬ 
ness This relation is similar to that observed m the case of lunar tides of 
short penod and also in the case of rainfall. It appears, then, that the height 
of the water m the well may be regarded as an index of sensitiveness in 
general The only exception which I have observed occurs in the case of the 
lunar fortnightly tides, the effect of whioh upon the well does not appear to 
vary much with the level 

Although it is convenient to state the general conclusion in the above form, 
there is good reason for believing that the oonnection is purely an indirect 
one, due to the fact that those conditions of the soil which are necessary for 
high sensitiveness occur only at times of high level. The condition of the 
soil, indeed, appears to be the chief if not the only*faetor which controls the 
sensitiveness In the absenoe of accurate measurement a good idea of the 
sensitiveness is oonveyed to the eye by the amount of incidental movdment, 
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or “ embroidery ” as it is usually termed, shown by the trace Now when the 
water is rising rapidly from a low level to a higher one, which is frequently 
the case late m autumn, the appearance of the trace in all the cases I have 
examined is very different from that occurring during a fall of level through 
the same range In the latter instance the sensitiveness appears to be much 
greater, I am unable to say whether the response to each factor is equally 
affected, but in the case of barometric pressure at any rate the sensitiveness 
characteristic of “ high level ” does not appear to manifest itself until the 
water has ceased using for the time being It is clear, then, that the 
sensitiveness is deoided by the condition of the soil rather than by the 
absolute level The difference between the high level results for 1915 and 
1916 may, therefoie, to Borne extent be real 

Reference may be made here to fig. 4, winch represents tho relation between 
level and sensitiveness bo far as I have been able to ascertain it I have 
made no attempt to represent the curve mathematically because the number 
of pomts is too small to define its exact shape with certainty It would 
appear to be either hyperbolic or exponential in form On the first supposition 
the sensitiveness is xnveisely pioportional to the depth of the water-lme below 
some hxed level. The extrapolation of the curve as it stands would result in 
the sensitiveness becoming infinite for a level of about 430 cm or about 
12m below the suifaoe This is, ot course, out of the question, but there 
can hardly be any doubt that the value of —increases veij lapully as 
the water-level approaches the surface 

V Accuracy of the Results 

For the purpose of ascertaining the main features of the phenomena under 
investigation, the data employed would seem to have been quite satisfactory 
It will, however, ultimately be necessary to know the value of Su/Sp m the 
different groups with some accuracy It is desirable therefore to form some 
idea of the probable errors involved 

Consider first the barometric data The “ barometric tendency" is 
determined at Kew by means of a Dines float barograph. The change of 
pressure in three hours is estimated with the help of horizontal lines, ruled 
by hand, whose distance apart is intended to represent 5 mb of pressure 
(10 on the scale used in the Daily Weather Report). As the estimate 
has to be made while the chart is on the drum and under conditions of 
illumination which leave something to be desired, there is obviously scope 
for errors which may be important in the present connection In order to 
form an idea of the accuracy obtained, I have compared the mean value of 
tike barometric change from 4 h. to 7 h in each month obtained from the 
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“ barometric tendency ” (SPi) with tliat obtained from the tabulated hourly 
values derived from the Kew photo-barograph (SP 8 ) The result of this 
comparison is given in Table IV 


Table IV 


Month 

8P, from 
D WE 

8Pg from 
hourly 
values 

*P,-*i* 8 

Month 

£P, from 
D WB 

from 

hourly 

values 

SP.-8P, 

1914 

mb 

mb 

i' 

mb 1 1015 

mb 

mb 

mb 

August 

0 403 

0 381 

0*022 jj August 

U 680 

0 464 

0 116 

September 

0 783 

0 640 

0*093 | September 

0 416 

0 880 

0 086 

October 

0 548 

0 810 

0 229 

October, 

0 242 

0 208 

0 089 

November 

0 217 

0-217 

0 i 

November 

0 850 

0 884 

-0 084 

December 

0 420 

0 620 

-0 100 

December 

-0 104 

-0 226 

0 082 

1015 



* 

1016 




January 

0 194 

o no 

0 084 

January 

-0 016 

-0 *008 

0*077 

February 


0 167 

0 004 

February 

-0 017 

-0 088 

0 021 

March 

aifll 

0 322 

0*088 

March 

0 680 

0 465 

0 065 

April 

May 

■wirl 

O 504 

0 218 

April 

May 

0 467 

0 836 

0 181 

0 486 

0 465 

-0 020 

0 828 

0 358 

—0*085 

June 

0 910 

0 860 

-0 044 

June 

O 850 

0 298 

0 057 

July 

0 582 

0 555 

-0 028 

July . 

0 486 

0*455 

-0 020 

Means 

0 419 

0 379 

0*040 

Means 

0 289 

0 249 

0*040 


For the two years the mean values are SPi = 0 354 mb , SP* = 0 314 mb 
We have now to decide whether this differenoe is due to some systematic 
error of observation The root mean square value of SPi—SP s for individual 
months is 0 086 mb If this is due to casual error the standard value of 
SPi—SPg for 24 months is 0 086/v/24 or 0 0175 mb, and the probable error 
two-thirds of this, or 0*012 mb The observed value (0 040) is more than 
three times this amount, which seems to suggest the probability of a 
systematic error m SPi. 

If we take 01 mb as the standard error of an individual hourly reading of 
barometric pressure, the standard error of a monthly mean for a given hour 
is Ol/v/30 or 0018 mb., and the standard error of SP» m a given month 
0018x^2 or 0025 mb The standard error of 5P t is a good deal larger 
than this The faot that the estimate is only made to the nearest half** 
millibar introduces a standard error of 0 26 mb in an individual reading 
which would give rise to a standard error of 0*065 mb in 5P*. The standard 
error of 8Pi—6P* is therefore ^[(0 025)*+(0 065)*] or 0*070 mb. We have 
probably underestimated 8 Pi, sinoe we have assumed that the estimate of the 
tendency is correct to the nearest half-millibar The agreement with the 
observed value 0*086 mb is therefore satisfactory. 

One opportunity for the introduction of a systematic error immediately 
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suggests itself, namely, the ruling of the charts The accepted magnification- 
factor of the instrument is 2 10, with a probable error of about 1 per cent. 
The distance apart of the 5 mb rulings should then be 21 x 5 x 750/1000 or 
7 875 mm The actual spacing was measured on two samples of 20 charts, 
selected at random from the curves for the )eai 1015 Both gave the same 
mean value, viz, 7 62 mm , the probable error being 0 03 unn It appeals 
then that the spacing was on the average 3 3 per cent too narrow If w<» 
make a correction on tins account the mean value of SPj becomes 0 342, 
giving SPt—SPg = 0 02K mb If the same correction is applied to indi¬ 
vidual values of <5Pi it is found that the difference SPi—SP* is positive in 15 
and negative in 9 cases out of the 24 Theie is no deal indication therefoie 
that tho remaining enors a?o anj thing hut casual A correction of +3 3 per 
cent has accordingly been applied to all the results in Table III 

Fiom the foregoing discussion it might appeal that it would have been 
desirable to use liioie precise barometric data -hourly tabulations for 
example The lelativo uncertainty in the mean value of SU is, however, 
probably greater in general than that m 51*, so that there was nothing to be 
gained by obtaining the latter quantity with all possible piecision The 
error in SU does not arise so much fiom errors of measurement as from 
fluctuations of watei-level, due to causes other than changes of pressuie, and 
is not easily estimated 

The best way of appraising the results is to compare valuos of Stiffyj, 
obtained from different groups of months belonging to the same category 
In the high-level class there is some discordance between the values for 1916 
and 1916, although tho mean levels were very nearly the same. It would 
appear that the uncertainty in the final value —2 08 may amount to 20 per 
cent or more * The difference in the case of the two low-level groups is in 
the direction to l>e expected from the difference of level The figure —111 
for the whole period rests upon atiout 600 observations. SP appears to be 
unoertam to the extent of about 8 per cent over the whole period The 
uncertainty in $U is probably of about the same order of magnitude, so that 
we can hardly suppose that the probable error is less than about 01 mm /mb 

VL Rapidity of Response to Riemire Changes 

In the preceding sections we have compared the changes of water-level 
which occur simultaneously with given changes of pressure, and derived 
certain conclusions from the results. It is obvious, however, that those 

* This »the uncertainty involved m assigning a certain value of &u/&p to the level 
of 969 cm. It necessarily includes the effect upon the average value of real differences 
ot ttnsMveneie at the some level. 

tou xmv .—jl 
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conclusions may be veiy laigcly m orroi unless it can be shown that the 
response of the well ih not associated with lag 

During high-level penods there is no difficulty iu identifying movements 
of water-level which have taken place as the result of well-marked changes 
of barometnc pressuie The passage of a depression, for example, is shown 
by a peak on the watei-lcvel trace Two examples of such movements are 
shown in fig 3 In the diagram the time scales of the barograph and watei- 


24 6 12 18 24 6 12 18 24 6 his 



Fio 3 —Broken line—water-level trace , full line—barograph trace inverted Vertical 
divisions each represent SO nun in wnter-leve) and IS 7 mb of pressure 

level recorder have been brought into equality, and the barograph trace has 
been inverted The former instrument actually records on a daily chart, 
and the latter on a weekly, one hour being represented by 06 mob and 
0 09 inch respectively Time maiks are made twice daily on the water-level 
chart, so that it is generally possible to obtain the time at any point on 
the traie to within about ten minutes. 

Judging from the two oxamples figured, it woiild appear that the pressure 
ohanges are very faithfully reproduced by the water-level recorder simul¬ 
taneously with their occurrence If there is any lag it must be a matter of 
minutes only. In order to verify this conclusion I have measured the lames 
of occurrence of corresponding movements shown on the two traces in all 
cases that were suitable for the purpose during the year 1916, The obief 
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qualifications for suitability were that the movement should be sufficiently 
outstanding to prevent any mistake in identifying it on the water-level 
trace, and that the feature to be measured—the barometric minimum during 
a depression for example—should be sufficiently abiupt to permit of accurate 
measurement of the time of its occurrence 
The results are given in Table V, and it will be seen that they show no 
systematic indication of lag m the water-level Where times differ appre¬ 
ciably the difference is as often m one direction as in the other, and was 
undoubtedly due to some cause foi uncoitamty in the measurement In most 
cases, however, the times agree within the limits of the errors of measure¬ 
ment 


Table V —Times of Occurxence of Barometric Maxima, etc, and of 
Corresponding Watei-Love! Movements during 1915 


Date 


Character of 
movement 
rriiuwn on 
barograph * 

Time of occurrence, 
GMT 

Paragraph | Water let el 
(T.) ! (T.) 

Tj—T, 

Remarks 

January 

10 

Maximum 

h 

0 

in 

40 

h in 

10 10 

min 

30 

See % 3 

» 

10 

Minimum 

24 

o 

21 0 

0 

»» H 


11 

Maximum 

y 

VK') i 

10 0 

20(P) 

>1 *» 


11 

Minimum 

n 

K) 

14 20 

— 20 



10 

Minimum 

j 

20 

2 30 

4 


February 

6 

Minimum 

id 

60 ! 

H 0 

10 



7 

Maximum 

s 

60 

8 60 

0 

1 n 

i »» 

7 

Minimum 

22 

10 

22 15 

6 


1 

H 

1) 

I Minimum 

7 

15 

7 10 

-6 


II 

13 

1 Minimum 

20 

0 

20 0 

0 


Maroli 

0 

1 Minimum 

15 

50 

14 10 

-80 

Minimum not w ell marked 

II 

18 

i 

! Sudden rise 

10 


10 0 

1 

-4 

Fairly steady from 14 30 
to 15 50 ! 

Squall 1 

II 

10 

! Minimum 

1 

0 1 

2 50 

i -10 

April 

7 

, Minimum 

2 

4'> i 

2 0 

| -46 

TirnoB agree if steady fall 1 

1 r 

t 

1 

n 

8 

i 

Sudden n*e 

19 

8 j 

m 10 

i 

1 2 

of water level is allowed > 
for | 

Squall 1 

December 25 

Minimum { 

! i-' 

1*. 1 

11 0 

45 

Pressure nearlr constant | 


20 

1 Maximum j 

20 

6 1 
1 

20 lo 

! 10 

' _ 

from 12 to 14 hours J 

1 

j 


* The movement inverted on the water-level trace 


It may be noted in passing that the data from which fig 3 was drawn may 
be used to obtain values of 8uj&p Thus — 

January 10, 1915—Mean level = 403 cm , pressure range = 184 mb , 
water-level range =s 80 6 mm , whence 

Sii/Sp = —438 mm /mb. 
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February 7, 1915—Mean level = 344 cm , pressure range =137 mb ; 
water-level range = 23 0 mm , whence 

Bu/bp = — 1 68 mm /mb 

These values would seem to be quite tellable and 1 have plotted them 
together with the data of Table III in older to obtain a curve, giving the 
variation of sensitiveness with water-level (fig 4) The rapid increase of 
B)i/Sp with riBe of level is very striking 
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Returning to the question of lag, a further piece of evidence may be quoted 
m support of the conclusion arrived at During times of high wind a 
lnoademng of the barograph trace occurs as a result of the phenomenon 
known as “ pumping ” The water-level traces are affected m a very similar 
manner Now, if there were any lag in the response of the well, it is difficult 
to Bee how the rapid ohanges of pressure to whioh the movements are due 
could be registered We may surmise that any sluggishness m the response 
to ordinary ohanges of pressure would be aooompanied by insensitiveness to 
small and rapid movements. The records show, however, that the latter 
are recorded in a similar manner and apparently on the same scale as the 
former 
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VII Summary of Results and Conclusion. 

We may summarise the results of the inquiry as follows *— 

(1) At all seasons of the year the water-level is sensitive to ohanges of 
pressure, a use of the harometer being associated with a fall of water-level 
and nee versA 

(2) Withm certain limits the change of level is proportional to the change 
of pressure producing it 

(3) The maguitnde of the change of level produced by a given change of 
pressure increases rapidly as the subsoil water-level rises 

(4) There is no appreciable lag in the response of the water-level to 
ohanges of pressure 

These conclusions must be understood to refer to the level of the water ui 
the well, because we have no justification for assuming that the effect of a 
change of pressure upon the free surface of water is the same as itB effect 
upon the water held in the interstices of the soil In fact, it is possible that 
the phenomena may depend upon a differential action of this nature. 

The fact that barometric pressure is a factor of importance in relation to 
the movements of subsoil water appears to have been first recognised by 
Mr Baldwin Latliam * Mis olisorvations related ohiefly to the Bourne flow 
in the Croydon district, and included soundings of deep wells So far as can 
be ascertained from the brief notices of his two papers read before the 
British Association, his investigation of the response of the wells to pressure 
ohanges led to conclusions very similar to those enunciated above. We may 
suppose, then, that the phenomenon is a general one—probably with 
limitations imposed by the geological formation—exhibited by both deep 
and shallow wells. A farther result obtained by Latham was that the rate 
at which peroolation occurred increased with diminution of pressure This 
conclusion he confirmed by direct observation with a peroolation gange, and 
attributed the phenomenon to the action of dissolved air and other gases in 
the water He supposed that a diminution of pressure would result in the 
liberation of a certain amount of the gases, and that the consequent increased 
adration of the soil would facilitate percolation. An increase of pressure 
would reduce percolation by causing an absorption of gases in the soil by the 
water. 

The chief difficulty m applying Latham's theory to the Kew well appears 
to me to lie in the foot that there is no lag m the response of the well to 
ohanges of pressure. All the evidence which has aocrued-from the investiga¬ 
tion of the movements of subsoil water at Kew indicates that peroolation can 

* " On the Influence of Barometric Pressure on the Discharge of Water from Springs,” 

< B.A Report,’ 1881, p. 614 j 1688, p. 490. 
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only operate slowly in bringing about changes of level. Even during tunes 
of flood, when conditions arc most favourable for rapid penetration, the 
water-level in the well continues to nse for hours after the surface water has 
begun to subside It is therefore diilioult to believe that any effect, 
depending upon some change in the rate of percolation could follow so 
promptly upon the initiation of that change as we have found to be the case 
in the phenomenon under notioe There appears, therefore, to be a strong 
proluibihty that the effects of pleasure upon well-level are not secondary 
effects due to changes in the rate of percolation 

I have already indicated an alternative direotion m which to look foi an 
explanation of the observed results, namely, a differential action of pressure 
upon the free surface of water in the well and upon the subsoil wutei The 
well behaves very much like the open arm of a manometer connected to a 
reservoir of an If we suppose that the an contained in the mtersLioes of 
the soil immediately above the water-hne, or in cavities, is cut off from 
external pressure changes, tho general character of the movements would 
seem to be sufficiently well accounted for Auy change of barometric 
pressure would result in a leadjustment of the water-level m the soil and in 
the well, until uniformity of pressure at any given level below the water line 
was re established If this view is correct, it follows that the water-level in 
the well does not in general represent accurately the tiue subsoil water-level 
The two levels would only coincide at some particular height of the barometer 
It must also be supposed that any volumes of air concerned in the action are 
very perfectly cut off from external pressure changes, otherwise the well 
would behave like a micro-barograph, responding only to sudden changes of 
pressure The results, however, point strongly to the conclusion that the 
rate at whioh the pressure is changing is of no consequence 

It would appear at first sight that this postulate is in opposition to the 
well-known phenomenon of the emission and absorption of gases by the soil 
m response to barometric changes In deep mines this effect is of ao great 
importance that special precautions may be necessary to prevent explosions 
undeT certain barometric conditions. In the case we are dealing with, 
however, the local circumstances are rather peculiar The well is sank 
through a concrete floor, is lined with glazed pipes, and is surrounded by * 
system of brickwork vaults Under these circumstances it seems quite likely 
that oavities may occur containing imprisoned air in sufficient quantity to 
produce the observed results. The effects observed by Latham may also have 
been produoed in some suoh way 

A third possibility is that the phenomenon may be the result of the 
distortion of the earth's crust and the water-plane under variations of preesore. 
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Sir G% H. Darwin* in 1882 showed that between two places on an olheiwise 
flat earth of the rigidity of glass a difference of level of about 9 cm would 
exist os the result of a diffeience of pressmo equivalqjft to 5 cm of meicuiy 
Over the free ocean the water would bo depressed Id 0 orn foi each centimctie 
of mercury increase of pressme If the subterranean watei plane were 
distorted to the same extent the depression per ccntunctio of merciuy 
measured by an instrument on the surface would bo 13 (I —l 8 cm or 11 Sun , 
which corresponds to a value of a = —15*7 mm /mb The actual changes of 
level measured at Kew were considerably smaller than tins, which implies 
either that the rigidity of the earth in much less than that assumed bj 
Darwin or that the distortion of the subsoil water surface is a good deal less 
than over the free ooean Darwin com luded that the elastic compression of 
the ground must take place without sensible delaj, but it is at least 
doubtful whether the same statement is applicable to the subsoil watei 
Again, it is not easy to seo why the observed etluc t should depend to so 
marked an extent upon the condition of the sod 

The above calculation may pei haps serve to give some rough idea of the 
order of magnitude of the eflects which might be obseived undei certain 
circumstances, but the actual conditions aie radicallj ddleieut fiom those 
postulated in Dai win's problem The eflects of various distributions of 
load upon the earth's smface have been woiked out b\ Di 0 Chioorf and 
others in recent years, but so lai as I know the solution ioi the case in which 
we have porous matter permeated with liquid up to a ceitam level is not jet 
available It seems quite likely that the eflects of elastic compression may 
be at least partially concerned in pioducing the results which 1 have detailed, 
and a mathematical treatment of the subject would be of great mteiest 

« 

* G H Dai win, “On the Mechanical Eflects of Pressutc on the Eaitli’i Surface,’ 

' B.A Report,’ 1882, p 106 % 

t 0. Gbree, “ Applications of Physics and Mathematics to Seismology,” ‘ Phil Mag,’ 
1607, V 173,«t«? 
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Address of the President, Sir J J Thomson, O.M, at the 
Anmvei vary Meetiiuj, November 30, 1917. 


Fifteen Fellows and tlnee Honoiary Members have died tunee the lout 
Anmveisaiy Meeting 


The losses on the Home List are — 
Piof Olivei 
Mr Clement Reid 
Mi W Ellis 
Trot A M. Worthington 
Prof J Purdie 
Su E 11 Tylor 
Mr Pickard-Cambndge 
Dr W H llesant 


Prof McKenny Hughes 
Mr R. Bell 

Sir W 1) Niven, KCB 
Prof Hull 
Loid Cromer 
Lord Allerton 
Mr W Duddell 


Fiom the list of Foreign Metnliers we have lost — 

Trof Gastou Darboux 
Prof Chauveau 
Prof von Baeyer. 

By the death of Prol Gaston Dakuoux, the Secietaiy of the Academy of 
Sciences of the Institute of France, we have lost a great Mathematician and 
a great Ambassador of Science, who by his own researches, his official position, 
and his striking personality, had done much to advance the progress of science 
We offer our sympathies to our Sister Academy on the loss of one who for 
17 years had guided its policy with conspicuous ability and distinction, 
and we rejoice that oui Society was able to show its appreciation of 
Prof Darboux’s woik by the award, at our last Anniversary Meeting, of the 
Sylvester Medal 

Prof J B Chauveau, who died at the age of 90 in Januaiy Of this year, 
was a famous and many-sided biologist and one of the makers of Physiology 
m the latter half of the last century 

Pi of von Baeyer, the successor of Liebig in the Professorship of Chemistry 
at Munich, was one of the founders of modern Organic Chemistry Hu 
activities covered a very wide range and included the introduction of new 
ideas of great theoretical impoitance as well as some of the most striking 
and important applications of Organic Chemistiy to industrial purposes. 
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From the Home list we have lost Prof. Oliver, who had been a Fellow’of 
* 

the Society for 53 years and Keeper of the Herbarium at Kew for more than 
a quarter of a century, he was the predecessor of his son, our Fellow, m the 
Professorship of Botany at University College He did much to advance 
Botanical Science, both by his own researches and the unstinted assistance 
he gave to those of others 

Mr Clement Bud, a distinguished member of the Geological Survey, had 
made many notable and widely disoussed contributions to our knowledge of 
fossil plants. 

By the death of Mr William Ellis we have lost a veteran in the service 
of Meteorology and Astronomy, who had made important contributions to 
our knowledge of the Connection between sunspot frequency and terrestrial 
magnetic disturbances The length of his connection with official Astronomy 
may be gathered from the fact that he attended for 75 years consecutively 
the Annual Visitation of Greenwich Observatory 

Prof A. M Worthington, when a Master at Clifton College, was a 
pioneer m the introduction into the teaching of science in schools of a care¬ 
fully planned scheme of practical work His work on the tensile strength of 
liquids and on splashes has ennohed science with results of great beauty and 
high Boientifio importance 

Prof Thomas Pubdik, for 25 years Professor of Chemistry at the Univer¬ 
sity of St. Andrews, endowed that University with a fully equipped Besearch 
Chemical Laboratory He possessed, to an exceptional extent, the power of 
winning the confidence and affection of his pupils. 

Sir E B Tylob had been a Fellow of the Society for 46 yearn As Keeper 
of the University Museum, as Header in and subsequently first Professor of 
Anthropology at Oxford he exerted a wide influence over the progress of that 
science. His great erudition and charming literary style made him "the 
first and foremost exponent of the comparative method in this country.” 

By the death of Prof. MoKennt Hughes, the successor of Adam Sedgwick 
in the Woodwardian Professorship of Geology at Cambridge, we have lost a 
man of wide interests and activities. He was the head qf a most successful 
School of Geology, a collector, an antiquary, and it is to his exertions that 
the Hew Geological Museum at Cambridge owes muoh of its amplitude and 
completeness 

The toll of geologists during the past year has been a heavy one, we have 
to mourn the loss, at the ege of 69, of the well-known geologist, Edward 
Hull, the Director of the Geological Survey of Ireland, and of Dr. Bobert 
Bell, the Director of the Canadian Survey. 

Sir W. D. Niven, for many yean Direotor of Naval Education and the 

Q 2 
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editor of Maxwell’s * Collected Papers ’ and of the second edition of Maxwell's 
‘ Electricity and Magnetism/ did much when a lecturer at Trinity "College to 
promote the study of Mathematical Physios at Cambridge Though not a fluent 
lecturer, he possessed the power of exciting the keen interest of his pupils, 
among whom I am proud to oount myself He had a genius for friendship, 
and no one looked to him in vain for assistance and encouragement 

By the death of Dr Bksant, at the age of 89, we have lost one who in the 
days when there were Senior Wranglers used to take an active part in their 
training 

Mr Pickard-Cambbidge belonged to a class which is characteristic of this 
country, the man of science who does not hold any professorship or official 
post in connection with science. A country clergyman, he was the leading 
authority on one branch of Entomology. 

The tragic death, at the ago of 45, of William Duddbll has deprived 
English Applied Science of one who was gTeat both by performance and 
promise Bis invention of the oscillograph and the singing arc gave ua 
instruments of singular scientific interest and great practical importance 
When war broke out he threw all his energies into developmg applications of 
science to military needs He was indefatigable in considering and criticising 
the numerous proposals made for this purpose, and his wide knowledge, insight, 
and sound judgment were of tfie utmost value His health broke down 
under the strain of this work, and by his death we lose one who rendered 
good service to the country in its time of trial 

In less momentous times it lias been the privilege of the President on 
these occasions to bnng before the notice of the Society the results of the 
work of the FoIIowb in their efforts to unravel the secrets of Nature. In 
these days duties higher even than that of scientific investigation have 
occupied our attention The beneficent work of extending the empire of Man 
over Nature has been replaced by a struggle to prevent civilisation coming 
under an empire which, we believe, would deprive it of freedom and justice— 
of what is the soul as it should be the goal of humanity 

The extent to whioh men of science m this oountry are engaged on investi¬ 
gations connected with the war is hardly realised, except by those who have 
to try to hnd the men for any new piece of work of this kind which may 
have to be put in haud It is a matter of the greatest difficulty to find any 
competent person who is not already engaged on such work. Professors from 
our Dominions have come back to help at home, and m Borne eases have 
brought their demonstrators and senior students with them The importance 
of having an ample supply of trained scientific workers, and the necessity for 
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this country to increase its supply Id the future, could hardly be proved 
more incisively than by our experience m this connection. 

A large amount of work has been done by Committees of the Koyal 
Society during the past year in connection with the urgent question of food 
production and distribution, and the prevention of the destrnotion of graui 
by insect and other peats, you will have learned from the Report of the 
Council that these have been in close touch with the Food Controller The 
functions of the Engineering and Physios Committees which were formed at 
the beginning of the war to develop the application of science to military 
purposes have to a large extent been undertaken by departments created by 
the State ip connection with the Army and Navy, furnished with large 
resources and m close touch with the Services, most of the members of the 
Physics and Engineering Committees are actively engaged in connection 
with these departments 

The work of the National Physical Laboratory, which has greatly 
extended during the past year, has been almost entirely m connection with 
the war, and we have the satisfaction of receiving testimony from all sides 
that the services the Laboratory has rendered to the country have been of 
vital importance 

The application of soienoe to the purposes of the War, on which so many of 
our Fellows have been engaged, lias involved more than the adaptation of 
previously known scientific results to this purpose The channels along 
which the mam curients of investigation flowed before the war were those 
which seemed of most importance in connection with the development of the 
theory of the subject or with its industrial applications, other parts of the 
subject formed backwaters, which were often comparatively neglected The 
needs of the Army, the Navy, and the Air Service have created new types 
of problems, phenomena which had not hitherto attracted much attention 
have become of vital importance, and hive required further investigation 
before they could be used to the best advantage 

The question of International Science, bound up as it is with International 
Scientific Academies and Societies, is profoundly affected by the war So 
much depends upon what happens before Peace is declared that any definite 
deouuon as to future action would be premature But to ensure unanimity 
it is important that the men of science in each of the allied nations should 
know the views held by their colleagues. Proposals which it is hoped will 
effect this object have occupied the attention of the Council. 

Immediately after our last Anniversary Meeting, Lord Crewe, who was 
thou President of the Council, announced to a deputation of the Conjoint 
4 Board of Scientific Societies that a large sum of money had been allotted 
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by the Government jfor the purpose of promoting the application of scienoe 
to our industries It was pointed out by some members of the deputation 
that for the creation of new industries pure science—science undertaken 
without any definite idea of practical application—was m the long run even 
more important than the application of science to solve definite technical 
problems. Lord Crewe, in his speech to the deputation, spoke sympathetically 
of the claims of pure science, may we hope that this feeling will influence 
the action of those who have the administration of the fund ? 

I wish to call attention to a point m the discussion which has been con- 
Lmied through the past year on the vital question of the position of Science 
in Education The need for a greater appreciation of the valne of science 
has been brought into such prominence by the war that most of those who 
have advooated the olaims of science in education have not unnaturally laid 
the greatest stress on the importance of science to the welfare, the power, 
and even the safety, of the nation The supporters of literary studies have, 
on the other hand, dwelt mainly on the fact that literature broadens a man’s 
horizon, and gives him new interests and pleasures, that it teaches him how 
to live, if not how to make a living The result of this divergence of appeal 
has made the discussion appear, to those who watch it from outside, almost 
like a discussion between Spirituality and Materialism, or between a saint 
and a man of business Echoes of this sentiment are to be found in the 
opinions expressed by some members of the Labour Party, there is a 
tendency to regard science teaching with suspicion, as being intended to make 
the working man more valuable to his employer rather than to increase the 
brightness and interest of his own hfe. 

I recognise—and I know no man of science who does not—the necessity of 
literary studies as a part of the education of every boy and girl, but I most 
protest against the idea that literature has a monopoly in the mental 
development of the individual The study of soience widens the horizon of 
his intellectual activities, and helps him to appreciate the beauty and 
mystery which surround hun. It opens up avenues of constant appeal 
to his intellect, to his imagination, to his spirit of inquiry, to his love 
for truth So far fiom being entirely utilitarian, it often lends zomanoe 
and interest to things which to those ignorant of scienoe make no appeal to 
the intellect or imagination, but are regarded by them from an exclusively 
utilitarian point of view A knowledge of scienoe brightens and widens 
the intellectual life, and is a constant stimulus to the intellect and 
imagination. 

The question of the position of aoienoe in schools is of vital importanoe, I 
think that we ought also to pay attention to the need for sustaining and 
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stimulating in after-life the interest in science which we hope will have been 
aroused at school We should encourage and develop efforts to bring to the 
notice of the public those lesults of science which are of general interest 
I am not sure that wo do all that ih possible in this direction, and jet it 
seems oui duty to the community to give it everything which can add 
mteiesfc to life and stimulate the intelligence, to do everything in our powoi 
to increase appreciation and interest in science among our citizens, without 
such appreciation a full utilisation of the resources of science and adequate 
encouragement for its development is impossible in a democratic country 
Thero are many results of geneial mtoiest embodied m papers which 
could not bo read by anyone who was not a specialist iu the subject I will 
give one instance, taken from what might seem a somewhat unpromising 
branch of science, Arithmetic If we take the numbers m ordei 1, 2, 3, 
we see that theie aie some, such as d, \ 7, 11, which cannot be divided by 
any number smaller than themselves , these are called prime numbers , the 
numliei of Mich primes winch aie hss than a given number is a matter of 
veiv considerable importance, and (hunts, many j r oaiH ago, gave, without 
anj rigorous pi oof, a rule about it The rule was tested by actual 
trial for numbers up to a thousand millions, and, as it- was found to be 
true over that immense range, it was accepted as universally correct 
in spite of the absence of a witmtaolon proof Quite leeently, however, 
Mr Litllewood, one of oui Fellows, lias shown that, m spite of this 
apparently overwhelming evidence in its favour, the result is not geueral, 
but the numbers for which il bicaks down me so enormous that 
it would be quite beyond the powers ol human endurance to detect its 
failure by actual trial I maj say, in passing, that, enormous as these 
numbers are, they are more nothings compared with what wo have to deal 
with in many branches of Physics Here, then, we have a result which has 
satisfied, and apparently always will satisfy, any direct test that can be 
applied to it, and yet is not generally true, there seems to me to tie 
something of a tragedy, peihapa the suspicion of a sermon, in this investiga¬ 
tion, which is in a paper of a highly technical character, quite unintelligible 
to anyone who was not an expert mathematician 
There are many results of this kind, known only to specialists, but winch 
would interest a very much wider circle of readers if they could be bi ought 
to their notice Unfortunately, there does not seem to be at present any 
recognised method of doing this There are excellent periodicals with 
special ciroles of readers which might find a place for some of them, but 
these only reach a minute fraction of the educated public. There is room, I 
think, for a periodical which would appeal to a much wider circle, which 
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should contain interesting and trustworthy accounts of results of interest, 
not only in science, but m the other subjects included m a general education. 

The desirability of a journal of this kind was recently brought before the 
notice of the Executive Committee of the Conjoint Board of Scientific 
Studies If it could be established, it would, i believe, do good work by 
Stimulating the intellectual life of the nation and increasing the appreciation 
of science throughout the country 

The Copley Medal is awarded to M Emile Roux. 

M Emile Roux, Pasteur’s ohief collaborator, succeeded him as the Director 
of the Institut Pasteur, which he has successfully developed and maintained 
as the foremost school of bacteriology, both for teaching and foi research. 
From the early eighties, when he was associated with Pasteur and 
Chamberland in the study of anthrax and production of vaccines against this 
disease, he has played a leading part in the development of our knowledge 
of the processes of immunity 

HiB work with the distinguished veterinarian Nooard upon the oontagiouB 
plearo-pueumoma of cattle was the first demonstration of the existence of 
" ultra-microscopic ” or, as they are now termed, filterable viruses as disease- 
producing agencies, his work with Yeram, the first full study of the bacillus 
of diphtheria and of its toxins He shares with the late Prof. Behnng, of 
Marburg, m the introduction of diphtheria antitoxin as a practical means of 
prophylaxis and cure, and with him as oo-founder of serum therapeutics wss 
awarded the Nobel price. All the leading French bacteriologists of our 
generation have been his pupils 

A Royal Medal is awarded to Dr. John Aitken. 

Dr Aitken is distinguished for his life-long researches on the nuclei of 
cloudy condensation, embodied in a series of memoirs communicated to the 
Royal Society of Edinburgh. The latest of these appeared in the present 
year 

Dr Aitken’s discoveries opened up a new field of investigation in physios, 
and constitute a chapter of knowledge of great importance intrinsically and 
in their relation to the physics of meteorology. 

Dr Aitken, who has pursued his work as an amateur, has displayed great 
experimental ingenuity, and his remarkable construction of the “dust-oounter* 
has provided a permanent scientific appurtenance of precision to the physicist 
and olimatologist. 

Among other contributions to science, Dr. Aitken has made important 
advances in our knowledge of the formation of dew. 
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A Royal Medal is awarded to Sr Arthur Smith Woodward, 

Sr, Smith Woodward has been for many years Keeper of the Department 
of Geology m the Bntieh Museum, and has published a very large number of 
valuable memoirs on Fossil Vertebrates, especially Fishes He lias also 
published an important ‘ Catalogue of Fossil Fuhes m the British Museum,’ 
and his ‘Outlines of Vertebrate Paleontology,’ published in 1898, is a 
standard text-book on the subject 

Dr. Smith Woodward's original memoirs are too numerous to mention, but 
they have secured for him a world-wide reputation, and he is universally 
regarded as one of the highest authorities on vertebrate paleontology. 

Dr Smith Woodward was elected a Fellow of the Royal Society m 1901, 
and served on the Council from 1913 to 1915 

The Davy Medal is awarded to M Albm Haller 

Professor of Organic Chemistry at the Sorbonne, Pai is. Founder and First 
President of the International Association of Chemical Societies, and at the 
present time the most representative chemist of France, he is distinguished 
for his many and important oontributious to chemical science duung the past 
forty years His investigations have covered a very wide field m the domain 
of organic chemistry, the most impoitant being those dealing with compounds 
belonging to the camphor group 

He has maintained over a long period of years the reputation of the 
Sorbonne School of Chemical Research, created by Dumas and Wart/, his 
predecessors in the Chaft* 

The Buchanan Medal is awarded to Sir Almroth Edward Wright 

Almroth Wright was the first (1896) to apply laboratory knowledge on 
typhoid immunity to the protection of human beings against enteno fever 
Against formidable opposition he carried out a long senes of observations 
with the highest scientific aouraen and unsurpassed technique, and laid the 
foundations for the effective elimination of enterio fever from the armies of 
tile world. Nothing of importance has been added to his work down to the 
present time. 

The Hughes Medal is awarded to Prof, Charles Glover Barkla. 

Prof. Barkla’s investigations have mainly dealt with X-rays, and their 
absorption end secondary emission by solid substances. He showed that 
secondary emission of X-rays was of two varieties In one of these the 
X-rays are scattered, without change of quality. The scattered rays were 
' shown by examining tertiary emission to be polarised, and tins was a 
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fundamental result for the classification of X-rays with mdinary radiation, at 
that time doubtful 

fiarkla’s other kind of secondaiy emission is characteristic of the secondary 
radiator, and is aceompamel by selective absorption of the ptimary rays He 
showed that eaoh chemical element emitted more Ihan one dehnite kind of 
secondary fluorescent radiation Concentrating attention on, sav, the less 
penetrating kind, it was found to vaiy in quality by dehnite steps with the 
atomic weight of the secondary radiatoi 

These lesults have been confirmed and extended by others since the 
disoovery of the diffraction of X-rays by crystals This, of course, m no way 
detracts from the merit of the original discoveries made without this 
powerful assistance 


The Zeros of Bessel Functions 

By G N \Vatsois, MA, 1),Sc, Assistant Professor of Pure Mathematics at 
University College, London 

(Communicated by Prof J W Nicholson, F.RS Received August 17, 1917 ) 

1 Although many results arc known concerning the zeros of Bessel 
functions,* the greatei number of these results are of prat tical importance 
only m the case of functions of comparatively low ordei 

For example, McMahon 1ms given a formulaf for calculating the zeios of 
the Bessel function J„(.' ), namely that, if It, l », , are the positive zeros 

arranged in ascending order of magnitude, then 

u _ a 4n 8 —1 4(4n 8 -l)(28» 8 -31) 

* ~ p ~W 3 (wy 

where 0 as $ir(2« + 4s—1) 

Now, thiB formula is derived from Hankel’s well-known asymptotic expan¬ 
sion of »!„()*), and the expansion is available for numerical oalonlations only 
whon 8.r is large compared with 4n a , and so McMahon’s formula fails to fulfil 
its purpose m the case of the smaller zeros of funotions of high order, which 
are frequently of more importance from the physical point of view than the 
larger zeros of these functions. 

It is, however, possible to obtain a number of quite genefal existence 

* See Gray and Mathew*, ‘Bessel Function#,’ pp. 34-60, 241-244; Whittaker and 
Watson, * Modern Analyeie,’ Cb XVII 
’ + ‘ Annals of Mathvol 8, pp. 23-30 (1384). 
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theorems aud descriptive properties concerning Bessel functions of any order; 
and these results, unlike results obtained by the more classical methods, are 
of peculiar importance m connection with functions of high order. The 
theorems in question are derived by a consideration of certain contour 
integrals which arose* in Debye’s investigations of asymptotic expansions of 
Bessel funotionB by the method of steepest desoents. 

2. As it will be necessary to introduce Bessel functions of the second kind, 
for which various notations are employed, it is convenient to state here the 
relations connecting the several functions of the second kind with the 
fundamental functions J*„(./-) When n is an integer, the limiting forms of 
the relations are to be taken 

Hankel’s function Y n (x) is definedf by the equation 

Y*(x) as 2<ire’ w * {cos nir J n (x)—J-„(x)J cosec 2wr, 
and the functions T n (x), G«(x) are connected with it by the relations^ 
ttT h (x) — — 2G n (x) = r-** 1 cos mr Y„(x) 

The two Hankel-Nielsen functions H„ w (.r), H I , <J) (.<), which form a funda¬ 
mental pair of solutions of Bessel’s equation, Hre defined^ by the equations 
H„W(*) = J»(x)+tT»(.i), H b W(x) = J.(x)-*T.(t) , 
so that J„(x) = i {H„ (1) (x>+H.W(x)}, 

J- H (x) = 

We shall only consider positive values of n and r, and as it is known|| that 
J*(x) has no zeros when 0 <xsn, we shall, in general, take is*, when this 
is the case, we shall define to be eo8 -1 (»/x)> where the pnncipal value («.« 
the value between 0 and £ir) of the inverse cosine is to be taken, and we 
shall write x and nsec/S indifferently 

It is to be noted that ) and H» (S) (*) are conjugate complex numbers 
when n and x are real. 

8 We now introduce Debye’s integral m a fonn suitable for our analysis, 
we take the integral of Sommerfield’s type, namely, 

= — p + 'V* w * "->**<?«■, 

m J _« 

* 'Math Ann./ vol. 67, pp 695-566 (1910). 

+ Hanks!, ' Math. Ann / vol 1, p 478 Thu most, of course, be distinguished from 
Neumann’s function Y W (#X which is (log 8-y) J»(*)+jY«(x). 

1 The function *«(*), which is equal to Y.(*)/ir whan n u an integer, u employed by 
Gray and Mathews j extensive tables of G,(«) are published in ‘Bnt. Asa Beporta,’ 
191A-1816. 

| Hankel, 1 Math. Ann*’ voL 1, p. 478, Nielsen, 1 Oylinderfunktionen/ p 17 

d ' bead Math Soc. Proc,/ (S), vol. 16, pp. 169,166. 
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and, observing that n «ec /3 sinh w—nw, qud function of v>, has stationary 
points at w s + 1 ( 3 , We take as the contour of integration a portion of the 
curve on which 

I (sec (3 Binh w—w) rs I (see fi sinh t/9—1/9), 

in oceoii lance with the principles of the method of steepest descents 
Next define anew complex vanablo t by the equation jestt+ifi, and 
we get 

sec /8) xs — f 

it% J 

where — r m sinhf—<+itan/S(coehf—1) 

To investigate the form of the contour we write «+tv for t, where n, v, are 
real legardmg «, c, as Cartesian co-ordinates, the equation of the contour is 

sin 09+i>) cosh it = sin/S+ icos/S 

This curve has a double point at the origin,* and the lineB v = —/9, 
r ax 7 r— /3 f are asymptotes, the branch of the curve whieh passes from 
(—x, —j3) to the origin and thence to (x, ir—/3) forms a contour of the 
requisite type, at any point of it u and v are both positive or both negative, 
while di fdv is always positive. As t describes the contour, t is real and 
decreases from +x to 0 (at the origin), and then increases to +x; the 
value of r on the contour is 

v — sec 0 sinli uaoe(v+f3) 

4, Wc can now embark on an investigation ot the existence of zeros of 
«l»(»c), and obtain a rough approximation to their positions 
Since each of the integrals 

| «-" T du, J f e~* r dv, 

is positive, it is clear that, if we regard fi as a variable, and if we define 

p*+•*-«/» 

arg j e~"'dt 

n 

to be a positive acute angle when fimO, and to vary continuously with fi, 
it will always be a positive acute angle, we shall call this anglef x> and then 
define the angle ifr by the equation 

+ m »(tan/8-0)+# 

* Dim statement, together with those immediately following, is «w»*sfaaA {a Debye** 
paper I have proved further, 'Camb. PhiL Soc. Proo,'voL 18, p. 10ft (1917X that <f»/d« 
cannot exceed Jz 

t From the footnote to $8, it follows that 0<x<i«r. 
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It w olear that 

i H» 0) (n see y9) =* 
where /> is positive; the precise value of p is 

| W J — ® —l/l 

It is evident that 

<T»f <,) = /) sm ifr, T„(.c) =b — p cos + , 

and so the only zeros of -T„ (a.) aie derived* from the values of v, 2 tt, 3w, . , 
of ^ 

It will now be shown that, as u increases, ^ also increases, and so to each 
of the specified values of corresponds one and only me pontirr zeio of 
•!»(*) 

Since tan ss — J n (>,)/T ll (,i , ) 1 

it is olear that 

d± _ J.fls) T,' (■/•)—J»' (a) T,(a?) 2/(w>) 

dr ~ J»*(®)+T B *(a) J.»(x)+T^(/-)‘ 

by a well known formula The last expression is positive, and so i/r is an 
increasing function of x 

Hence, sb x increases while n remains fixed, ifr increases steadily, and so 
it passes through the value mwt once only (m being any one of the integers 
1, 2, 3, ..), and, when i/r — mv, fi has a value such that »(tan fJ—0) hes 
between (m—j) ir and mjr 

For example, taking n = 1000, /9 = $<jt, we get nv~ l (ton /9—/8) equal 
to 218 0, and the value of with these values of n and $ exceeds this 

by a positive number less than | Hence <Tiooo(-') has* 218 zeros between 1000 
and 2000 

5. The results just obtained concerning the zeros of J»( i) are derived from 
the theorem that dijrfdx is not negative More precise results can be obtained 
from the deeper theorem that dx/dx is not negative, this theorem we now 
proceed to prove 

It is easy to show that 

dx/dx « d^/dx—nd (tan /8— (3)/dx 
_ 2 

and so the required theorem is equivalent to the theorem that 

{J„*(®)+T«*(x)}a 2/w. 

* Suace x>0 and tan 0-0SO, it w evident that ^ is never aero, and since 
J*(-#)«» e±i***) J # (4?) it follows that there is a one-one correspondence between the 
positive and the negative seroe of 
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Now, if z-*oo while n is fixed, the limit of the function on the left is 2/w, 
and, consequently, if we can prove that (a ?—(*)} is an 
increasing function of or (% e , that its differential coefficient is not negative), 
we shall obtain the desired result 

The theorem that (a, 3 —w*)i (J» a (x) +T„* (a?)} is an increasing function of ® 
seems to be of a deeper nature than might have been anticipated, for 
example, the proof of it is much more elaborate than the proof of the 
theorem* that 

}»/(**-»*) 

is a decreasing fuuction of p 
Take the formula given by Nioholsonf 

J,*(j )+T«*(r) = 8ir~ 3 J Ko (2% smh X) ooah 2n\d\, 
whence the denvate of (p j —m*)*{ J* a (z) +T»*(<z>)} is a positive multiple of 
f {a:Ko {2x smhX)+2 (as*—n*)smhXKo' (2* sinhX)} cosh2nXdX. 


To prove that this is positive when oc*-n, we transform it bj integrating a 
portion twice by parts, thus 

2m*| smh XK 0 '(2» smh X) cosh 2»A dX 

— J n smh X Ko' (2% smh X) smh 2»xJ^ — n J {cosh X Ko' (2x sinh X) 
+ 2 x smh X cosh X Ko" (2® sinh X} smh 2»X d\ 

= -aj 2 p smhXcoshXKo (2ssinh X)smh2»X d\ 

ss j — x sinh X cosh X K 0 (2s smh X) cosh 2»xj^ 

+1 {« cosh 2X Ko (2x sinli X) 

+2j 3 smh X cosh* X Ko' (2* sinh X)} cosh 2nX <fx, 

the result Iisb been simplified after the first step by using the differential 
equation satisfied bj Ko. 

* * Lond. Math Soc Proc(2), vol 16, p 169 

t ‘Quart Journ Math,/ vol 42, p 221 (1911); a complete proof of this formula 
requires an investigation similar to that given Mow m §8* As usual, £*({) is the 

Bessel function of Basset’s type, it is equal to f and it the 

Jo v 

differential equation 
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Consequently we lrnve 

= | { — 2.* Binh a XK«(2.tHinliX)—^Hinlr^XKo^^ 8inliX)}uosh 2/tX/2X 

= | *^ — 2 1 bmh*XKo(2' HinliX) 

— t Hinh* X wecli X ~ K,j (2j sinh X) ^coah 2?fcX (/X 

= j* *K 0 (2< RinliX) ^ — 2sinh* , XcoHh 2?/\ 

•f ~ (amir* X seel i X <‘ok1l 2//X) ]** d\, 
f/X J 

on integrating the second poition of the integial b) paitH 
Now K 0 (2xmnhX) is positive, and 

—2 smh 3 X cosh 2n X + 4c (wnh 1 X sech X cosh 2uX) 
f/X 

*= tanh J Xcosh 2//X + 2a smh 3 X secli Xsmli 2/cX £ 0, 
so that the last mbegial has an liitogmnd which is not negative, i,e 

( J[( ,J -^)'<M<)+W}]so 


Tt follows at ouce that 

s L<*-^V(-)+T.'(..)}] = 2/w, 

X-r 90 

and so, fiom the foimula given at the bognuung of the section, 

sO 

6 It may be observed, m passing, that Ko (2a smh X) u a decreasing 
funotiou* of t, when X is assigned, it #2 0 (whether x be greater or less than 
n), it follows from Nicholson’s integral that 

J.»(*)+T.'<*) 

is a decreasing fuuotion of a 

Sinoe J,(a-) is an increasing function of r wheu 0 < a. a n,f it follows 
afortwrt that T n 3 (x) is a decreasing function of x m this range, and since 


* This la evident from the formula 

Ko(£) 

t 1 London Maths Soc. Proc(2), vol 16, p 166. 
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T n ( + 0)= — oo, it is now evident that, when 0 su s n, is a positive 

decreasing functum ol 

7 Flow the result ol ^ 5 we can estimate bounds fin ^ when n is given 
Wc have 

=b +x) 

and, lioin HtinkilY; anjiuptotie expulsion, when j is liuge, 

.7.(• )■+ »T„(.) = (JjJ r“- 1>" ( 1 + 0 ( 1 /,)} 

On t empaling the AigumontK of these two expressions, we see that, when x 
is huge and it remains fixed, 

X = a—( i^+ J)tt— y/ (z 2 — n?) + rMOH~ l (uld,)! Jir + 0(l/i) 

Hence Lim x = \ ir 

X-+ 00 

Also, when * s= >/, we have 

— ip'** = J»(/0 + iT n (a), 

and ho, when * = «, ^ = I * 11 " 1 {— J»( w )/T H (a)}, 

the expression on the light being a ]>Ortitive acute angle 

Since d^/dj is not negative, it follows that, when r » n, we have 

tairM-J.-W/T.W}ax<i» 

To form an idea of the magnitude of the lowei bound of ^ we write down 
Debye’s fonnulte, valid foi large values of n, namely, 

. lf A- i frq), r(i) \ 
h{ } ~2irx/9 LO «) 1/8 +20 (*»)W J 

}• 

whence it follows that 

Lim {— J»(«)/T,(»)} m l/v/3 = tan^ir 
/*-* 00 

Wo wnte tan -1 {*-J*(»)/T„(«)} = 7 ,, 

so that Lim 7 , as fair, 

t) -+ a> 

and it appeaia from Debye's formula: that, when n is sufficiently large, 7 * is 
an increasing function of n 

The following Table gives the sexagesimal measure (to the nearest half* 
miuute) of the angle whose circular measure is 7 ,, it exhibits the closeness 
of 7 „ to its limit, even when n is quite small:— 
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A more precise estimate thmi the estimate of § 4 can now he made for the 
positions of the zeros of 7 n (» sec 0), whole 0 ifi regarded as the vaiiahle , for 
=. mir when 0 has some \nlue tor which ?i(tan/8— 0) lies between 
{m — J)tt ami nnr — y n and the difference between those' two expiossions 
(When & is not Mnall) slightly exceeds / 4 ?r 

X The Table just given indicates fcht possibility ol the truth of the piopo- 
sition that — *J*(y/)/T n (7/) in an increasing function of n for all positive values 
of tt Of this proposition we shall now give a lormal proof 
It tnay first lie pointed out that (with the notation of $ 3) 

fn(/<) + »T n (») = t 

wheie the contour consist* of the negative pail ot the real ax in and « curve 
on the right of the imaginary axis, it follows that 

•1„00 = - f * “ rii > 

TT JO 

1 r u 1 /*■ 

—T„(a) =b - e ‘"dit *f - I <~" r du< 

TTj * IT Jo 

and the presence of the first integral in tlio expression for —T„(») wienie to 
render it impossible to apply successful]) a method which has been employed* 
in proving theorems concerning pans of Bessel functions of the hr at kind 
It is, however, possible to constiuct «t pioof with the aid of Hardy’s 
theoryf of divoigent integrals The theorem to he proved is, effectively, that 

Now the expression on the left is equal to 

|j.(*)^T b (x)-.T,(,)|j,T,(«o} + {w^T n {i)-T K (r) ^J.(x)}, 

* ‘Load. Math Soc Pro*/ (2), vol 1(3, pp 161-1 6b 

t ‘Quart Joura Math /vol 35, pp 22-66 (1904), ( Oomb Phil Soc Trans/ vol 21, 
pp. 1-48 (1908) 
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where x has to be put equal to w aftei the differentiations have been 
performed 

If we replace the Bessel functions in the brat pail of this expression by 
Hankel-Nielsen functions and apply the theorem quoted in § 4 to the second 
part of the expression, it is evident that we need to prove that 

Take the foimuLe 

I r * * vr 

H„< 1 >(^) ss — c*' inh *- iiv , 

Wt J 

~L [““">•»»-"» ,nv 

w l) 

in which it is peumesiblo to differentiate with regard io u undei the sign #d 
integration 

From the manner in which the mtegiand tends to zmo as |w| -oo on the 
contour specified, it is easy to see that we may introduce an exponent ml 
factor of Hardy’B type, ho that we get* 

H*°>(sc) ss Lnn — f exp (— Mo 4 ) <'" ,nh ,f ~' UP chi 
a-*+o in j 

By (Cauchy’s theorem the contour may be detoimod into tin line 
I (w) =s Jw, so long as \ 0 writing w + A w? foi *i\ where // is real, w e see 

that 

Lam — t »*•' f“ext» { -\(v + ““(iv 

A-+0 7T7 1-.® 

Ah | exp (tx cosh a— mu) \ does not tend to zero as — oo, it is no lougei 
necessarily pernussiblef to interchange the limiting piooeu with the pioeess 
of integration 

In Hardy's notation the last result is wutten 

G [V— “*dv, 

Wt J - x> 

the exprentuon on the right Iteing denoribed as a “ generalised integral ” 

In like mannei, we find that 

H „<*>(») = - I G PV ^"“ h 1 " v rfU 

yn 

with au implied exponential factor, e\p { —\(U— 

+ That 18 to Httj, the sign him w corarautatiw with the integral sign thiv will not tm 
the case with subsequent integrals. 

t Cf Bromwich 'Theory of Infinite Series, p 4512 
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By considering the contour integrals quoted earlier in the section, it is 
easy to see that the differential ion with regard to it is commutative with the 
G-integral signs < 

We now substitute the (t- integrals in the expression 

and since the necessary conditions concerning convergence are satisfied for 
any assigned positive value of X we may regaul the produet of two integrals 
such as 

j* <\(u)t (u)du x ^(U)F(U)^H, 

(wheje t j. <*j, denote the exponential factors) im a double integral 

| | o(w)o(U)/(w)F(U) (dUdu) 

We thus hnd that 

tt»| ^ 

= (}(* j" (wt— IJ + (<-«»!■ 

where the factor exp } — X(« -t J mV—X(l’ — is implied hj the 

symbol G 

We now change the vanables b> writing 

U = f-TJ a = f+ 1), 

the usual transformation formula holds, m view of the presenoe of the 
exponential factor, and the mtogml tiecomes 

20 J* {iri+2y)i J ‘ ,,,nh t‘ in '"- i ‘Udfrfy), 

with an implied factor 

exp { — 2X P'— 2X (i)+4 mf } 

In view of the absolute convergence of the integral, we may replace it by the 
repeated integral in which the integration with regard to y is performed first 
We therefore consider 

| (»7 + 2ij)exp | — 2M»;+im)*+2»tHiiih{«mh»|}rfit 

« 

The modulus of this integral cannot exceed 

| (w + Jje|)exp(—2Xif*+iXw*)rf»t « {(SXT^w^+X '}exp(jXir*) 

k 2 
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Km Liter, whon £ is positive, we may deform tlie ?/-j»ath of integration into 
the contour I (»?) = }irt, on writing «? as v+^nri, where «is real, the integral 
beoomen 

21 (?’+TTt) exp {— 2X (v +in)*— 2n mnh £ oosli r} dr 
= 2exp(2Xir*) j 

+ 2exp(2\7i 3 ) . | (v + m){\ — exp( — 4\?>7n)}e~ i " ,, “ ,,toort, ’rfw 

= 4m.cxp(2X7r a ) f"r -*»«>»•■ too* t dv 

+ 4 exp (2Xw a ) J [t»ism(4Xir»)exp(— 

+ 7 r? { 1 —cos (4Xm>) exp (—2Xr*)} ] t ~ jM " lnl ‘ foo ^‘" dv, 

on bisecting the ranges of integration and combining the integrals so 
obtained 

We now approximate to 

v sin (4\7rw) exp (—2Xe*)4 -nr {1 —cos (4X7 tv) exp (—2 Xd*) } 

The modulus of this expression does uot exceed 
1 1 sin(4X7rt»)exp(—2Xi >*)+it {l—oos (4Xir»)} 

+ir|oos(4X7ni)| {1 —exp(—2Xe*) ( 

s4Xwti*+27rsin*(2Xin>) + ir 2X«* 
s/i 3 (6Xw+8X% 3 ) 

Hence, when £>0, we have (for some value of |0| not exceeding 1) 

| (irt 4- 2 v) exp { — 2X (if +£ vi)* 4- 2m sinh f mnh v} dtj 
- 4m exp (2Xw*) j* e- ,n,lQb <°°^ * dv 

4-2td(6Xw4-8XV»)exp(2Xw i ) |*° ®V a "* tol »f 0 » h *<i» 
a= 4w» exp (2Xw*) K# (2v smh £) 

4- 2t0 (6 Xtt 4 8XV) exp (2 Xtt*)[^ 3 j «-««■-*» »"••><«** * 

The last integral is equal to 2aec (mrr)K»(2n mnh £), where K» denotes 
the Bessel function of Basset’s type expressible in terms of "the Bessel 
functions with imaginary argument ” by the formula 
K„ as Jwoot(wiir) (I-„—1») 
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We shall writ** 

I ^ ( /W7r ) ^ n BUl ^ f)}J o = J , o(2nsinh f) 

By using contour integrals ot Barnes' typo* involving (ram ma-f unctions, it 
is easy t.o see that, when f is small, 

Foj(?> = OJOogf) 3 }, 

while, when f is latgo 

Mo*«(# fr H/a ) 

Thus, when f >0 we have 

f (irM- 1 — 2\(»;4* Att/) j 4 2«# smh f smh r)\ fly 


= 47nexp(2\7r J ) K 0 (2// sinh £; 

4 4 tff (CXtt 4 H\V 3 ) exp (2\7 t j ) F» (2h Hinli f), 
where |0|s] 

Next conmdei 

J (irt-f 2iy)e\)> { — 2X(q f \ 9rt) J + 2/uamli £ smh^} dy, 

when £<0, we may deform the path <4 integration into the con tom 
1 (if) = — n on writing r— Vtta for 17, wheio v m real the integral becomes 

| 2oo\p J — 2X7^4 2 n sinh £ cosh wf dv = 0 

since the integral is an odd function oi 1 
Wo now return to the repeated integral 

j | j (7n 4- 217)exp j — 2\ (17 4 j7rt) J 4 2iwBinhf sinh 17} (fyj 

x exp (—2X£ 1 —2 n£) </£ 

On dividing the f-rauge of integtation into three poitions, (—00, —*), 
(—e, «), (e, 00 ), and substituting for the 17-integral in each portion we see 
that the repented integral is equal to 

j* $\ (2X~•** it 9 ^+ V l ) exp(iXw*)«*xj>( 2\?-2nf)df 

+ j 1 4 ni exp (2Xflr*>. Ko (2 a «nh f) 

+ 4*8 (6\w+8XV 1 ) exp (2Xw*) K 0 )(2w sinh f)Jexp(— 2Xf*~2» D/if, 

where 1 8 t| < 1, and < may lie given any positive value 

* <Ouub Phil (toe Trane ,’vol 80, pp 3h3-87fi <1807) 
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The first integral is equal to 

2e6%{2\ r^4-X *) 6X P(4Xw*)exp2ir^, 

where |d»| <1 

Now make e- 0 we find that the repeated integral is equal to 
4mexp(2Xir*) j Ko (2n sinh £)exp( — 2X£*—2wf )rff 

+ 4i(bXtr + H\V rf ) j 0 >o(2n smh i)e\p (— 2X£ # —2n£)d£ 
The second integral is conveigenl and its modulus does not exceed 

| Fo(2w Hiuh f) <1 %, 

this ib finite and independent of X 

Further, m the first of the two integrals, the operation of proceeding to 
the limit (when X-0) is commutative with the integral Bign, since Ko tends 
exponentially to zero as w - qo , and therefore we have proved that 

2gJ" J* (« I ri+ai7>r*»’" nh t» 1 " 11 ’' = 87n|%-»“*K 0 (2«8inhf)rff 

Hence wo havo 

}«**[»,<»>(*) |j; H.»(.e)-H.«0) J; «.<•»(») j^ + 1 

= 1 —2» K 0 (2« stnh 

= 1-j^r »K 0 (2nRmh^)^ 

Hut 2/i&mh(4/*/n)is a decreasing function ui n when p is assigned, and 
K 0 is a positive decreasing function of its aiguinent, and so 

j Ko^2nstnh 

is an increasing tuuotion of w, and therefore 

i flirt^ ^ | ^ + 1 

is a decreasing function of n 

Now the last expression is equal to 

and so this expression is greater than its limit when «-« 
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Hut, by l >t“b\ e's formula-, when n w large, 

^ - A| 6'/-' Bin (I wj n~'f' 

+ 255 ««*<»"»™(|-)r(|).- + j. 

while is the conjugate of this complex number and so, since term- 

by-term differentiations are permissible, we have 

i»wrt| H,<*>(7i)— ~ H„<*>(«) | ^ [/(lOfin*) -0 

»s n oc 

Hence, for finite values ol n 

1»wm[ h^>(^-h,<*)(b)^ H - (l, (*) L. + ' >0- 

ami we have already seen that this is the condition that '-J»(n)/T„(n) 
should be an increasing function of n 

We have therefore proved the pro}>erty ol the Bessel function winch was 
suggested by the Table given in §7 

9 So far we have been concerned with what might be regarded a* 
theoretical properties of the /eios of 3„(v) t as regards their actual calcula¬ 
tion when a rough estimate has been obtained* for the value of the par¬ 
ticular zero required, if /3 is not small, Debye’s asymptotic expansion is 
available, the first two terms <*f this expansion are given In the formula 

?„(wHeo/9) —■£— 5 )*| <os -f wlan ft—P)~\ »]• 

’ \nvUuift 1 I L 4 ' 

+ 11 1 (i + ^uif i /3)cot/9c«s-^//(tiui/S—/9)—^ w |+ J, 

When ft is fluiall, an approximation which 1 have iccently communicated to 
the Cambridge Philosophical Society may lie used, uuuioly that, if ft a $*r, 

J»(aseo/9) 4 tan ft cos {a (tan ft— \im 3 ft—ft )—} v\ >1 - i/s (4 »tan 1 ft) 

+ !j tan ft co» {«(tan ft—}ii{,n A ft—ft)+ ^sr} Jj/a(+n tan 3 #) 

with an error less thuu 24/a, which is of lower older of magnitude than the 
approximation (when n is laigej, except near the zeros of the function 

To apply this formula it is necessary to have tables of the funotions J, t . 
aome Tables have lieert given bv Jhnmkf of the functions pbtained by omitting 
the factors T(1 ±0 These are four-figure Tables with intervals 02, on 
* By the result obtained in § 7 or utherwuM 

+ 1 Arcliiv dor Math nod Pliya(3), vol 18, pp 337-338 (1811) Table* of tboee 
function* are of importance, as the function* occur m various approximate formula* and 
«lao in the theory of elasticity 
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account of the oscillation of the functions (with pnlod lough!) equal to 2ir) 
interpolation w impracticable F have therefore constructed the following 
two Tables, involving not only the Bessel functions but also the associated 
functions U m (<,), V^(^), defined by the equations 

Jn(&) = U m (*,)ct>s<i — in)— V m (>)sm^ — \nnr— Jw) 


J 

-«•(&) — 

(c)o(ml< + [ /</7r—Jw)—Y,»(j)Hin (> 

+ J tftTT — ^ 7r) 

When 

t is huge 

lT m (y) and 

V w (;) have the well-known 

asymptotic 

expansions 









l J )(4 m 



l 



2>(8.iV 



1 ’ 



v ,„ (' j 

, 2 \i f4m*-P } 






c~* 

I 

i 





X 

J. (*•) 

J-.(j) 

l! iW 



-Vj (*)/«'■ <*> 

0 *10 

0 0000 

JC 

1 

c c 

SC 


I 

0 2670 

0 06 

0 8270 

2 6232 

! Z 0937 

0 6246 


1 

0 1948 

0 10 

0 4118 

1 0071 

2 0801 

0 8460 


• if 

I V* 

0 1608 

0 16 

0 4703 

1 7.HB 

l 7768 

U 2629 


0 1480 

0 120 

0 6169 

1 5072 

1 6833 

0 2117 



0 1337 

0 2G 

0 6634 

1 4425 

1 4447 

0 1768 


1 

0 1224 

0 30 

0 5860 

1 3440 

1 3302 

0 1617 


! 

0 1133 

0 86 

0 6120 

l 2<J02 

1 2686 

0 1310 


1 

0 1068 

0 40 

0 6964 

1 1870 

1 1832 

0 1103 



0*0088 

0 16 

0 6656 

1 1224 

1 1238 , 

0 1037 



0*0928 

0 60 

0 6728 

1 -0644 

1 0727 

0 0034 



0 0870 

0 56 

0 6870 

1 -0097 

1 0280 

0 0847 



0-0823 

0 60 

0 7000 

0 0682 

0 0686 

0 0778 



0-0782 

0*65 

0 7108 

0 0008 

0*9684 . 

0 0709 



0 0744 

0 70 

0 7186 

0 8623 

0 0217 1 

0 0054 



0 0709 

0 76 

0 7260 

0 8170 

0 8930 

0 0604 



0 0677 

0 80 

0 7206 

0 7781 

0 8068 

0 0662 



0*0640 

0 86 

0 782a 

0 7321 

0 8427 

0 0626 



0-0623 

OIK) 

0 7334 

0 6883 

0 8206 

0-0491 



0 0508 

0 96 

0 7329 

0 0472 

0 8001 

0-0460 



0 0670 

1*00 

0 7309 

0 6009 

0 7811 

0-0433 



0 0664 

1 06 

0 7276 

0 667J 

0*7684 

0 0408 



0-0636 

1 10 | 

0 7226 

0 6281 

0 7468 

0 0SS(J 



0 0617 

1 16 

0 7162 

0 4806 

0 7312 

0-0866 



0*0409 

1 20 1 

0 7086 

0 4510 

(>•7165 , 

(1 0346 



0 0484 

1 26 

0 6995 1 

0 4141 

0-7027 ; 

0 0320 



0 0469 

1 80 ; 

0 6893 , 

0 8771 

0 6806 

0-0314 



0*0456 

1*86 

0 6780 t 

0 4408 

0 0773 

0-0290 



0-0441 

1 40 

0 *6664 

0*6049 

0-6666 1 

0 0286 



0-0428 

1 46 

n 6618 

0 2096 

0 0646 > 

0 0272 



0-0416 

1 60 

0 6372 1 

0 2349 

i 0 6430 

0 -0281 



0 0406 

1 66 

0 6216 

0 2007 ! 

j 0 6388 1 

0 0260 



0-0894 

1 60 

0 *0048 ! 

0 1672 

0 6243 1 

0 0240 



0 0884 

1*66 

0 5878 

0 1843 

i 0 0160 ! 

0 0280 


' 

0-0874 

1*70 

0 6688 1 

0 1021 

0 6062 

0 0321 



0-0866 

1*75 

0 6496 

0 0706 , 

0 6977 1 

0 0218 



0*0867 

1*60 

0 6296 

0 *0397 

0 6896 i 

0 0206 



0 0848 

1 *86 

0 6088 ; 

+ 0 0090 

0 0817 

0 0108 



0-0840 

1 90 

0 4674 

—0*0196 

0-6742 | 

M 0191 

1 


0 0882 

1 *96 

0 4664 

-0*0482 I 

0 6670 

0-0184 



0-0826 

2-00 

0*4429 

-0*0758 

0 6600 ! 

0-OI78 



0 0818 


I 1 i 
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X 

| J»(iJ 

r |W 



-VjfryUiCO 

2 0 

1 

0 4420 

-0 0758 

i 1 

0 5600 j 

0 0178 

0 0318 

2 2 

0 34S3 

* -0 1774 

0 5346 i 

0 0157 

0 0293 

2 4 

! 0 2488 

-0 26H0 

0 5123 

o 0139 

0*0272 

2 *0 

0 1180 

-0 3880 

0 1026 

0 0125 

0 0253 

2 8 

+ 0 0400 

-0 3817 

0 1749 

0 0112 

0 0237 

J 0 

1 -0*0450 

-0 4183 

0 4590 

0 0102 

0-0222 

3 2 

, -0 13U 

-0 4330 

0 1446 

0 0093 

0 -0210 

3 1 

-0 2071 

-0 4314 

0 4314 

0 (MHO 

0 0198 

8 6 

-0 2707 

-0 U20 

0 4194 

0 uO70 

0 0188 

3 8 

, -0 4205 

-0 3796 

0 4083 

0 0073 

0 0179 

4*0 

| -0 3554 

-o mi 

0 3981 

0 OOflh 

0 0170 

4 2 

1 -0 3741) 

-0 2701 

0 3886 

0 0003 

0*0161 

4 4 

| -0 27HO 

-0 2111 

0 3797 

0 0058 

0 *0151 

4 0 

| -0 8680 

-0 140k 

0 3714 

0 00i4 

0 0147 

4 8 

1 -0 8434 

-0 0681 

' 0 3637 

0 0051 

0 0141 

5*0 

i -0 3004 

+ 0 00*14 

1 0 3563 

0 0048 

0 0130 

5 2 

-0 2580 

0 078S 

0 3494 

0*0040 

0 0131 

5 4 

-0 2031 

it 137 s 

0 3429 

0 0044 

0-0127 

5 b 

-0 1416 

o iirno 

0 3308 

0 0041 

0 0123 

5 8 

-0 0705 

0 2400 

0 3809 1 

0 0039 

0 0110 

6 0 

-0 0106 

0 2701 

0 3258 j 

0 0017 

0 Oil* 

6 Z 1 

+ 0 0534 

0 3001 

0 1201 

0 0096 

0 Dili 

H 4 1 

0 1183 

0 3X14 

0 3151 | 

0 0034 

0 0107 

8 6 

o 1070 

0 8100 

0 3103 

0 0032 

0 0104 

0 8 

0 2126 

0 2967 

0 3058 i 

0 0031 

0 0100 

7 0 

o 2481 

0 2720 

o son 

0 0029 

0 0008 

7 2 

0 2736 

0 2374 

0 2972 ! 

0-0029 

0 0000 

7 4 

0 2872 

0 1044 

0 2982 ’ 

0 -0027 

0 0008 

7 0 

0 2803 

0 1450 

0 2803 

0 0020 

0 0091 

7 8 , 

0 2800 

0 0911 

U 2850 

0 0025 

0 0080 

8*0 ' 

0 2508 

0 0360 

0 2820 , 

0 0024 

0 *0087 


given by Hankel, these in.ty be used tur (alculatmn with gnstl aeeiuat \ it 
x> 8 when m = $ 

The integrals of Sehaflieitlm 

‘)W"t 1 i W ,*]ir it) it, 

u.w,v.w= T5 j T jf F7i - ) J i> .^<—»».». 


jiehich art* eusi)} derivable from Hankel’s contour integrals, show at once that, 
when wt = i, and > is positive, Uy, 0) is positive and Vi/a<») w negative 
Further, V V3 {j')/V i/3 {j) moroase*. algebiaically with », foi 
l T l/»(-e) Vl/s'i,/>— ) Viy5((l) 


where 



i'(fr)ra) 



i 

0 


l t«n«) *'(0 <f>)d0d<fl. 


F(d, <f>) as 2(am0 hiu V" (och & eiw^(tantaud) cos ^ d sin ££ 
Bince F(d,<£)+F(^, 6) is positive, if we interchange the parameters 0, 
m the double mtegial, and add the results so obtained we find at once that 
UvsW ^pM-V lflt '(x)y l/S {u) 


u positive 
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Hence, an x mcnwHow from 0 to oo, it follows that V|/a(&)/U]/j(a:) steadily 
irtcieftHOH fioni —oot T \-ir to 0 , the limit of Vi/si(j)/Ui/*(^) when a *-*0 being 
derived from its expression in terms of J±i/»(a;) 

Nov the appumwate expression foi J„(ttHoe/ 8 ) may lie written m the 
form 

J„(wseo#)^ tan/Sens {/»(tan/S—#)—]ir} Ui/»($«taii**/ 8 ) 

— tan 0 sin (tan >9—yCJ) — | -jt 1 Vjya^/i tali'* 0) 

Hence, when / 82 s Jit the /erow of mo given appioxunately by 

the equation 

cot {a(tan£- 0 )--Jit} = 0)fUip(\iiiAii % 0) 

If we draw the graphs of the functions 

Vjp (\ n tair* 0)/Uip (J n tan 8 0) r ot J *t (tau 0 — 0 )— J it }, 

we woe that, neai the intersection of the giaphs tin* founei haw a |>ositive 
slope and the latter a negative slope, and a good estimate of the value of 
$n tan 3 /Sat the intei section can be obtained b> taking values of 0 on each 
aide of the intersection and then using the pnnciplo of proportional parts 


The Electrostatic Problem of a Conducting Spftere i u a Spherical 

Cavity 

By Aukxandbh Russell, M A,1) Sc , M I K h 

(Communicated by Dr C Chiee, FR.S Received Octolwr 4, 1917 ) 

The mathematical problems wluoh anae in connection with spherical 
electrodes have often been discussed A ifaumd of them is given in 
Chap VIII, Vol I, of the second edition of the authors treatise on ‘Alter¬ 
nating Current Theory ’ The problem, however, of a sphere in a spherical 
canty has barely been considered. Sir W Thomson* (Lord Kelvin) gives 
numerical results which he says were calculated foi application to the theory 
ot conducting spheres “ in the interior of a hollow insulated and electrified 
conductor ” As a matter of fact, however, the numerical results given apply 
only to two equal conducting spheres external to one another 

Solutions for the capacity between two spheres have been given for the 
case when the centre of the sphere is close to the centre of the cavity These 


'* ‘Reprint,’ p 96. 
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solutions frre either incorrect,* 01 approximately correctf onlj in special 
cases. It will be useful, therefore, to show how the complete* nurucncal 
solution can be readily found in all cases 

The solution ih required in connection with the following problems, which 
are of importance m physical and engineering HCiem e (1) The calculation 
of the capacity ot a spherical condenBei when the centic of the inner sphere 
does not coincide with the centre of the cavity , (2) the calculation of the 
electrostatic force acting on the mnei sphere, ami (d) the calculation of the 
maximum value of the electric stress on the dielec tin The first problem 
arises when determining the ratio of the electrostatic to the electromagnetic 
unit of electricity by means ot a spherical condensei The solution is also of 
value when constiucting splieinal condense!s of \armbh capacity The 
solution of the second pioblem is of value, as it enables us to make an 
absolute electiometei by suspending one splieie inside anothei The 
attracting force lor a given distance between them is greatei in certain casus 
than when the spheres aie external to one anothei, and eirors due to the 
presence of conducting or insulating materials m the neigh born hood <ue 
obviated The final problem- the calculation of the maximum value of the 
potential gradient lietween the two sphoies—anses when detei mining the 
electric strengths of insulating materials hy using them as the dielectric ol a 
condenser The electric prcssuie between tho electrodes is incieased at s 
definite rate, and the \alue of the disruptive voltage is noted The deteuni- 
nation of the electnc strengths of dielectrics is a problem ot great urgem > 
Methods of finding these values are at present being consulted and tested 
experimentally by Panels of the Research Committee of the Institution ol 
Electrical Engineers 

1 The Capacity between the Two iSpheicn 

Let q% and ga be the total charges on the innei and outer conductor 
respectively, and let Vi and u be their potentials If k n and k^ be then 
self-capacity coefficients, and k t3 he the mutual capacity coefficient we may 
wnte 

<t\ = ^n^i -Mu 1 * (l) 

and 7 a k/xV 2 +k\nii (2) 

binee q\ must vanish when i 1 = v 9 , wo have L\t = — k u 
It is obvious that — js the chaige on the mnei side ol the* outei 

* *T H Jenna, * Electricity and Magnetwm,’ 2nd cd e\ 47, p 293 L Oolion, 
Alternating (Current Problem?,' p 90 

t E B Boss and N E Dorsey, Bulletin of the Bureau of Htandarde,” “ The Detei 
mination of the Ratio of the Electric Unite/' vol 3, p 477 
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conductor, and theiefoie gt+fa is the charge on the outer surface. Hence, if 
K be the capacity of the outside sin face, we have 

+ ** Kta 

But from (1) and (2) 

<Ii+<]3 — (kju-—ku\ia, 

and hence kxi = K + &11, ( 8 ) 

and r/i = *n(ii —yj) 


In the problem we aie couaideung the value of X is immaterial, and ku is 
the capacity C of the condenser formed by the inner and outer conductors 
lot a and ft be the radu of the sphere and of the cavity respectively, and 
let c be the distance between their centres By Kelvin’s method of images 
we get 


<• - »+'5 + 


aW , 


u*fr‘ 

d*(d* —2«*c*)—aV 


e a ft l 


d* (d* - A «V) W + ,d,*(r*- a 2 ) 


+ K (4) 


whoie d* ss ft 2 —aud K» denotes the remainder of the senes aftei the firat 
five terms. If we write —ft for 6 in (4), we get the well known formula for 
ki\ foi two external spheres Exoept when both a and r are veiy small 
oompaied with ft, (4) is of little use for numerical computation 

If we introduce r, the radius of the sphere which outs the two spheres 
orthogonally, and two new variables « and ft defined by the equations, 

Miuh* = rfa, sinh/S = r/ft, (A) 


into the formula it simplifies considerably 

It is also convenient to denote *—ft by w. It is easy to show that 

c a (ft 2 +r *y_(« 2 +,*)*, 

cosh « ss (ft*—a 2 —t a )/2«c 
ooshtf* (ft 2 +e'-a»)/2ftc 
and cosh w a* (« s + 


(B) 

(O) 


Wnting 2s ten a+ !>+<■ we get 

<i&siuh« = <r m 2{«(*—a)(ft—«)(#—«)!*, 


sinh(a>/2) = |t*— a)(b —#)fah\l, 
and 

sinh («/2) * {i(ft—a)/®-}*, 

We also have 


cosh (w/2) * {*(«—c)/aft}i, ^ 
e0sb(«/2) ** {(«—«)(s—«y/ac}*^ 


(i>) 


» = 2 lug, {wwh(»/2)+/jinh(w/2)} 
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These formulre, which are adapted for logarithmic computation, enable ua 
to calculate the values of «, 0, o>, and r foi an} given values of a, ft, and t 
easily and rapidly 

In teims of r, a. and w, (4) becomes 


V m 


fla* 1 

2 _ :- 

t^0 8Xnh(« + 7Mi)) 


(5) 


It will be Been that C, which equals &u> is,given by Maxwell's formula, 
but it must be carefully noticed that oi » «— fi, and can therefore never be 
greater than «. In the case of two external spheres, the author (lor mt 
ante) has shown how the senes m (5) can be computed in all cases But for 
external spheres to = *+fi, and hence to cannot be less than * In the 
problem under consideration to cannot be greatei than *> and so some of the 
formula) wo have previously given can only be used for this problem in 
special oases We have to find, theiofore, suitable formula) for the other 
cases It is easy to prove from (C) that as c increases from zero to i—«, 
a diminishes from mhtuty to zero, and to diminishes fiom log (bfa) to zero 
In this case also to/on increases from zero to c jb 

When « is large C can be found from (4) and (5) For instance, if 
« + ns> is not less than 5, we can write cosh (o + « sinh (« + n»), the 

enrol being less than 1 in 10,000 Hence, to this accuracy at least, 

K h s= t/sinli(A + ff«) <s*7(>—1), (0) 

where /-/<*"-1) = t + 

« J + i {*(#— t)f(s—a)(tt ~»)}* 

When a is not less than r», and l? is therefore not less than /*+ 10m, 
we have 

o = 7 .. « «+* J *<*~0 \' 

suili a r — 1 2 2 \(*~ a)(b —*)/ 

Finally, when r u aero, 

(J sr abftb—a) 

When a and « ore email, a senes very suitable for computing purposes 
can be found as follows. Expanding the terms id (5) in powers of *“• and 
and summing the senes in a different order, we get ' 

K* * u<t -«-“*)<--**{ 1 /<1 -)+«-*(•+"»)/(! 

. +c-^+«*4/(l-«-«•)+. j (7) 

1 Except when « and «» are very minute, this series converges with most 
awiefaotoiy rapidity Tt can be used in nearly every practical ease 
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Anothei useful expression which enables us to compute C rapidly mb be 
obtained as follows Writing D for d/B», we get by Taylor's Theorem 

f(a) + f(a + w)+t(* + 2fi))+ >* ll + <* p + e fc ' D + }/(«) 

1 


1 -r* D 

L 


/(«) 


, Bsw 8 


•r»- 


tF> 


when Bi, Bj, .. are Bernoulli’s numbers, and A is a t onstant whioh has to 
he determined in any particular case The limitations of thui theorem can be 
stated by aid of a theorem given in Whittaker and Watson’s ‘Modem 
Analysis,’ §7*21 For our purpose it is sufficient to remember that the 
sei ies on the right-hand side is semi-oonvergent, but in any case in which 
it is applicable the value of the last term included in the computation 
enables us to see the accuracy obtained 
Applying theorem (F) to formula (5), we get 




OOsh at +1 


cosh a 


r : |---, _ _ 

cosh*—1 2ainha 12 mnh*« 


cosh i 


720 sinh 2 a 
coali« 
S0240 Binh a * 

the constant 4 bung equal to zero 
making a veiy great in (8) 

)u many cases the ximplei tounulft 
1 i l 

S t- — 

Q) 


* mh 8 tt + t> 
suih* at 


Kinh 4 *+b0 «nh a «+* 120 


- }• 


( 8 > 


smh 4 * 

That A vanishes can eaaily tie seen by 




, « <i>a 
+ 2 + 12 


fi cosh* * 
cosh » 
Miih « 


} 


t vxi 
\ 12 


oonli at \ gy* 
«mh a *80 


suili 3 at -f 6 


<»> 


sinh*« 

i nubles its to find 0 with high accuracy 
If we ]iut < * 0, we get from (8) 

r * ff | m + 2 + Tj “ ««“/('“— l)*aft/(6—o) 

When « is small the following formula readily dedncible from (8)may be used 

*0 7 «»/ 9 * AIM* 31 


T3 1440 15720 181440 * 


* }* 


(10) 


whert* ^>(i) is the logarithmic denvate of the gamumfunction 
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Since Vj a tu, and for an infinitely thin shell as ('-(-J, we get by 
symmetry, 

e+b = Li -+t£)+io^ + £ + J^ + J±°!L+ 
m\ V o> 72 43200 8810240 

Wifi-mf . M Pifl-my 31/9V(/8-«y \ ni , 

12 , 1440 00720 181440 J ’ ' 

If we subtract (10) from < 11 ), ami notice that a = (3+to, we get, as we 
ought, 


bm, + l«_L_ 

\/S (. 360 15120 J smh/3 


For computing purposes when sc ami <*> are small, either equation (10) 01 
(11) may be used In the puiticulur case when $ = and therefore c =r //, 
we get. ' 


( / ' + « i 7 + U>g ® + 72 + 43200 + 3810240 + }’ (l2 ^ 


w|>ere 7 = 0 .".7 72157 (Eulei s constant) 


The senes (10) and ( 11 ) can also be readily deduced from the general 
theorem (15) given in a preceding paper • For the function F(a;) previously 
used we have written --^r(l/c)— logx Tables of the values of ^t(x) are 
published.! 

When the distunoe j between the spheres is small compared with 5— a, 
the maximum possible distance between their centres, we get, on sub¬ 
stituting b—a— e for e in formulae (C) and (D), and expanding m powers of 
x/(b—u), the following approximate equations — 


j _ 2 aher f, a 3 + ab + b* x , ( a+by j* 
b—a \ 2 ab b—a 2 ab (b—afj 

a _ b i + a _ (fr+q){25g6—2(a*+ &*)} & 

u> b—ai(b—a) b—a 90ab(b—a) (6— af 


(13) 

(14) 


and writing k = 1 +(b—uYf'6ab, we get 

r ab [ , . , x , 3+9A-2** & ’[ 

10 “ {b-a?J 


(15) 


Neglecting the sixth and highei powers of small quantities in ( 10 ) we get 

0 “ r . 0 ' cg !^i-' l 'iz) +H '’ +i) V=i 


* * Boy, floe, Free.,' A, vol M, p 587 (1008). 
t , m BosmII's ' Alternating OurreoU,’ Sad cd. vol, 1, p 241 
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The values of r/w ami a/w can be found from (14) and (15), and there is 
no difficulty in calculating the value of (*#) in every case by means of the 
formula 

+ (x) = l(»g^-l/2a-B,/2r* + iV^-^B,/«^+ (G) 

and ^r(j) ss ^(1-f./)—1/r (H) 

When v is so small that * f(b—a) can be neglected computed with unity, we 
Ret 



As an illustration ot the application of these ionmiUe, let us lust calculate 
the capacity of the spherical condenser B used b) Rosa and Dorsey in thou 
experiments for the determination of i The dimensions of this condenser 
are gi\en on p 459 of then classical papei (/<>/ ut ante) At a certain 
temperature they found that b = 12 07158 mid r/ = 8 87991 cm respectively 
When the inner sphere is central we should thmefoie have 


C as 29 60933 « C 0 (say) # 

They give measuiemeuts of the capacity of the condense! when c/(ft— a) is 
small, and they also give the following foimula, 


v = a„ |] 


c 8 


+1 


i! 1 

(b — n)*J 


(18) 


for calculating O m this case 

Taking the case when < = 03 ciu, and using (18), we get 
C = C 0 {1 +0 002080 + 0000008} = 2067115 

We shall apply some of the formula! given above to check thin result 
Putting ssOin (7) ue get 

C = 2r{f-«/(l-<"“)+e' a */(lsrt* 3 -) + /-' s «/(l-r-' l -)+. } (19) 


We easily find fi cun (D) and (£) that 
log r s 2 1333210, log f *= 2 5133018, and log = 1 8467628 


Heuoe we get 

C = 2r {01090776 + 0 0000629 + 0*0000000 + } = 29 66861 

If we put ii — 2 m (7), we get 

0 = « + « a 6/<f>»—«■>-+ 2) {f~ <* + *->/(l -«-•)+«-»(.+V>/(1 -<--»■) + } 

( 20 ) 

Hence, substituting the numerical values, we find tiiat 

0 a* 8 87391 + 6 21788 + 2r {0 06361190 + 0 0000063 + .} •» 29 66862. 
Similarly, making « = 3 and substituting' the numerical values in tbe 
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reeufting formula, we get the same answer. To get the same accuracy by 
Maxwell’s aeries formula (5) we would have to find the value of about 40 
terms of the senes 

If we use formula (8) we get 

C = 24*969052 + 4 436955 + 0 263186 -0 000567 + 0 000002- 
= 2966862 

It will be seen that the value computed by (18) is too great by about 8 5 
m 100,000 From fig 11 m the authors’ paper the measured value seems 
to be fcbout Co(l 0023), giving an erroi, therefore, of about 3 parts in 10,000. 

The true formula for C in a senes of expanding powers of c*/(5—«)* can be 
deduced without much difficulty from (19) We find that 

C = Co{l + A*c*/(5—a) a +AjA 4 c 4 /(5—«)*+ (21) 

where As = «&/(«*+«6+&*), 

, * _ abiat+ab+VY+W + PW-gty 

(« s +a5+5») {(a 8 +5»)*+a6(a»-a5+6»)} 

This is a useful formula when c*f(b—of is small 

For the values of a, b and e given above we get, by (21), 

C a 0# {1 + 0 0019948 + 0 0000077} = 29668623 

When b and a are nearly equal to one another formula (21) is practically 
identical with (18) The formula, however, can only be used when we are 
neglecting the sixth and higher powers of e/(b—a), and so e must be small 
compared with 5— a 

As a further numenoal example let us suppose that b as 10, a a 7, and 
e a 1. In this case c/(6— a) is i and we should expect that the value of C 
computed by (21) would be too small. In (hit case cosh w a 37/35, 
awh « a 12/35, cosh « a 25/7 and smh * a 24/7. We thus easily find by 
(9) that 

O - 20519904*3 54-0*20445-0000584- . « 24*22377 

By (21) we get C a 24*219; the value is, therefore, too small by about 1 part 
in 5000. 

Let ub now suppose that b ** 109, a a 98 and o a 10*8 In this ease 
a a 0*2025243, 0 a 0*1823216, and consequently « a 0*0202027. Maxwell’s 
senes would, therefore, converge so slowly that the labour involved m 
computing O by it would be prohibitive Using (10) we get 

Oar/», { —295433724*4*59508584-0*00000574*0*00000004-.. 

4*0*0030770—0*0000066+., } a 2318373. 

8 
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v 

Similarly by (11) wo gel 

C + 109=,»/» (-21435290 + 4*5950858 + 0 0000057 + 0-0000000 + 

+ 0*0024631—0*00000425 + 
and hence C.= 2318373 

As a furthm numerical example let ur suppose that b = 5, a s= 2 and 
r m 2 In this case, oosh um — 2* -l + l/2* +1 , and srnhnwe 2" _1 —1/2" +1 
HenoeJ«“ = 2 and <0 = log* 2 = 0 6931472 We also have /• * 3 76 Sub¬ 
stituting in (12) we get C = 3 891981 In this case (10) gives the same 
answer with very little additional labour and (7) is even more suitable The 
error introduced by using (21), however, is about 2 per cent, c/(b—a) being J 

As a final example, let us suppose that b — 201, a — 100, and c = 100 
We have v = 1, and hence substituting in (14) and (15) we get r/a — 20133 
and */» = 2 0000 Hence by (16) 

C = 20133 x 25752 * 518 465 

The true value of C found by (12) is 518468 The agieement is therefore 
quite satisfactory. When the spheres are very close together, (17) given 
accurate results If we write —b for b in (17) we get the value of in for 
two external spheres of radu a and 5 respectively at a microscopic distance j 
apart.* 

2 The Electrostatic Force on the Inner Sphere 

Let W denote the electrostatic energy stored up between the two spheres, 
and let Vi and r* be their potentials. If C be the capacity between them, we 
have 

W » *0(1*-®,)*. 

and thus, if F be the attractive force when the potential difference is 
maintained constant, we have 

F - i(i>j—rj)*3C/3t 

Let us first suppose that e/(b—a) is small compared with unity In this 
case we get, by (21), 

approximately Hence, tor small values of c*/(6—a)*, the attractive force 
varies as the distance between the centre of the sphere and the centre of the 
cavity 

It le easy to see, from the definitions of «, fi, «*, and r, that 

Ba/Bc = — ainh « oosh £/r ainh t », BfifBo m — sinh/9oo4h«/rsinh*, 
Bafdc = —1/r; and dr [Be as —cosh * ooeh /3/nnh •». 

* Bums!!, * Alternating Currettts, 1 tod. «d., toI, I, p. 841 
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We thus get by (5) 

2F €0 *fr (* + ”■«) coeh a oosh 0 £ 1 

(®i —Vtf j Bi»h a (a + no>) sinhco o Binh(a+?to») 

^ gmhfltcogh 0 ^ ooah (ot+7iw) 

siuha> o 8mh*(«H-w«) ' } 

When « is small, the summation of the three senes given in this formula 
is laborious It is therefore better to coineit them into senu-oonverging 
senes by (F) We thus reach 1} fmd that 

2F 

3=1 On 


(ti—r a ) 


1 i cosh ot +1 cosh % __ 6) a cosh « (ooah^ at -f 5) 

2w* cosh a—1 12 8inh a « 240 Biuh 4 « 

■nr-V 


cosh 0 J cosh a. c osh a + J 


1 


sinh < 


<o 3 


12smh*a 720 


cosh a— 1 a 

13 cosh 9 « + 5 
smh 4 ol 


} 


(24) 


This formula will bo found suitable for computing, except when cj(b—a) ib 
nearly equal to unit) In this case we get, by (14), (15), and (16), 

2F _ r fl .,(*\ b±a f. 25flft-2(a»+y) jrl 

(vi—v»y «L2.i- * \«/ ’ A(b~af L 30ffl& 6— aJ 


j=^] 

Cm ab f , , 

"" r (b-af ‘ V 


3 + 9A-2P 2* 1 

10 * b-aj 


(26) 


C can be computed by the formula) given earlier m the paper and yft' (*)* 
u'found from 


_ 1 , 1 , , Bj_ 


(I) 




(J) 


If thu converge too slowly we can write 

= +’<*+•)+f(i^ 

and use (I) to find ^'(z+n) 

Finally, when x is very small, we have 

Fmab.(vi-vtf/Ub-a)z. (26) 

In the oase when the spheres ate external to one another and the distance 
between them is microseopid, we previously found (Joe. ott. anf*)<that 
Facoi (V\— v»f/A(b+a)x 

* A short table of the value* of f(s) in given in 1 Funktienentefeln,* Jahnke end 
Smde, p. 31. 
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When arranged as a spherical condenser, therefore, the attractive force is 
greater in the ratio of b+a to 6 —a when the distance apart js very minute. 

When the electrostatic charge q on the inner condenser remains constant, 
the attractive force F' is given by 

F'~ ? 7C a aC/Sr, (27) 

and formula* foi computation are obtained in exactly the same way as for the 
preceding problem 

In formula (26) if v\—va is given in electrostatic units, and a and b are in 
centimetres, then F is given in dynea If —%% is given in volts, we divide 
it by 300 to reduce it to electrostatic units Similarly, if q m (27) be given 
m coulombs, we must multiply its value by 3 x 10* 


3 The Maximum Value of the Electric Stress 

In determining the voltage at which the disruptive discharge inside the 
cavity takes place, a knowledge of the maximum value K, hliX of the electric 
stress on the dielectric is essential In the case of spherical electrodes 
external to one another, the author* has shown how the value of this stress 
can be computed In a similar way, it can readily be shown by the method 
of images that 

p _ ti—Ch coshH* f smh let L ainh(4a + g) 
tnax a smhjfa Lcosh* 1 * cosh s, (J*+») 

, sinht£*+2a>) , 1 /nov 
+ cosh a (i^'2«) + J (28) 


When* 


0, a is infinite and 0 is log ( b/a ) In this case, therefore 


Fmtx 


a 




+ 



b 

a ’ i —a ‘ 


Expanding the third and subsequent terms of (28) in series, ascending by 
powers of e~* and and then Bumming the terms of the resulting senes 
m a different order, we can show that 


_i 1 ~Vir 1 . ab{&—c(c-a)\ 
-~L 1+ iP-c(c+a)}* + 


Except when e~ m u nearly unity, this aeries is most smtable fot eons* 


* 1 Proc. Phys. 80 c Loud ., 1 24, p. 81 
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putation. As an example, let us suppose that b =* 5, a as 2, and e = 2. 
We find that e~ u — 1/2 and «“• = 1/4, and so, substituting in (29), we get 
Rnu. = i (®i - «*) {1 + 0 8650520+ff 11 -0-0267867 +0 0006301 
-06000135 + 0 0000003- )} 

» 14397297 (Hi-»*)/», 

where £ = the distance between the spheres = 1. 

When w is small we can use the following formula deduoed from (F) 
and (28) 

jj _ Vi—VaFl 1 +cosh« 1 01 1— amh*jfc« 

“* — a L» smh* 2 6 smh* 


_ « . —— 1 {smh 4 £ *—18 8mh J | *+5} 

720 sinh Jooosh s Jat' * * ’ 

»* _1_ 

30240 * sinh^*cosh 6 £a 

x {179 sinh 4 } * + 61 —smli* \ «—479 smh* £ *} J (80) 

For example, when 4 = 5, a = 2, and c *= 2, so that x is 1, we have 

Rotm = i ( Vl -«,) {1202246 + 0 25 -0 013478 + 0 000759 + 0 000176} 

= 143970 (Vi-Vi)/x 

In this case, therefore, where 0 is nearly equal to 0 7, the error is about 1 m 
48,000. 

9 * 

If m (30) we wnte b—a—x for c, and neglect cubes and higher powers of 

x/(b—a), we get, after lengthy algebraical work, that 

R™, = {1+(25+a) */ 3oA+[4 (a+6) a -«6] ®*/45a*5* +. .}(»»—w,)/u. (31) 

Ab an example let b = 5, a = 2, and x s= 1 Substituting in (31) we get 

Rmu 88 1-4413 (V\—Vi)/x. 

Hence, although r/(b—a) is as great as 1/3, the error is only about 1 in 700 
It we write —5 for b in (31), we get the formula applicable to the oase of 
external spheres. For external spheres, therefore, 

Sa„ ** {1+(25—a) a:/3a5+[4 (a—5) 1 —a5] <B , /45a , A*} (t>i—®j)/x (32) 
Comparing (31) and (32), we see that, for a given value of a and of vi—v», 
the maximum eleotno stress is greater for the spherical condenser 
If we put b as a in (34) we get 

Bm, m {l+»/3a+a*/45a*+ . }(«i—•»)/*, 
a useful formula, which is applicable to the oase of equal spherical electrodes 
when they are close together This formula was first given by Schuster * 

* ‘ Phil MagvoL SO, p. 198 (1890) 
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Chi a New Gyroscopic Phenomenon 
By £ £ Tournav Hindk.* 

(Cotnmnnir.ited by Arthur Schuster, Sec K.S Received November 9, 1917 ) 

1 should like to submit to the Royal Society an experimental phenomenon 
t onnected with gyration, which I believe to be novel 

The accompanying diagram and description will explain the circumstances 
under whioh the phenomenon takes place 

ABCD represents a wooden frame, which must be hrmly secured m a 
veitical position, fixed in tins frame is a 015-inoh diameter smooch vertical 
rod £ G is an eye or ring of round metal, having an internal diameter of 
about 0165 inch, to this ring is securely attached a spindle carrying the 
fly-wheel of a gyroscope ¥ (a well known type of small toy gyroscope, 
weighing about 3J oz, and altered as required, was used), the gyroscope 
and its spmdle being thus so arranged that they togethei can slide freely np 
and down the rod £, and also freely revolve, horizontally, round tlie same 
The axis of the ring G is slightly inclined to the axis of the spmdle, so that 
the latter liecomos more approximately horizontal when at rost (see enlarged 
section) H 1 and H* are fixed sleeves on the rod E, and serve merely as 
stops, to prevent the gyroscope striking the wooden frame when experi¬ 
menting, and 1 ib a small loose washer to reduoe friction 

In order to observe the phenomenon to which I wish to draw attention, 
the gyrosoope is (by means of a cold on its hub! first spun as rapidly as 
possible, May m the direction marked J (ace elevation), and then a slight 
horizontal motion is imparted to the free end of the spmdle at K, in the 
duection of L (see plan), i.e , m the reverse direction to the corresponding 
gravitational precession The gyroscope will at first slowly, and then with 
an accelerated action, oontmue to revolve round the veitical rod, and at the 
same time rise bodily up the rad, with a steady spiral and vibratory motion, 
until it arrives at the upper stop H*, as shown by dotted lines, where it will 
continue to revolve until, the momentum of the fly-wheel becommgexhausted, 
it falls back to its starting point 

The experiment described was the first among a series of many to give 
suoh a definite rising action, and subsequently I have found, by making 
further investigation, that— 

* A communication in the form of a latter, dated March 8, from Sydney, N 8.W, 
reached the Royal Society in the oouree of the spring. The present paper contain* 
the eseential parts of the letter —A S 
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(a) The horizontal rotation of the gyroscope round the verttoal rod ib not 
essential to the production of the peculiar ruing action described, for, if m 
place of the vertical round rod £ and the ring 0 (see diagram) a fixed 
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square vertical rod and a square eye be substituted, so as to prevent any 
horizontal rotation, the rising action can still be obtained 
( b ) By varying the intensity of the gyroscope’s vibrations, the rising 
action may be accelerated 01 retarded, or, if the vibratunw are eliminated as 
far as practicable, the rising action also ceases 

Note on Mr Hinde' s Paper 
By Andrew Gray, F K S 

The arm shown m Mt Hinde's figure revolves round the vertical rod with 
moderate angular speed ft in the direction opposed to the slower of the two 
precessions which the gravity couple could produce m an ordinary top The 
precession theiefore tends to increase the inclination of the arm to the 
upward vertical, that is. to tilt the outer end of the arm down The ring is 
therefore tilted so as to bear on the vertical rod with its upper edge on the 
side remote from the gyroscope, and with its lower edge on the same side 
as the gyrosoope The arm is thus locked on the stem as regards tilting 
Apart from the variations to bo dealt with presently, it is prevented from 
further tilting by a couple, and its sliding down is impeded by an upward 
force due to friction at the contacts with the rod 
We have now' to show how the upward motion is produced. With the 
model constructed in my workshop’I have been able to confirm Mr. Hrnde’a 
statements on tlio whole I have also been able to try different small 
gyroscopes on the arm, and have found that if the wheel of the gyrosoope is 
perfectly balanced about the axis of rotation, no climbing takes place There 
soems therefore no doubt that the effect is due to the centrifugal couples 
which arise from want of exact balance The action of these may be assisted 
also by lateral vibration of the vertical stem and the corresponding vibration 
of the g) rosoope 

As the wheel revolves the plane of the centrifugal couple revolves with it 
about the arm, while the arm turns, of course comparatively slowly, about the 
vertical stem If the turnings be as m Mr Hinde’s figure, the side of exoess 
mass of the wheel will be successively on the right, at the top, on the left, 
and at the bottom, to an observer looking at the arm from the outside beyond 
the wheel. The axis of the centrifugal couple u then to be drawn upwards, 
to the left, downwards, and to the- right respectively, for the four positions 
specified We shall call these positions 1, 2,3,4 
Take position 1 The oouple produces angular momentum (AM) about 
the axis of the oouple, and hence the arm begins to tilt upwards, so that, 
relative to the former condition of things, an upward component of the A r hf 
of the fly-wheel may be brought into existence. 
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But as the fly-wheel passes on to position 2, m which the couple axis is 
towards the left, the arm is accelerated m the processional motion so as to 
cause a component of A M. towards the left to grow up to correspond to the 
growing couple But the couple is to be regarded as the accompaniment ot 
an upward force applied at the centroid of the revolving aim and attached 
wheel, and the system slides upward a certain distance, while retaining its 
upward tilted position, m which the looking action of the ling has been 
relieved 

As the wheel passes on through the next two positions the same actions as 
before take place, but in the contrary directions The downward tilting m 
position 3 locks the ring, and ho there is no sliding down in position 4 

The oscillatory variations of speed of the azimuthal motion are essential to 
the action 

On the whole the centre of the wheel is taised in each revolution about 
the axis of rotation, and this rise takes place in the mam when the excess 
mass of the wheel is rising in the rotational motion This produces a slowing 
of the rotation, and the rotational kinetic energy therefore falls off as the arm 
rises The gain of potential energy of the arm is thus at the expense of the 
energy of rotation of the wheel 

Mr Hmde states that he has found the continued pieceasional motion 
unnecessary, that, in fact, he has been able to cause the arm to rise along a 
vertical rod of square section, when the continuous processional motion is 
prevented by a loosely-fitting square ring This I have also verified with my 
model I find it necessary, however, to provide in this case additional locking 
action by pressing down with my fingers the outer end of the arm This 
locking action might, of course, be furnished by gravity, and piobably was 
in Mr Hinde’s model 

When the necessary locking action is supplied, the explanation given above 
holds, with only slight modifications. The nng fits loosely, and to-and-fro 
azimuthal motions take plaoe, corresponding to the alternate acceleration and 
retardation of the continuous azimuthal motion described above 

I may mention that some years ago, Dr J G Gray devised a "climbing 
gyrostat," which was one of a series of interesting examples of gyrostatic 
action invented by him, and made in my workshop in the University of 
Glasgow. This gyrostat was hung by two cords passing over pulleys and 
carrying weights which only partly counterpoised the weight of the gyrostat 
The arrangement was sueh that when the gyrostat oscillated in azimuth, it 
slowly ascended with, of courae, descent of the smaller counterpoising 
weight! ' 

It is to be observed that in this device the wheel was balanced, and that, 
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though the play of forces was very similar to that m Mr. Hmde’s experi¬ 
ment, energy was fed m from outside by the agent m a in ta in ing the 
azimuthal osoillations. 

Another example of progressive motion obtained by oscillatory motiou of 
the axis of the spin of a gyrostat is Dr Gray'B “ walking gyrostat.” 

I have described some of these devices in a work on ‘ Gyrostatios,’ now m 
the press 


l 


The Behaviour of Scattering Media m Fully Diffused Light 
By H J Channon, F F Berwick, and B V Stork. 

(Communicated by Dr. T M Lowry, F B S Received April 10,—Received 
in revised form Octobor 10, 1917 ) 

Jntrudiwtum 

The present paper is the outcome of a discussion which arose between the 
authors aftei the publication of a paper by 0 Bloch and F F. Benwick,* 
which dealt with the subject of the opacity of diffusing media, chiefly from 
the practical standpoint, and included also lengthy extracts from the Reports 
of a Committee of the American Society of Illuminating Engineers f 

On finding that we were unable to reconcile the experimental data with 
the theory included in the above paper, we were gradually led into the 
attempt to And solutions of some of the problems involved in tins complex 
subject, starting only with the indisputable fact that when light falls upon a 
finite thickness of a scattering medium, part is rejected, part extinguished, 
and part transmitted In the present communication wc have confined 
ourselves to a study of the action of such media upon light which is 
assumed to bo already completely diffused 

Definitions. 

Let MN represent a large sheet of a diffusing medium of uniform thickness 
and quality, upon whioh completely diffused light of intensity I* falls. 

Let the intensity of the light returned m directions opposed to L be l r , 
and the intensity of the light which escapes after passage through the sheet 

* ' Photo Jouin,’ vol 56, pp. 49-66. 

+ ‘Trans Amer Boc Ill Eng.,' vol 10, No 6, pp 3MM0S<1«U). 
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be I ( . The fraction I r /I„ of the incident light may be called the “ rejecting 
power * or the “ rejectance ” of the sheet, and will be denoted by R. 



The ratio of the light issuing from, to that impinging on the sheet, viz , 
It/To, we will call the “transmittance” while the inverse of this, I,/I fc we 
will call the “ obstraotance ” and denote by H 

We then have by definition the following relationships — 

Ir/Io =* It (rejectance), 

I,/It — fl (obstraotance) 

It is convenient also to express the ratio between the nnrojected portion oi 
the incident light and the light issuing by the symbol “ C ” and the term 
“ contendance ” 

It should lie noted that the rejectance (R) includes all light returned in 
directions opposed to the incident (diffused) light, no matter by what 
circuitous path within the material it may have travelled It Beems there¬ 
fore undesirable to employ the term “ reflection ” in describing it * It should 
also be observed that a medium which neither rejects nor absorbs any of 
the incident light would have an “obstruotanoe” and a “contendance” 
both m 1, 

The equation C = 1,(1 - R)/I t forms the starting point of our theoretical 
discussion, m order to eliminate everything not a property of the material, 
we will wnte this m the form 

0 = C/(1-R). (1) 


Obstruct once * 


contendance 

seleotanoe 


It is our object to show the changes that take place m the values of these 
properties with alteration of thickness and to reduce the relationships to 
* Vid* Rayleigh, • Phil Mag.,’ voL 41, p. 107 (1871) 
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their most general forms. Since, by definition, the above equation (1) is 
independent of the thickness of the‘sheet under consideration, we can write 

Sl t — C*/(l — E(), whatever the value of < 

Now suppose two sheets of any diffusing media m and » to be placed 
together to form a single sheet Let O m and E* be the obetruotanoe and 
rejcctance respectively of the first sheet m, and Sin and B» those of the 
second sheet n through which the light issueB 

Then if light of intensity I be transmitted by m, and fall upon n, we 
have an infinite geometiical series of “ mter-rejectiona" which sum up, 
in the direction of m, to 

IE./(l-B m K). 

In passing out through m this will be reduoed to 

IR./(l-R„R.)fl m , 

which will be the increment in the rejected light due to the backing up of m 
by n. But I — lo/Sl m , where I, = the light intensity inoident upon m 
Hence the total rejectance of the two sheets together will be 

Hence, generally, the rejeotanoe from m of a composite layer of two 
diffusing media m and n in contact, whether of similar or dissimilar 
characters, 

- E m +, = R M +B a /n M a (l—BnBn) ( 2 ) 

Similarly the obstruotanoe of the two sheets m+n together 

fi»+» ■ (8) 

The second member of this equation is symmetrical with respect to m and 
n and therefore the obstruotance of a composite sheet consisting of two 
diffusing media is independent of their arrangement. 

If the sheets m and n consist of the same material, &*+• will equal 
£»+«• and from (2) 

R» + .(l-IUt.) - B.4 B, {1/1V-B**}, 

the first member of which m these circumstances is also symmetrical with 
respect to m and n. We may, therefore, interchange m and n throughout 
and equate the results, thus, 

B»+R.(l/n m *-E,») « B*4- R» (l/fl»*—B**), 

or {1 
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which is, therefore, a constant, independent of the thiekness, for any diffusing- 
medioQL 

Note, —Up to this point we have employed the same mode of reasoning as 
Stokes followed in his paper “On the Intensity of the Light Reflected 

from or Transmitted through a Pile of Plates *’* 

* 

Writing this expression in the form (1 + Rt # —l/XV)/Rt and inserting 
the values corresponding to t = oo , it follows that the value of Stokes' 
constant is (R s +1 /R K ). where It,, is the rejectanee of an infinitely thick layer 
Suppose a sheet of a uniformly lighted diffusing medium of rejeotanoe p to 
be used as source of light, transmitting completely diffused light of intensity I' 
Let this light at onoe encounter another sheet of rejeotanoe R and 
obstruetance XI, then the light intensity transmitted by the combination 
Ii * I'/(l-pR)ft 

The ratio r/Ii ss (l~-/>K)& may be called the “ relative obstiuotance” 0 of 
the added sheet (i e , the obetructauoe of this sheet relative to p). 

The inverse of this may be written T and called the relative “ transmittance ” 
while the logarithm of 0 to the base 10 may be denoted by D and called the 
relative obstruotance logarithm of the sheet to diffused light 
Measurements made under these conditions have for many years been 
denoted by the above symbols and it seems, therefore, desirable to retain them 
but to abandon the incorrect terms, opaoity for 0, transparency for T, and 
density for D, usually given to them, m favour of those suggested 

In the case of measurements of black scattering media like photographic 
negatives, the value of R is usually so small that it may be permissible in 
ordinary practice to assume that it is zero and to regard the measured values 
as representing the true constants of the silver deposits, ignoring the com¬ 
plication due to the properties of the diffusing medium in the photometer 
We have seen that, generally, the relative obstruotanoe of a sheet of 
diffusing medium m, 

■ a (1—pRn)Xla, (4) 

where p is the rqectanoe of the photometer diffusing medium p. 

The combined rejeotanoe, on the side m, of m and p together will be (from 
equation 2) 

R. + , = R„+p/(l-pR*)XU 

Now if It be the light intensity issuing through the first specimen m, that 
leaving a seooud superposed specimen n will be, by the usual process of 

I,«It/(1—RJK W +,)X1» 

* ‘Boy Hoc. Free.,’ vol. 11, p. 545 <1800-81) 
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But foi the first specimen m 

Ii = 1 7(1-pR.) XU 

where I' is the light intensity emitted by the bare photometer diffuser 
Hence — fiaOa(l ( 6 ) 

In the special case in which B„ = R m = Hi and 0* = 0, = 0* we have 
0,«0 1 XI,(l-R,*)-pB, I 

and if also Hi = p then 

0 * (rel. to p) = (l- r p»)«ft 1 s -p J 

But since, in this case, Oj = (1 —p*) Xlj, it follows that, telative to p, 

Oi s —Og =s p* (6) 

Hence if of three similar specimens we measure the relative obstructanooe of 
one specimen and of two specimens together, using completely diffused light 
emitted by the third specimen, we are in a position to derive at once the 
rejeotanoe p of one specimen and therefrom, by means of the equations 
Oi = (l+p)Ci and Oi = ( 1 —p*)fli to deduce Ci and XIj also 
This result is obviously one of considerable value m practical photometry 

Some General llelatwnahvpe Ending Between Values oj ft, etc 
1 Proof that 

XU a+ft* * XUi x constant, 

where n, « + l, etc, refer to the number of similar layers of which a sheet 
of medium may bo imagined to consist 
From equation 3 (p 224), 

XU* = ( 1 —BtRa+i)X 2 i{ 2 »+i, (a) 

XUi - (l-RiKiniXl. (i) 

From equation 2 (p 224), 

JUi = Ri+B,/XV(l-BiB.), 

(the layers being all alike, B„+i will be the same as Rt+«) 

Hence, in (a) 

(1-»A«) * 1—Ri*—BiB,/Ili*(l—RiB,) (a) 

From ( b) 

B,K./(1-R,R.) (n 1 Q,-XUi)/XUi (d) 

Therefore, from (e) and (d), 

(1 RiRn+i) s Xl»+»/fiiXUi s» 1 —Bi*—(XljXl,,—XUi)/Xli*XUi- 
Hence (l-Bi*)!^.*!—flifk+XUi» XMUs, 

or n»+i+Xi»* {(l-Bi*)ni+l/Oi)Xl» + i (7) 
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Since Si and Hi are the rejectance and obetruotance of a single layer, the 
expression [(1—Ei*) fli + l/flj] is a constant Consequently, we may write ’ 

S,+i+fl, ~ Kflu^i 

From this, by substitution, it is easy to prove also that 

C„+j+C» = KCb+i and 0,^+0, — KO,^, 
where E has the value already found above Writing these m the form 

(n K+ ,-n.)-(n.-n,-o = (K-2)ft„ 

it is evident that the values of Cl, 0, and C for 0, 1, 2, 3, etc, units of 
thickness form a series 1, fli, Kfli — 1, K 3 flj—K—fli, etc, whose differences 
of the Beoond order constitute a new serif* identical with the original series 
multiplied by the factor K — 2 

This property of a finite senes is consistent only with tho conclusion that 
the relationships between Cl, C, and O, and the variable t, are either simple 
exponential relationships or the sums or differences of two exponential 
expressions having the same mdices, one positive, the other negative 

It is evident that the above series for 0, 1, 2, 3, etc, thicknesses is not a 
simple exponential senes, and consequently the formula required must all 
bo of the general form 

ft«(or C, or <) f ) = IV*+Qc~*‘, (8) 

winch is the integral of d*Cl/dP — Kfl, P, Q and \ being constants 


Since all three series are identical except for the interchange of At, Ct, 
and Oi it is clear that the evaluation of the constants for fi will give those of 
the other two by simple substitution of Ci and Oi for Qi 
Confirmation of the above general equation is to be found in a paper by 
Prof. A Schuster * His solution for the emergent radiation R through any 
thickness t of a self-radiant foggy atmosphere is as follows —• 


B 


„ ra+«)s*» + '>‘+(i-«)«-'<* + '>*]E+2(s-Ei 


where E =* total energy of radiation sent out by unit surface of a completely 
black surface, 

S « total energy of radiation incident on unit surface of plane layer of 
foggy gas, 

h m coefficient of absorption, s — coefficient of nattering. 

« ■* \/[k/(k+t)], t m thickness. 


* “Radiation through a Foggy Atmosphere," ‘ Astrophys. Journvol 81, p I (190ft) 
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In our case £ may be taken as zero, for we are not considering self- 
luminous or fluorescent media, hence Schuster’s equation simplifies to 

S/R = = [(1+«)*«* 

and by writing 

(l + «)*/4« =s P, -(l- a )*/4« = Q. 

and «(!,+*) = X, 

Schuster's equation is the same as our general expression 
We are now m a position to evaluate the constants m the above general 
equation from the knowledge we possess of the values of the first few terms 
for t = 0,1 and 2, namely, 1, fl,, and Kfl,—1 

Putting t sx 0, 

P+Q rs 1, Q = 1-P. 

Putting t — 

Pe*-!-^--P)e~* = fli (oi (Ji or Oi resp), 

P = (fli—«-*)/2smhX, Q = (e*—fti)/2sinhX. 

Putting t = 2, 

(fli—e - ^)c* A /2sinhX+(e K —Oi)«"^/2sinh\ = Kfl,—1, 

= 2 Hi cosh X—-1, 

therefore K = 2 cosh X. 

Hence the full expressions for n t , C», and Oi are as follows — 

lit *= (fli — «~ x ) « x ‘/2 mnh X+(«*—fl,) <r M /2 smh X, (0) 

Of = (Cj—«-*)« M /2sinhX+(s A —Oi)« -M /2einhX, (10) 

0, a (Oi—c -x ) «*‘/2 sinh X+(e*—Oi) e -M /2 sinh X. (11) 

II, - C,/(l-R»), O, « (l-pSi)fli = (1 -pB.)Ci/(1-Rx), 

where p is the rejectance of the photometer diffuser, 11,, C b and Ri being 
the obstrnctanoe, contendance, and rqjectanoe respectively of unit thickness of 
the medium, t being expressed in the same units 
Any of the above may be expressed in a number of different forms, of 
which the following should be mentioned *— 

lit ** (fl, smh Xi—sinh X (<—l)]/sinh X, (12) 

(with similar forms for 0 1 and Ot) m being the simplest for oslimUtmg 
numenoal values 

♦ 

The Change of It with t, 

Siam 0,« C,/(l-B«), B, - !-€,/«* 
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Hence 


(a-o,){>**-«-*«} 

(fli—e" A )e M +(f*— 

2HiK, siuh Xf 

(Hi -(~ k ) e M +(^-Hi) e~ u 


(13) 


— OjRi sinb XI / 

~ ()i mnh Xt - (1 -pAi) smh X (* -1) ' } 

If we lewrite equation (13) thiu 

1 _ f -M 

^ = <&,-«-*)+(<*- 
it becomes evident that when l is infinitely gieat 

R« = n,R,/(fli-r-») = R. 

this maximum possible lejectance of tho material with increasing thickness 
This constant enables us to derive a number of simpler expressions for R ( , 
and may itself be expressed in many different forms, of which 

R, =0 I R 1 /[0,~(1—pR,)e-*] (15) 

is useful tot its practical application, while 

R, = 2 smh \t/(t u /H x —R„ e~ u ). 


or, it R» =r <*, Rf = smh Xf/smh (Xf—/8) (1b) 


is a convenient form foi calculating a number of values of Rt 
lastly, it appears desirable to give the relations existing between 
„ Schuster’s constants a, t, and », and those we employ They are expressed 
as follows — 

n x = (1 + of (1 — «~*<* +,) /4«, 

Ci = 4 (l + «)f(* + »>+J(l -«)«"*»+*>, 

•d _ (1—«*)2sinh«t(&+a) 

1 “ (1 + a)»e*<* ; *>-(l 

R« =(1—«)/(l + «) (17) 

From, equation (17) it is easy to calculate numerical values for «, and 
therefrom to derive k mid * by means of X = k/n and X ■* *(k+s) when R„ 
is known. 


Considerations affecting the Practical Problem of Measurement 
In order to determine the actual values of those properties of scattering 
media which have been considered in the foregoing theoretical discussion, it 
sou xctv.—A T 
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is necessary to employ a sufficiently large source of completely diffused 
light and specimens of the materials to be studied of sufiioient area to avoid 
the serious errors wlneh may arise with small specimens from loss of light 
at the edges 

The only convenient means available foi getting uniform diffused light of 
constant intensity is to employ a good diffusing medium illuminated by a 
constant light source, and hence it is necessary in practice to measure values 
of 0* or D ( relative to a diffusing medium of known lejeotance p A photo¬ 
meter, therefore, to he suitable for this class of work should be piovided with 
at least three exactly similar good diffusing screens, one of them to serve an 
the permanent diffusing screen of the instrument, and two others to lie 
measured as specimens foi determining the value of p m accordance with 
the equation Oi*—Oa = p*, already derived 
When other specimens of unknown propci ties are now measuied in con¬ 
tact with the same diffusing screen, it is possible, from the tesnlts obtained 
and the value of p for the photometer, to deduce the denied values for any 
new material 

For this method it is necessaiy, as a mmmum, to obtain by measurement, 
the values of the relative obstructanees for specimens both one unit and two 
units tlnok The rejectance E t of unit thickness of the new material can 
then lie derived from equation f5) in the form — 

liiW—/>")—Ki (Oa-l)p-(<V-0*) = 0 (18) 

The values of (J 1 and flj then follow from 

0, = (1 -pRi) C,/(l—RO = (1 —pRj)JJi, 
while K = 2 oosh X *» (0*+ l)/Oj 

From these data any deBired values can be calculated with the aid of the 
equations given in the first part of this paper 
It is necessary to utter a warning concerning the extreme oare necessary 
for determining the values of p and Ri m the above manner The results 
depend on the comparatively small differences between two much greater 
values, 0i* and Oa, consequently any errors in the values of Oi and Oa will 
be greatly increased m those of p and Ri deduced from them 
If two photometer diffusing acreens of widely different and accurately 
known rejectances p and p' are available, a simpler solution of the problem 
offers itself, having, moreover, the advantage of requiring only (me specimen 
of the material In these circumstances, if 0 and O' are the obstructanees 
of the specimen relative to p and p' respectively, then the rejeot&nce R 
of the speoimen is given by 

B . (O-OWO-pO') 


(19) 
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The method of measurement between two opal glasses, prescribed by 
Nutting,* which is supposed to give the absolute or “ total ” transparency to 
diffused light, can tie shown in accordance with our theoretical discussion of 
the subject to give m reality the following highly complex function of the 
properties of both diffusers and specimen — 

flmip _ _ n,(i-iut») _ 

n, < 1 - IWM (1 - iut,)‘(i - IUV> - fi.it,’ 
where n refers to the specimen between the two diffusing plates m and p. 

Such a result evidently bears no simple relation to the obstructanoe of the 
specimen, nor could its value be deduced even if It. and R, wen known 


Experimental Confirmation of the Theory. 

The paper already mentioned, published by one of usf in collaboration 
with 0 Bloch, oontains measurements of the relative obstructanoe logarithms 
of specimens of opal glass and various othei granular media (suspensions in 
gelatine) These results led to the discovery of an empirical rule connecting 
relative obstructanoe with thickness (or concentration) of the medium, 
viz — 

D = 

where a and b are constant for the medium and the given conditions of 
measurement This formula was found to represent very closely the 
* observed relationship, the agreement falling well within the limits of expen* 
mental error in most cases. 

No physical explanation of this rule wsb apparent, so that it was deemed 
advisable to make further measurements to see if any departure from it oould 
be established by exercising every caio, and especially to test praotically our 
theoretical deductions. A sheet of thin ordinary opal glass of good uniform 
quality was cut up mto six circles, one being of 5 om. diameter, the rest of 
cm. diameter All of them were ground to a fine matt surface on both 
sides and brought to approximately equal and uniform thickness, except one 
(/) which was made specially thin. Measurements with a micrometer gauge 
showed that the extreme variation m thickness of any oue specimen did not 
exceed 0*01 mm Before measurement, all were thoroughly cleaned by 
boiling in strong mixed chromic and hydrochloric acids. 

The following are the thicknesses of the specimens as the mean of about 
10 measurements of each*—5 om circle, used as difiuser w the photo¬ 
meter, 0 969 mm. (Specimen a, 0-962 mm ; b, 0-987 mm., e, 0 089 mm 


* ‘ Amsr I1L Eng. Sac. Trana,’ vol 10, p. 366 at teq, 
t ‘Photo Journvol 66, pp. 48-86. 

T 2 
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d, 0 986 mm , /», 0 952 nun , /, 0 655 mm. The photometer used was of a 
simple type, operating on the principle of the law of inverse squares of 
distances of the llluminant The lllummant was a fixed incandescent electric 
bulb having a compact gridiron filament, set at the back of the photometer 
box, which illuminated a piece of opal filling one half of the field of a 
Lummei-Brodliun cul>e, and also emitted abeam along the photometer bench 
A travelling carnage on the bench carried two mirrors, set at 90° to one 
anothei, by winch the light was returned on a parallel path and illuminated 
the 5 uu diameter opal disc alraidy referred to, which was set in the hinged 
side of the photometer box close to the Lummei-Brodhun culie The hinged 
side of the photometer box was double-walled, and so constructed that the 
3$ cm specimens placed between the double walls were in intimate oontact 
with the 5 era disc of opal, but light from the central spot alone, about 
j inch diameter, entered the photometer box, and was viewed in the Luinmer- 
Brodhun cube 

The scab of the photometer bench, which was calibrated to read direct m 
relative olmtructance logarithms, was carefully checked, and its setting relative 
to the diffusing opal was found correct by repeated measurements of the 
same specimen with several zero readings at widely different parts of the 
scale as well as by direot length measurements No appreciable difference 
m the readings could be observed whether the sun minding, f cm wide, 
annulus of the instrument opal was masked or not. (Bloch and Renwick 
found that this makes a difference if the specimens are too small) 

A number of sets of observations upon these specimens were made both 
with simple diy contact and also with the piles of specimens and the diffuser 
in optical contact throughout by means of films of cedar-wood oil Very 
similar results were obtained in all repetitions of the same conditions, so that 
it is only necessary to give two sets of observations here by way of illustration. 

In the first set the conditions were those of dry contact throughout the 
pile of specimens, and therefore surface, as well as body, reflection effects 
play their part 

Table 1 


Specimen 

added 

t =» total 
thickness 

x> 

observed 

J) 

calculated 

Obs -calc 

A, 

t 

0 980 

0 278 

0 280 

-0*002 

e 

1 Ml 

0 480(8) 

0 480 

+ 0*0005 

* j 

2 927 

0-869 

0 067 

+ 0*002 

4 ! 

8 889 

0 880 

0 887 

-0*001 

A 

4 876 

1 1-CO0 

1 003 

+ 0*002 

t only 

0-958 

i 0-278 

o m 

0 000 
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Plotting logs D against logs t, the values all fall well on u straight line, 
repi emitted by the equation 

log D = 0 80 log 1 + 1451 , 
hence D = 0282(5)1®» 

The values in the fourth column are calculated tioiu this equation, and 
the (last) column of differences shows liow accurately it lepresents the 
obseivations These results and seveial other similar sets of readings show 
that the empirical rule discovered by Bloch and Renwick can be relied upon 
well within the limits of experimental error in this case, and we feel, 
therefore, justified in using it as an interpolation iorinula for calculating the 
relative obstructance logarithms of an> desired intermediate thicknesses 

From the above equation we now calculate the rclativo obstiuctance \ allies 
foi one and for two specimens of the same thickness as the 5 tin diameter 
instrument opal (viz, 0 969 mm) 

The results are — 

One speoimen, 0*969 mm thiok, Eel I) = 0 275 (4), Oi = 1 886 
Two specimens, 0 969 mm thick, Eel D = 0 479 (6), Oj = 2 016 

Assuming that the instrument opal does completely diffuse the light 
reaching the specimens, we next calculate the rejectance of the diffuser 
towards the specimens for diy contact from the equation 

0,®-0 # = p», 1886^-3016, 

This gives the value of p m 0 734 

From the same empirical formula we calculated the values m Table II f«u 
a set of specimens all exactly I mm thick, in contact with the photometer 
opal (0969 mui thick) A tufling errm is introduced in making these 
calculations when dealing with dry contact, by reason of the fact that part 
of the rejeetanco and obstructance is due to the air-opal surfaces, and this part 
of the whole will depend on the number of surfaces, not on the thickness of 
the specimens Owing, howevei, to the fact that our measured specimens 
were all approximately equal to 1 mm. in thickness, the total coireotion for 
th i ckne ss is very small, and therefore llio neglect of this trifling erroi is 
quite justifiable here The effects of air-surface reflections among a pile ot 
dry specimens become noticeable, however, if the specimens vary considerably 
in thickness We then find that the senes of observations do not fall well 
on a straight line when logsD are plotted against logs!, whereas they do so 
if these reflections an eliminated by uniting the specimens with films of 
cedar-wood oil (see the second set of observations recorded later) 
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Table II 


Thioknow 

Log I) 

LogO, 

°\ 

ihm 




1 

I'451 

0 288(5) 

1 916 

2 

T 6918 

0 492 

8 106 

8 

I'8887 

0-080 


4 

I *@88? 

0 856(5) 


6 

0-010* 

X *028 


6 

0-0786 

1 185 


7 

0 1*71 

1 840 



lining the values of 0 given in Table II for I and 2 nun specimens, we 
deduce the value of Ri for a 1 min. thick specimen from equation (18) 

Ri'(<V—Ri(Q»—1)/>-(0,»—0,) = 0, 


taking p = 0'784 , the result is Ri = 0’738 
Fiom K = (0*+l)/0i a= 2 coshX we have K s= 2142, ooshX = 1071, 
sinli X = 0 3838, e~ K = 0 6875, and from equation (15), R* = 0 883. 

We are now in a position to test our complete theory by calculating values 
foi the remainder of the specimens included in Table II from formula (12) 
for 0| 

The formula is 

O, = [OismhXl—smhX(<— l)]/smhX 
The next table (Table III) is calculated from these data 


Table 111 


t 

Jiog biiiH Ki 

0| ftinhAt 

fiinhX(f-l) 

Log 0 1 -» Dr 

8 

0 1802 

2*640 

0 822 

0 676 

4 

o ma 

4 061 

1*878 

0 848 

5 

0 50*9 

6*101 

8 129 i 

i 1*016 

6 

0 6718 

8*991 

8*184 

1 180 

7 

0 8967 

18 16 

4 691 | 

1*844 


If the values of log 0« in this third Table are compared with those in 
Table II (which are based directly upon observed values) it will be seen 
that the agreement is remarkably good, in no case is the difference so greet 
as O'Ol 

The agreement between theory and observation was further checked by 
plotting the logs of D« taken from Table III against logs t, including also 
the assumed values foi 1 and 2 mm specimens The equation to the line 
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paaamg best through the plotted values was found to be identical with that 
found ftfr the actual observations, vi/ — 

logD = 0 80log? f 1451 

The next illustration is one oi a numbei of sets of observations made 

t 

upon the same specimens with all surfaces m optical contact by means of 
films of cedai-wood oil, so os practically to eliminate the air-opal surface 
reflections 

Table IV contents a summary of the observed values, and a comparison 
of these with those calculated from the empirical formula 

log!) :b O861og< + 1 431 


Table IV 


Aj^ded 

ftpeoimon 

i 

Total * 

thickncoH 

mm 

KogO; *■ O 
observed 

Oslo D 

Dobs — Doalo 

A 

/ 

0 655 * 

O 185 

0 187(6) 

-0 0025 

f aloiu 

0 952 

0 252 

0 268(6) 

-0 0065 

c alone 

0 989 

.0 270 

O 267 

+ 0*008 

<* + # i 

X 941 

0 477 

0 477 

0 000 

d 

2 927 

0 682 

0*679(6) 

+ 0 008(5) 

ft 

8 889 

0 869 

0 867 (5) 

+ 0*001 (6) 

b 

4 876 

1 047 

1*054 

-0*007 

J 

6 681 

1 174 

' J 174 

i 

0*000 


Once again the agreement between the observations and the empirical rule 
is extremely good. 

The following values of 0 wen calculated as before for one and two speci¬ 
mens, 0 969 mm thick — 

Oo mu “ 1*830 Oi u8s — 2 997, 
whenoe (for oil coutaot) p* = 1 830*—2 997 , p = 0 694. 

The next Table, No. V, gives the values foi thicknesses, 1 up to 7 mm, 
calculated from the same empirical equation .— 

logl) = 086 log < + 1*431. 
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Table V. 


t 

mm 

Log D 

J) 

0 

1 

I 481 

0 270 

1 861 

2 

t CIBOO 

0 400 

! 8*088 

3 

I b m 

0 094 


4 

I i>48H 

o m 


•j 

O 0321 

1 076 


6 

0 1002 

1 260 


7 

1 0 1678 

| 1 438 ! 

i 


Ah m the brut example, we evaluate fiom the known values of p foi oil 
contact, and of O foi 1 and 2 mm thickness, the constants of the theoretical 
equation foi 0« thus — 

IV(l 861 a —0 594 s )—Hi (rf 088 — 1)0 594—(1 86R-*M)88) = 0, 

lh = 0 5995 , 

K = 2 cosh X = (0*+l)/Oi = 2-190 , «"* = 0 644 r >, 

suih X = 0 4534, t Xs 04392 

Also, from equation (15), « 

». = Ojlb/tOj-fl = 07716 

which leads to the following values for Schuster's constants — 

* = 01289, * = 3 350 4= 005662 

The difference between lit lor oil and air ooutaot shows that about 14 per 
cent is rejected by the first air surface, and therefore the maximum total 
rejeotance of a thick solid block of this opal = 091 

The next Table (No, VI) is calculated from the above data on the 
formula 

(>» = [Oi sinhX<-siuhX(<—l))/smhX 


Table VI 


/ 

Log suih A/ 

Oj «nh \t 

Sinli A (/— 1) 

Log Of m U, 

3 

o 

3 223 

0 *995 

0 692 

4 

0 4484 

6 226 

1 782 | 

| 0 887 

5 

0*0468 

6 260 

2 808 

1 080 

6 

0 8407 

12 890 

4 484 

1*271 

7 

1 0820 

20 06 

6 *929 ! 

! 1 

1 4i62 


Comparing these values of log 0< with the values m Table V (baaed on the 
experimental observations), it is seen that, excluding the 7 nun thickness, 
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which is beyond the lange of om measurements, the agreement is remarkably 
close throughout, and also, how good an approximation the empirical rule 
is to the full theoretically deduced equation is strongly brought out 
These and other similar sets of observations of the most careful kind appeal 
to us amply to demonstrate the soundness of oui theoietical conclusions and 
to confirm Bloch and Renwick’s observations on the practical utility of the 
empirical formula if used within certain limits We have endeavoured to 
discover how closely the theoretical laws as here set out can be approximated 
to by use of the empirical lulc, by comparing the results for a number of 
imaginary cases It is cleat that any of our formula* for fl*. C* and 0 1 
become identical with the well-known ordinary law of absorption in non- 
soattenng media if flj, (\ and ()i respectively = e* 

But if Ex is not zero and 0| = ^ t (1— pRi)0 3 = e* and consequently 
p =k (Ox— e* )/flxEi, which is only another expression for It* 

It is cleai, therefoie, that if by chance the rejectance of the photometer 
diffusei is equal to the maximum possible rejectance of the material under 
measurement, the results wlII follow the ordinary law of absorption for non- 
scattering media and the empirical lule D = at* will be exactly followed with 
h= 1 

Although these precise conditions aie not often lealised, practical results 
and a study of lmaginaiy cases indicate that the ompmcal rule holds very 
well fm five and sometimes more units of thickness when a photometer 
diffusei of high rejectance such as white solid opal glass about 1 or more 
millimetres thick is used, whei eas it fails to hold if Ri is much higher than p 

In conclusion we desire to expiess our great indebtedness to Prof A Schuster 
and to Dr H S Allen, of King's College, London, for then valuable advice 
and suggestions in connection with the drafting of this paper, and to 
Dr T. M Lowry, F.R S, for so kindly bringing our work before the Royal 
Society 
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The Rankme TrochonddU Waw. 

By Su Gkokok Green hill, FR8 

(Received June 19, 1917 ) 

Rankme’s Wave Theory of 1862 is given m the Philosophical Transac¬ 
tions,’ vol 163, p 127, “The Exact Form of Waves at the Surface of Deep 
Water.” The theory finds favour with the naval architect from its simple 
geometrical structure, intelligible to a student of elementary mathematica 

But this student does not like to be reminded that the waves at Bea are 
not trochoidal, as this would require a supernatural state of internal 
commotion in the water, involving a distribution of molecular rotation. 
Sea waves are not permanent, but m a state of perpetual growth and decay, 
in a procession of gioup motion 

The Rankme theory will serve, however, as a first introduction to the 
structure of wave motion in water, so Rankine’s treatment is reproduced 
here, with some simplification m his geometry But, so far, the Rankme 
troohoidal wave has defied any effort of generalisation, as to a kindred state 
of wave motion in shallow water, or to the stationary wave in reflexion at 
a wall. The equation of continuity breaks down, and cannot be satisfied. 
cavitation takes place, or else overcrowding of the particles of water 

At the recent meeting of the Institution of Naval Architects, March, 1917, 
I have shown that, if thin parallel vertical walls are introduced into the 
water, perpendicular to the wave orest, without disturbing the wave motion, 
dividing up the water into compartments, these water oompartments may be 
sheared over eaoh other m an arbitrary manner, giving the wave front an 
dohelon appearance, like a line of advancing infantry, and the wave motion 
will continue m each compartment 

The motion may also be sheared in these oompartments by inclining the 
walls at flip same angle with the vertical, like a row of books sloping over 
on a shelf The oiroular orbit of a particle m the Rankme wave motion will 
then slope over at this angle, and his waves can exist between two parallel 
walls, either vertical or else sloping over at any assigned angle. 

When the walls are brought olose together and the shear steps are small, 
we can pass from discrete steps to continuous shear, uniform or variable; 
the wave front can then advance at any angle with the plane of the water 
motion, or in any curve 

With a straight orest, the vertical seotion of the surface by a plane 
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parallel to the shear is the original trochoid, and by a perpendicular plane is 
a sinusoid, by another plane a foreshortened trochoid 

These curves oan be shown off as various aspects or pi ejections of a 
revolving helix of wire, which ought to have its axis horizontal to imitate 
the wave motion But it is more convenient in the experiment to let the 
helix hang vertically bj a thread and revolve, and to treat the axis as 
horizontal in imagination. 

Any projection by parallel lines of the helix on the floor will lie a 
trochoid. a cycloid, if a lino ol projection can touch the helix 

A projection by horizontal lines on a vertical wall will be a sinusoid, 
any other projection in geneial will be an elongated m foreshortened 
trochoid 

In this way it is possible to break new ground m the Bankine trochoids) 
wave, and extend the treatment in some fresh directions But here a delicate 
question arises, requinng examination The continuity of the motion is 
preserved m ttie compartments when sheared, and also the tree surface 
condition of constant pressure But the continuity of the pressure in 
crossing a wall must be examined as this may break down, and some new 
variable field of force must be introduced in addition to the oonstant held 
of vertical gravity, if the continuity of pressure is to be preserved when the 
walls 01 diaphragms are suppressed 

Beduced to a standing wave by a reversal of the wave velocity, L or U, 01 
else by taking a moving ongin, as in a ship moving with the waves, the motion 
is treated as steady motion, and the equation of continuity and of pressure is 
somewhat easier to investigate This has been carried out by Bankine m 
his paper, ‘Phil Trans,’ 1863, and we are at liberty to apply to this 
steady motion a constant, cross-cunent velocity, V, parallel to tlie wave ciest 
The effect is to make a stream line change from a trochoid to an elongated 
projection of the trochoid, on a veitical plane at an angle tan ~‘(V/U) with 
the wave crest, 

Advancing waves ate called “ rollers ” and the standing wave may be called 
a “ swell ” (houle) in the language of the sailoi Any intermediate state 
between rollers and a swell will be encountered by a steamer moving straight 
across the crest 

To an observer on board the wave motion appears a swell if the steamer 
advances at the same rate as the rollers, and the relative motion appears 
steady, as in the troohoidal wave But at any other velocity the motion 
appears to be a mixture of the roller and the swell 

The steamer may be moving faster or slower than the rollers, or in the 
apposite direction, head to sea A sailing ship before the wind,'and moving 
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through the water slower than the rollers, will be overtaken by the wave 
crest, and runs a risk of heing “pooped ” 

When the couise of the ship is parallel to the wave crest of the rollers, a 
“ beam sea ” is said to be encountered The circular orbit of the Bankme 
roller is then drawn out into a helix in the motion relative to the ship And 
this motion is added vcctonally to the relative motion for a coarse perpen¬ 
dicular to the wave crtsl, when a course is steered at any other angle and 
given velocity In this way the trochoidal motion of Bankme can be 
extended to motion in three dimensions 
Beturmug again to the i oiling waves, and the ciruulai orbit of a particle 
the effect of this cross current is to change the circle into a helix of stationary 
foim advancing in lotation bypassing through itself, os a screw through a 
nut or board, wnth no apparent alteration of the form of the wave surface 
The question arises further, whether it is legitimate to shear the Bankme 
motion in vertical planes parallel to the wave crest In the previous states 
of sheai the water was supposed divided up, by a number of thin vertical 
planes at close intei vals, into compartments in which the motion can exist 
independently of the neighbours on each side, any pressure difference being 
taken up on the separating wall 

In the Bankme theory of the advancing waves, or rollers in the sailor’s 
name, the orbit of a pen tide is a circle But wnth respect to a vessel 
steaming with the waves, the wave motion will be stationary on the side 
relatively to the hull, while the water streams past, in trochoidal stream¬ 
lines The lelative motion is reduced to a state of steady motion with respect 
to an origiu on the vessel, as m a standing wave or swell To an observer 
ashore thq waves appear as tollers 

Tt is easier to examine the continuity and dynamioal conditions in the steady 
motion of the swell, and so, following Bankme, a stream-line LBM is 
considered in fig 1, a trochoid generated by a point B fixed on a oirole, 
centre G, and cuoumferenoe the wave-length L as 2wB, rolling at A on the 
underside of a hon/outal line OA with the wave velocity h, and angular 
velocity (AV)n = l/H = lirkfl. t 

The velocity of B is then a AB perpendicular to AB, and with OB * r, 
FOB ss B, the co-ordinates of B are 

.r m 110+rsind, r =a K-H*oos0, B = nt, H0 m kt, (1) 
and its component velocities 

« as L+wr cos B, w as — «» am 6 (2) 

•Tom FB, and draw the next trochoid tbm a little hrtrer down, produoed by 
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rolling an equal circle, centre r and cb parallel to GB, on a line through a at 
additional depth Aa = (V 



Then, cb crossing AB, NB in d, r, the infinitesimal figure BbedfR is a 
small reduced copy of AB'CBGA, so that be as ed as ef, and bfd is a right 
angle, and bf may be taken as a tangent element of the trochoid through b 
Then 

&e/CB = B«/AC (3) 

and with Be a* Cc * Aa as dc, and ci = r\ be ** i —r‘ se — tfr, 

(r—r')/r = —dr/r s de/ll, (4) 


so that r diminishes in G.P with the depth «• increasing w A P, and in 
accordance with the Exponential Theorem, 

r as He- m , mB as 1 (5) 


The flow across B6 due to the velocity j*», AB perpendicular to AB is 


ft.AB tyaan AB AG Be/A'*»(R»-r*)(<fc/R), (6) 
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the game for all BecUons huoIi am B b , so that the space between the trochoids 
can flow full boro and the condition of continuity is assured 

The arc B 7 = AH , dd for an advance d6 of the pliase angle 6 , so that an 
element of aiea By fib t>etwei*n the two trochoids is 

|B 7 . B/ = AB . By . <16 = (e -Qdcd0 , (7) 

and the area of a half wave-length between the trochoids LBM, Ibm is 

w(R-£)<fc (8) 


This is the aiea of a horizontal stratum ot the same half wave-length 
= wR and of depth dc< h if 

w]Wr 0 = ir/E-£)rf( ( (9) 


— 1 _ ^ _ -| ,—itnr 

,/r ~ K “ 


( 10 ) 


•a = c+l E«*- s “ = '+(>'12 K). (11) 

and to—< = r*/2R in the use xu height of the central line through C of the 
trochoid LBM ovei the height when the stream LBM is flattened into a 
horizontal line m still water The sea “rises” above its former mean level 
by this amount at the surface 

Thus c 0 —e may be taken as the nse on the side of the mean watei line 
of a vessel, several wave-lengths long, moored in the current of these stand¬ 
ing troohoidal waves And the flow between any two trochoid stream-lines 
.1 finite distance apart is k times the depth of the stratum when at rest 
The curve B b prolonged is shown m Fronde’s figure of Bankine's memoir, 
and is identified, by the property of the constancy of the subtangent OF, as a 
logarithmic curve, referred to oblique axes, one vertioal, the other inclined 
at the angle 6. This may be called the curve of a bulrush, waving in 
the water The curve is recognised also m the trajectory of a sphere 
in still water or air when the resistance vanes as the velocity, and then C 
descends with the terminal velocity k, and CB as Be~ M 
In accordance with roulette theory, the oirole of inflexions of the trochoid 
is on the diameter AC, and the radius of curvature, 

P * AB*/BZ, 2 *fgp m BZ/AO, with y/«* as AC, (12) 

implying k? = gR = gLj2ir, 

' («*/w) + oos yfr = BZ/AC + AZ/AC = AB/AC. (18) 

Then if dp is the increase of pressure along B/ to the next trochoid 

dp/B/ sa force along B/ m w , AB/AC, (14) 
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the some ap m the circular orbit of the roller wave, with stationary centre 0, 



dr sb dco. 


(ir») 


so tliat tin 1 pleasure gradient and the pressure are the same as in still water 
We aie using Rankine’s gravitation unite here of the engineer, in the 
F.P S system (foot-pound-seoond) pressure p is measured in lb/ft', density w 
m lb/ft* 

Take A' the inverse point of A m the citcle BC, and draw HK horizontal, 
biseoting AA' at right angles With BD = 2BK, the triangles ABC, BA'C, 
ADB, are similar 


AC/AB = OB/A'B = AB/BD, AB* = AC.BD = 2 AC BK, (16) 
(f = »* AB* = «y AB*/AC = 2<f BK, (17) 

so that the particle B moves along the tiochoid as if on a smooth switchback 
railway, with velocity due to the level of HK. 

hi the liquid stream between LBM and Ibm, the thickness is inversely as 
the velocity, ft AB 

If II is the pressure at B of the particle, of weight W, 


R/W sb cos t-f/gp = AZ/AC-BZ/AC = AB/AO, 
so that the pressure per unit length of the stream 

dp = R/IVy = W/B7(AB/AC) a* w B/(AB/AC), 




(1H> 

( 19 ) 

( 20 ) 


as before 

The liquid particles are crowded together, and bunoh up, hke traffic on 
the road, near L, where the speed is small, and then tail out towards M as 
the speed increases. 

Treating B/S as a horizontal step dx from B to the next trochoid at 0, the 
difference of pressure at B and 0 is 

tip m w do0 = 1/7 AB B//AC, (21) 

tlx = H0 = B//sm ifr, (22) 


dp m ABsm^r _ AN 
wdx AC ~ AC 


£ 

R 


sm 8 ss e~ me gin0 


(23) 


With thin oompartments of breadth iy, sheared at angle S, tan 8 = dx/dy, 
end dp the pressure difference on the sides of a wall, 

dpjvdy ss dp I wdx . tan/9 * «~" a sin dtanS, (24) 

Requiring the introduction of a field of faroe of this intensity perpendicular to 
the wall. 
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The Echelon waves cannot exist, then, with the wave fiont slewed through 
this angle S without the miioduction of this horizontal field of force 
perpendicular to the vertical plane of the circular orbits or trochoidal stream¬ 
lines. So also a vertical slieai of the compartments would require an 
additional field of 

Y = [1 +(r/R) cos 6] tan S (25) 

But if the walls of the compartments lean ovei at an angle « with the 
vertical, the trochoidal stream-lines dan still remain comparable with each 
other in the steady motion of the standing wave, and in the rollers the 
circular orbits are inclined at a to the vertical. 

This motion can persist when the walls are removed, without a need of an 
additional field of force, provided g is replaced by g cos a 

In the associated state of wave motion of small displacement, the 
velocity function <f> is changed from 

0 = Ac m 'cos(wx+HO. to Ac* cos (mt+ nf), (26) 
with wave crest perpendicular to a wall sloping at angle at, and with circular 
orbitB parallel to the wall 

So it is worth while examining if it is possible to cut down the original 
free surface of the Tiankine wave motion between the slanting walls, to a 
mean slope such that it can still remain a surface of constant pressure, 
without interfering with the continuity of the pressure in the interior 
Cousidei the liquid motion between two vertical walls parallel to the 
wave crest of the standing trochoidal waves in steady streaming motion, and 
the troohoidal path of a water particle when a horizontal field of gravity, 
g tan «, is introduced perpendicular to the walls in addition to the vertical 
field g, which we assume will not interfere with the motion 
Cover the free surface with a fixed cylinder moulded to the surface of the 
i unniug water in stationary waves, capable of taking a variation of pressure 
The liquid motion is altered by the new field, g tan «, and continuity 
will be preserved, but a surface of equal pressure will change in the 
interior of the water, and if a new surfaoe of equal pressure is composed of 
troohoidal Btream-lmes, the water above it may be removed, and a new state 
of motion is obtained m a field of gravity g sec at, and the plane of a troohoidal 
path is inclined at an angle at with the resultant gravity 
Suppose, then, the original g is reduced to g cos at, and a new field g on • 
is introduced perpendicular to the walls, this is equivalent to a field g at an 
angle « With the walls and Bernoulli's equation in (40) changes with absolute 
units into 

£ —^icosa+^ysin* +*2**?H, 


(27) 
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where H is constant Along a stream-line, 

£-yccos*— £f«cofi*ooB0+f/yAm* + }»*(R s +2Rrco80+r*) a= H (28) 

P 


Then p is constant along the stream-line, if n 9 R = q cos a, and then 


ysin «—ccosa-t-J^cosa *= a constant 
“ It 


(29) 


along the profile of a vertical flection parallel to the wave crest and perpen¬ 
dicular to the walls, a line connecting points of equal pressure 
A surface of equal pressure is built up of these profiles, and since 
r — K r~ me , mR si, to natosfy the continuity, the profile is tlie exponential 
curve 

>/ t-an «—«-+,] R<~ ' imr = a constant, (30) 

having an asymptote ]iaiallel to y ten * — c, the new horizontal 

Thus the water may bo drawn off above one of these surfaces of equal 
pressure, and, by tilting the walls to an angle a with the vertical, the new 
field of g may be mode vertical A new system of stationary troehoidal waves 
is then realised in which the plane ot a troehoidal stream-line (01 of the otrculai 
orbit of the rollers) is parallel to the doping walls, the wave amplitude 
dying out in G P as it recedes from the upper side of the sloping wall 
The waves diminish in height towards the under side of a Bioping wall,and 
so illustrate the form of a wave under the sloping bow of a steamer 
These new stationary troehoidal waves may lie changed into moving rollers 
by reversing the general stream ot the water in the steady motion, and then 
the velooity of advance will lie 

k’ = h\/{ eosa) = y/(yR cos «) = a/(£H < 3l > 

The curve on the wall or sloping slioie of the surface of the water will be 
a trochoid, stationary, or advancing with velocity V, the wave 'crests teach¬ 
ing out to the offing at sea with diminishing amplitude, mid tending to the 
small motion considered previously in (26) of waves along a doping beach. 

The analytical expression of the Rankine moving wave or roller may be 
stated and generalised, in the Lsgrangian form, with Ge m the surface 
perpendicular to the wave crest, and 0* vertically downward, 

a * d+nantf, xatc+aam8, $ as ma+nt, (32) 

where r, * are supposed functions of the depth c, determined from the 
condition of the aquation of continuity. Afterwards the pressure equation 
can he investigated, and the condition for a free surface, if possible 
tor« xoiv.— A. 


u 
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Then hy differentiation 

/hrfrlti = 1 +m/i con 0, <h/d(i = — ms Bin 0, (33) 

ilr/ilc = (dr/de )*nn 6 dxfdc = ] +(de/di)ciK0, (34) 

*/ . fer) — (] + W) / cos 0)( 1 +^c*oh 0)+mg < ~mji s 0 

(/ (n,i ) \ dr / dt 

= l-t (m + ^)cos# + 7»» ^ cctf^0+mi>~ ran 3 0, (36) 
' dr/ dr dr 

and this must be independent of 0 for Lagrange's equation of oontmuity to be 
satisfied Thus 

rdsfdc ss xdrfdc, \fi di fdi — l/,v ilsfdc = 0, //s = r, a constant, (30) 


mi +dsfd< = 0, 1/s rfs/rfc = —mi, a = Rf(37) 

and the particle orbit is an ellipse 
In the associated steady motion swell 

u = U + nr cos 6, v> = —m sin 8, $ = ma, (38) 

. (f ss id+u? as U a +2Unrcos0+»*(? J, co8*^+a*sin*0) (39) 

and m Bernoulli’s equation and a gravity field 

H ■= pl-w—t+rfl'lq .(40) 


is constant along a stream-line Here all the terms are of the dimensions of 
a length. 

But this condition cannot be satisfied unless i ss a, ess 1, and the orbit of 
(he roller a circle, and we arrive at the Bankine motion, and then 

II ssp/w-c-r cos0 + U*/2gr+U«r/// oos 0+ nV/2y, (41) 
is constant along a stream-line, if 

Vn = q, n ss Vm, U* m gm m gLf2ir (42) 

Otherwise, if r and s are unequal, an additional field of force must be 
introduced to make a free surface possible 

Uedncing Rankine’s wave to a stationary wave by a combination with a 
reflected wave 

< as ff+rsin Wrtcosnt, x = e+rcoaffwoosni, dr/dr ss—nr (43) 
and a liquid particle oscillates in a straight line; but 

d(scp)fd(afe) ss 1—mMoos *nt, (44) 

and the equation of continuity is not satisfied; so it is useless to p r o c e e d 
further, unless r* is treated as negligible. 
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So also, if we tried to generalise the equations of wave motion of small 
displacement in shallow water of depth h, with 

r ss a + Aoh w/(/f — r)mi(nui + «f), z = <•+Bsh wi (/i —r)cos (ma + nt), (46) 
0 

the equation of continuity cannot be satisfied, unless we suppose A =B, and 
AB insensible, and then we arrive at the ordinary theory for waves of small 
displacement m shallow watei, and exact equations cannot be maintained 
In the usual theory of hydrodynamics of the straight crested wave of small 
displacement in a canal, wheie the velocity function — Peos(wM*+«<) and 
P is a function of i/ and z, satisfying the condition of continuity 

(^P/rfy^+^P/rf* 3 ) = w»l>, (46) 

and the conditions at the boundary The lines of flow aic given by 

dx/V dy/Q — di /R, P, Q, R = d<f> / (b, il«f)/dy, dtf>/dz, (47) 

and if two solutions can be obtained of these differential equations, m the form 
» = «,!> = b, then F(w, r) — 0 will give a bounding surface which can hold 
the motion, and this is the solution of the partial differential equation 

P(«ft/<fc)+Q(*/J!r)-B (48) 

Any of the solutions obtained hitheito m hydrodynamics for wave motion 
can be sheared continuously m a vertical plane perpendicular to the straight 
wave crest at an angle S, constant or variable, and the wave crest may be 
made to take any curve, and the shape of the containing vessel may he 
determined to hold the new motion 

But if continuity in the pressure is to be preserved, a field of horizontal 
force must be introduced 


way wax 

and in the pressure equation, in gravitation units, 




w 


constant, 


so that in the shear, with * unaltered, 


1 dg _ <P<b _ mn . 

wdx </dxdt 


(49) 

(60) 

(51) 


Curl of a Vetter and Molecular Rotation, Circulation, and Rotation, 

Interpreted m uniplanar motion and a vector veloeity q, with components 
u, v, the circulation is defined as the line integral of the tangential component 
of the velocity , divided by twice the area, this is oalled the curl or rotation, 
by analogy with a rigid body, and of a liquid moving bodily as if solid. 
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Thus if l, m denote the direction cosines of the ontward drawn normal of a 
closed ourve l — dyjda, m — —d> /da, and the circulation 

(' s= mv)d» (52) 

while twice the area 

2 A = f(/x-v ( 3 . 1 ) 
Diaw the line NP 1 P 9 P 3 P* m fig 2 parnllel to Or, onteung the closed 



ourve at Pi, Pi, 

. and leaving it at Pa, P*, 

. , then 



h da = — vdy at entrj, 

+ rdy at exit, 





<64) 

and similarly 

mv da as dx dy , 

(55) 

so that 


A « JJ drdy 

(56) 


For a small circuit of an area element dxdy, enclosing a point P, the 
rotation liecomes 

^(dvfdx—d«/dy) (67) 

For a hodily rotation about 0, with A V 0 , v = «a', v m —my, 

C a* m J (lx—my) da m 2mA (58) 

Consider the circulation in the trochoidal motion round the element of area 
Hlfty in fig 1 
The circulation over B 7 m 

n AB hy = n AB* m *(&*—-2Brcosfi4-r*)«W (SB) 1 
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and the counter circulation over 6/8 is 

tt (E*—2 Hr' coh 6 + 1 ' 3 ) ilB, 

the difference being 

' —2 aR (/’’->') coh ddB+nf^—i'^dd, 

= — 2nr 0080 dcdff +«(/•+?•') dcdO, 

= — 2 nrd (hiii d)dc+v (■> 4- /) <19 

Tlio counter cudilation over b\\ is 

n AY bM = n All bf m n AH OB'. Hr/AO, 
= 2 n A A HIV dc/U = 2n A ABF de/ii 
= 2nliran0ilr/li = 2 m am Ode, 
and the circulation ovei ill and fty ih 

2lli d (sill 0) dr 

Thus the total circulation round By fib ih 

»(; + r>/R dcdO 

Dividing hy twice the arcn, the lotation 

_ (r + r')i /li dcd6 _ a(r+ /') r nr* 

W 2(K )dcd$ 2(R J —i J ) R»-r* 


(60) 


(bl) 


(«i) 

(62) 

(64) 

(65) 


•Such liquid inoloculur rotation could not have been sot up iroin rest in a 
perfect fluid under the action of natuial forces and the piestmrc of the 
surrounding liquid, on the principle of uomahty. A oyknducal or spherical 
dement of the liquid for instance, if solidified, oould not ucquirc a rotation, 
or lose it As stated hy Aristotle m ‘ Dc Ocelo,' tara hi KiyiyrUbv 4) atfnupa 
hut to n»f&hf e^etv opyacov irpbf n)v tdvtftnv 


tSL JWm—A. 


X 
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Revolving Fluid in the Atmosphere. 

By John Aitken, FES 

(.Received December 14, 1917) 

lu the ‘ Proceedings’ of tins Society (Series A, vol 94, No A 656, November, 
1917), time appeals a papoi undet the above title by Sir Napior Shaw In 
that paper reference is made to my experiments on cyclonic motion As no 
objections are offered to any of the points raised by me, there does not seem 
to be any necessity for my making a reply, unless it be that, having used the 
language of cyclonic and anticyclonic circulation, I am called upon to 
support that theory, or to acknowledge that Sir Napier Shaw's holds the field 

Before accepting this new theory, one uaturally enquires as to the foundations 
on which it is built, but first we had better to try to understand why the 
wi itei of the paper is dissatisfied with the cyclonic theory He tells us that 
we have not been interpreting correctly the charts of winds and isobars 
formerly issued b> the Meteorological Office, aud says that, “ if the motion 
of the air m a cyclone hod really been motion of a revolving fluid sym¬ 
metrical with regard to a veitieal axis it would not have appeared m enculai 
form on the map consequently the appearance of uniform and sym¬ 
metrical instantaneous motion in a cyclone is in itself proof that we have 
not m thut case symmetrical motion about a centre of a mass which travels 
ob a whole ” 

Having thus stated that the charts of isobars and winds are frauds, as they 
are not what they seem to be, he proceeds to discuss what the winds and 
isobars ought to be in an area over which a cyclone is passing. For this 
purpose he selects conditions which are only to be found in tbe very small 
disturbances known as secondary cyclones, and at p 41 he gives a senes of 
figures showing what he thinks the winds ought to be when a oyolone is 
stationary, and when it is travelling at different relatn e velocities. 

Let us now consider m detail those figures which we are told represent 
what tbe wmds ought to lie m moving cyclones The problem here illustrated 
is, with slight variations, the old one of the motion in the wheel of a carriage 
while moving along a road Some people have difficulty m seeing that the 
wheel is rotating m the way it rotates when the axle ib raised and the wheel 
is free to revolve The fact that the part of the wheel touching tbe ground 
has no motion seems to confuse our ideas, and some call it a rolling 
movement and not a true revolving one. To help to clear our ideas we can 
imagine the following experiment Mount in the carnage, cm a vertical axis, 
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another wheel of the same diametei as the one resting on the ground, and 
gear the two to revolve in the some direction and at the same speed Sitting 
in the carriage while it is in motion, we shall see that the horizontal wheel is 
spuming round all right, and that its centrifugal force is equal all round 
It has no “dead point" like the wheel on the road If we now steer the 
carnage to the side of the Toad where there is a wall we shall find that the 
part of the horizontal wheel next the wall has no motion relatively to it 
It is as “ dead*' ut that point as the part of the other wheel touching the ground 
It is easy to see, however, that the seeming deadness here is due to the back¬ 
ward motion of the run of the wheel being just equal to the forward move¬ 
ment of the carnage 

The rnovenicnlH ui the cyclone illuBtiated b) the figuies reierred to are ot 
the same kind It m the movement oi the an in the cyclone relatively to 
the earth which is shown by the lines drawn through tlie circles, that js, of 
the winds in t) clones when ntationon, and when moving at different velo¬ 
cities We might say that the c}clone lolled its way through the air At 
some point to the left oi the con tie where the circular motion is equal to the 
translational one, there will be no wind, and the cyclone will, so to speak, 
roll along a line at that distance from the centra of its tiack In the figures 
leferred to this “ dead " or calm patt will be al>ove the centre of tho circle 
representing the cyclone m tig 2, and m fig 4 it w ill be at the very top of 
the circle 

At p 44 of the papoi, the writer, after discussing the meaning ot tho lines 
in the four figures, su>s “ Let us, therefore, now regard figs 2 and 4 as 
diagrams of isobars of that part of a map which contains a moss of revolving 
fluid earned along ui a main current ” I feel quite unable to accept this 
conclusion 'iliese lines represent the paths of the an relatively to the earth 
Now, the centrifugal force which produces the isobars is determined by the 
rotation of the air relatively to the axis We cannot help coming to the 
conclusion, therefore, that the isobars will be circular as m fig 1, where there 
is no translation, and remain circular while travelling The centrifugal 
conditions in a honsontally spinning wheel such as in the imaginary carriage 
previously dosenhed do not change when the carnage is put m motion, and 
one would expect that the isohaix represented m fig 1 would continue while 
it was travelling 

The conditions selected m the paper foi illustration of a moving mass of 
revolving fluid are very exceptional, and are only found in secondary cyclones, 
in which the revolving mass of air is formed in a body of air all travelling in 
the same direction , while xu ordinary cyclones the air blows from different 
directions on opposite aides, the result being that the latter do not travel at 

x 2 
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anything like the Hpoed of the fomor, but only at about one-third toona 
lialf of it, ho that fign. 2, 3 and 4, p 41, give us no information on to wbat the 
winds nhould bo in ordinary cyclones, os theBe travel, not in agenentl current, 
but, as lias lieeu shown,* in the direction of the strougeHt winds entering them, 
and henco the vagaries in their wanderings. Though they generally get the 
strongest winds on their soutlieily side and move eastwards, yet they sometimes 
get them on other sides, and they niaj slow down or stop when the winds from 
nil duoctions lieconio nearl> equal, or go back on their track, if the strongest 
winds aie on the noitii side Hccondanes, on the contrary, have to travel in 
the main rurrent, and, though they may disappear, they cannot retrace their 
steps, (n ordinary cj clones, therefore, we have to deal with totally different 
and much more complicated conditions, but I think it will be found that the 
winds and lsolturs in the weather charts really represent what they look like. 

We will now confine om attention to these ordinary cyclones, which the 
wntei of the paper says are evidently not revolving masses of air, since thoir 
winds do not blow in the paths they ought to follow if the revolution is 
accompanied by translation I suppose it was necessary to make some 
assumption tor the purpose of woiking out the mathematics of the subjeot, 
but it was hard on the cyclonic theory to treat the cyclone as an eddy, with a 
closed lower end If that had been its structure, then there would have been 
some justification foi saying that if the winds were circular it was evident 
that then motion was not a combination of rotational and translational 
motions. Now, according to the cyclonic theory the cyclone is not simply an 
eddy in which the an' moves m oircnlai paths, but j» a system m constant 
fiux; fresh air is flowing into it all round. But this ntoonung air does 
not belong to the cyclone, and does not possess the same motion as 
the air m the cyclone. It is new matter coming m which will ultimately 
take up cyclonic motion, but while approaching the centre cannot be 
considuied to have true cyclonic and translational motion As the 
isobars m the weather charts are the result of observation, T presume 
we may treat them ns facts Such being the case, are not the winds in 
cyclones just those which wo would expect under the conditions represented 
by them ? A travelling oyclono will pick up its air in very much the «»* 
way as it does when it is stationary That it does so wo can see by observing 
what ib taking place m small artificial oyolonee and in eddies in water. In 
these we can see that the lines of inflow at the bottom axe alike when they 
are stationary and when travelling. If the cyclone were a dosed system. It 
would, m pushing its way through the atmosphere, cause the stream-lines of 


* ‘ Phil Trans. Hoy Soc., EdinV roL 40, Part I (No. 7). 
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the surrounding air to be quite different from what they are If we axe to 
find winds whose direction of motion relatively to the earth is a compound 
of their rotational and translational velocities, then we must look for them 
at higher elevations, where the air has acquired a true cydtome motion 
If the above explanation be correct, then some evidence might be obtained 
from cloud observations. The path of a cloud moving under these con- 
ditions, as seen from the earth, is a curtate cycloid similar to that Bhown 
bore in fig 1 In this curve the late of advanoe of the oentre is two-thirds 
the velocity of revolution The arrow-heads in the line of advance of the 
centre of revolution, and on the cun ed hues, show the direction of motion 
The distances between the black dots ou the lines give the relative velocities 
at the different parts This curved line would represent the track of the 
sliadow of a cloud on the earth under a vertical sun it should be noted that 
this curve given the successive motions of the air in a cyclone, while the 
curves and arrows m the figures in the paper referred to give the instantaneous 
conditions An examination of fig 1, here given, shows that the clouds on 
the nght-hand side of the cyclone will travel quickly and ohange their 
direction slowly, while those on tho left-hand side will travel slowlv and 
move m more curved paths 



Wjule on this subject, it may lie pointed out that, if we take an ordinaly 
spiral spring 4nd place it veitieally, it gives a fair illustration of the oireulai 
and upward movements of the nil iu a stationary cyclone, and, if we distort 
this spring by drawing the top end to one side m a direction at right angles 
to its length, we get a senes of omves similar to those drawn in fig 1 
Fig 2 is from a photograph of a piece of brasR wile, which was first wound 
round a eylmdet to make it spiral, and its two ends then simply drawn apart 
] do not know if there is any obscivational evidenoe of a quicker and more 
uniform direction of the clouds over the right-hand side of a cyclone than 
over the left, but it appears to me that the writer of the paper must look to 
the direction of motion in the higher winds for evidence of the combined 
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oirnular and UanHlutionui movements, and not to the winds at the surface of 
the earth We cannot expect, however, to find a close resemblance between 
the motion of clouds and paths such as are shown in tig 1, beo&uae a cyclone 
is not a closed eddy, and, as there ih on intake of air at the bottom, so there 
must be an outflow somewhere, and this will affect the motion of the clouds 



The wntoi of the paper lias selected a small secondary cyclone for his 
illustration, and, as these oyclones move in a uniform general current, seems 
to keep to this idea foi all cyclones, because fuither on lie objects to Egnell's 
law, that the velocities of the air at any height aro inversely proportional to 
the densities of the an at those heights He ridicules this statement, and 
gives figures to show that, if it is true, the top of a column of revolving 
fluid 10 kilom lugh would be 2000 miles away from its foot after a day 
Let us turn to nature We do not find auy such supposed uppei current 
The clouds m the upper currents move m very much the same directions as 
the lowei winds, though veering a little in advance in veering winds There 
is no evidence of a general cunent sweeping across the cyclonic area, 
therefore there is no chanoe of then tops being swept away 

I think it will be admitted that it is unfair to the theory of cyclonic 
circulation to perpetuate the commonly received statement—repeated m the 
paper refeired to—that small revolving storms, such as the eddy of dry 
leaves, the “dust-devil” waterspouts, whirlwinds, and tropical revolving 
storms, all have then analogue m the vortex-ring They bear a likeness to 
it, but they are fundamentally different The vortex-nug is a closed system, 
in which the same ait keeps circling Its rotation and its travel through the 
air aro deuved from the impetus it receives in the smoke-box, but it is a 
dying system from the moment of its birth, whereas eddies and small 
revolving storms are open systems, and oan lie fed and grow. The sir 
composing them is constantly changing, and then travel is determined by 
the motion of the air entering them They are only partially olosed «t the 
bottom, where the air enters, because the air there has a less velocity, 
owing to its fnetton on the surtaoe of the earth, and they toe partially 
closed at the top by the ascent of the lighter air, and by the change of the 
velocity of the outflowing sir So far as can be seen, they do not require 
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the elaborate capping suggested by the writer of the paper It seems very 
strange that this erroneous idea of cyclones and eddies being dosed systems 
should have persisted, because we are constantly seeing in our everyday 
experience evidences of the indraught at the bottom One cannot even stir 
one's tea without demonstrating this. Tea-leaves are heavier than water, 
and, if they were rotating at the same velocity as the tea higher up, would, 
by their centrifugal force, be driven to the circumference of the cup. But 
we alwayB find them at the centre of it, because the tea and the leaves, by 
their friction on the bottom, have part of their velocity destroyed, their 
centrifugal force is therefore less than the tea higher up, with the result 
that the tea and the leaves on the bottom are drawn by the bottom current 
entering the centre of revolution Rivers would also Beem to do some of 
their excavating by means of thoir eddies, as these draw m solid matter at 
the bottom, and transport and mix it with tho higher watei, so assisting the 
stream to carry it away 

I shall now return to the somewhat exceptional conditions represented by 
the charts of isobars and winds selected by the writer of the paper to 
illustrate his ideas of a revolving fluid m the atmosphere, as Bhown in his 
fig. 5. Most of us will admit it is a cyclone, hut it is a very different one 
from the ordinary oyclone It is formed m a current all flowing in the same 
direction on both sides of its centie, and uot, as usual, surrounded by winds 
from different directions The extreme violence of the winds accompanying 
the passage of this cyclone was due to the great velocity of translation of the 
centre, so that on the south side of the cyclone the lotational velocity was 
added % to the translational It is proliable that the calmest area m the 
oyclone represented w fig. 5 was on the northern side of the oentre, where 
the circular motion was equal and opposite to the translation velocity, and 
not near the oentre as ui ordinary cyclones 

Again, it may be noted that the speed of translation of this cyclone was 
quite extraordinary, being two or three times that of an ordinary one. This 
selected example of oyolome motion lepresents conditions only to be found 
in secondaries, and helps but little iu explaining ordinary cyclones., 

I should like to make a few remarks ou these small secondary and violent 
storms. Their ongin seems to be' somewhat obscure What has disturbed 
the even flow of the main current and caused the eddy ? There seems to be 
a possibility that rain may be the cause, not the well-known liberation of 
heat due to the condensation of water vapour, but purely its mechanical 
action, {nag ago, when making observations on the dust particles m the air 
of Baris—where I was kindly given permission by M Eiffel to use his tower 
for this purpose, long before it was opened to the public—while observing at 
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the top of tho tower, the number of particles was found to vary greatly, as 
might be expected at so great an elevation over a highly polluted area. The 
highest number observed was over 100,000 per cubie centimetre, frequently 
it was half that number, or even less But about mid-day a cloud came up, 
and it began to rain After a short time, the number fell to 226 per eufaie 
centimetre, which is just about the figure for pure air anywhere on the 
Continent This change in the number had evidently been brought abont by 
the ram, not by its washing out the dust, as that is a slow process, but by the 
mechanical uction of the falling drops, which by their friction had caused a 
dowmvaid component m the wind, which brought tho purer air of a greater 
elevation down to the top of the tower The effect of this downward current 
of the upper air, induoed by the drag of the ram, can frequently be semi at 
low levels On the approach of ram, especially if it be heavy, a obange in 
the wind can be frequently observed, the wind in front being accelerated, 
that behind retarded, while the direction of the winds on the sides is (dunged. 
This downward current will obviously gi\e rise to a want of uniformity in 
the moss of moving air, and it seems possible that it may form an obstruction 
to it, and so give nse to an eddy. 

Looking for experimental illustration of this idea, I took a large circular 
flat-bottomed vessel and filled it with water in whioh a little line sawdust 
was mixed to show its movements After putting the water in circular 
motion, and allowing it time to settle into steady flow so as to provide a 
steady stream of water, a small quantity of sand—to act like ram on the 
air—was allowed to fall into the water, and while pouring it out the hand 
was kept as nearly as possible following the current, so as to cause the sand 
to fall into the same part of the moving water. When this was done a 
quite well formed eddy or cyclone was observed, which travelled round m 
the vessel at the distance from the centre at which the sand was dropped 
in It was, in miniature, like a secondary cyclone moving in the current of 
the large cyclone revolving in the vessel Only a small quantity of sand is 
required to produce this result, 1 or 2 grm being sufficient 

The writer of the paper referred to, when describing the conditions la the 
small secondary cyolone shown ui his chart, fig. 5, states that there had 
been heavy mm m the lino of the cyolone before it reached the place marked 
in the chart He also gives in fig. 7 the isobars surrounding another small 
cyclone—so small that it hod no effect on the isobars of the main cyclone. 
The diameter of the area of damage was only 150 to 800 yards. The baro¬ 
meter was hardly affected at a distance of two or three miles, though elese to 
the centre of the track the barometer made a sadden fall and recovery of 
10 mb, which took plaoe in less than a minute This,destructive storm wm 
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evidently a secondary, and was formed in conditions similar to those of the 
one above "referred to. The weekly weather reports of the Meteorological 
Office do not give sufficient detailed information as to the rainfall aoeom- 
panying this storm but an Mr Billett, in his memoir of the storm, quoted in 
the paper referred to, states that on the day of the storm “ a severe thunder¬ 
storm swept the West of England and Wales from ‘south of Devon to 
Cheshire and developed locally into a tornado of exceptional violence," 
the presumption is that, as there lmd been thnnder, there had also been 
rain along the patli of this cyclone * It would not be advisable, howevei, to 
draw the conclusion that the lumfall was the primary cause of these two 
secondary cyclones, without fmthei inhumation as to sinulni cases, and 
clearer ideas as to the details of how the changes produced by the rainfall 
current cause the cyclone 

Sir Napier Shaw, m comparing ordinary eyoloues, in which the height is 
only a fraction of then diametei, wuth small cj clones amt tornadoes, in which 
tlie height is a number of times their diameter, likens thorn to “ a penny and 
a pin" This simile, like most others that at oneo catch the imagination, 
very much overdoes the com)tariBon It we are to eomparc the two forms 
of motion to a penny and a pm, we should wmowher that we mnst either 
thicken the penny to the length of the pin, 01 we must out down the pin 
to a length of a little over 1 mm to make it equal to the thickness of the 
penny; the oontrast is now truer, though not so striking 

I should like to say a few words about the revolving fluid referred to ui 
the last paiagraph of p 36 of the paper The writei says this was not u 
cyclonic depression snob as those evpononoed in the British Isles He tells 
us it was first identified on August‘3, 1 HOI, m the mid-Atlantic He says 
it was “ a tropical revolving storm, an acknowledged eddy ” it first 
journeyed westwards to the roast of Florida, then turned eastwards ovei the 
Quit Stream ns an intense eyoloiuc depression, and continued to move east¬ 
wards, to the English Channel, ultimately losing itself over the Mediter¬ 
ranean on September 9 This revolving storm, wo are told, began os on eddy— 
or pin, to use the writer's simile—and developed into a penny Now, if the 

* F*brw*ry t 191B Shoe the above wax written 1 have, owing to the kindness of 
Sir Kapur Shaw, read Mr Billett's report on the above atom, and find that about 4 pm 
heavy rain fell in Devonshire in the line of the track of the storm. One observer neat 
Banter wrote “I do not think I tier saw each rain out of the tuques” Anothei, 
writing from near mid-Devon, says, “ At 4A r.u a peifect deluge of rain fell ’ 

M This storm only lasted 10 minutes.* Thu seems to have been the site and origin of the 
tornado which moved northwards through Wales lorn than two hours later. Both the 
heaviness of the rainfall, and Its local distribution, were favourable for the formation of 
eddy or tornado motion in the wanner above soggeeted.—J A , 
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pm and the penti) forma of ivvolviug fluids were two quite dnrtmct kinds 
of motion, would it be jiossiblc for the pm to develop into the penny f We 
con liardly suppose that there was sufficient energy m the eddy to enable it 
to expand and to keep it rotating and travelling tor these 36 days while it 
moved from the mid-Atlantic to Florida, and from there eastwards to this 
Mediterranean Does it not seem far more likely that the eddy, when it got 
into the warm moist air as it approached the coast of Florida, wonld, by 
drawing it m soon get fed and grow to the si/e of an ordinary oyolone, 
and that it would keep up its cneigy b) the supplies it received while 
passing ovci (be Gulf Stream on its way to the Cliannel f 
There is anotliei point to which I may refer bearing on the above change 
of “ the pm into the penny,” or eddy mto cyclone, as I think it helps us to 
understand them 1 letter It is the effect of the pressure gradient on Hie 
form of circulation. Tt we make the experiment I have described in a 
previous paper* with an inverted cyolone m watei, giving the water a 
certain rate of rotation, and keeping the level of the outflow only slightly 
under the level of the water in the vessel, so as to give a small “ head ” 
and slow outflow, we shall And, if we watch the lines of outflow in the 
oyclouo m the water approaching the outlet under these conditions, that the 
watei comes fiom a wide area all round the outlet, and slowly curves round, 
the curving beooiuuig quicker as tire outlet is approached. When no previous 
ciroulai motion is given to the water, the lines of flow are radial and come 
from all directions, but with an initial circulai motion and a slow outflow 
the lines of flow are now the radial lines slightly curved, but stall coming 
from a distance all inund When the rate of outflow is increased, however, 
and the gradient deepened, the centrifugal force of the inflowing water pats 
a barrier against this inflow from the sides and causes the inflow to pass 
through the end of the cyclone, and in so doing lengthens the tube of 
lesisting water and causes it to grow till it reaches the bottom of the vessel, 
the cyclone having now the appearance of a water tube of small diameter By 
raising or lowering the outlet end of the syplion tube we can cause the 
cyolone to expand or "outnot at pleasure—that is, change it from the penny 
to the pin Wo oan deduce the same conclusion fiom the form of the 
cyolone made with a steep gradient, as it can be seen that there is a tendency 
for it to widen at its lower end, owing to the gradient there being less steep 
than at the upper With a slight gradient the lines of flow are well repre¬ 
sented by the balance spring of a watch distorted perpendicularly to its 
plane. while with a steep gradient the circulation is represented by an 
ordinary spiral spring . 

* ‘Roy S<>c. Proa Edm.,’ vol 86, Fwtl ($ 0 .7). 
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The bearmg of these obsei vations on the cyclones ui the atmosphere is verj 
evident With slight giadients the cyclones remain large, with wide range 
of indraught and moderate winds Hut if tho barometric gradient becomes 
steep, tlie cyclone draws itself into a smaller area and expends its energy on a 
smaller amount of air, so increasing tho violence of its winds and powers of 
destruction It a mild apjiear tlmt we have m oui latitudes the first fonn, 
while tornadoes and othci violent cyclones belong to the latter type, but 
then* is no essential difference between them The only difference seems to 
lie in effects of the steepness of then baiometno gi adieu tN That these should 
differ is quite what might be expected, as the supplies of driving power air* 
much greater and more concentrated m the ttopios than m the tempera te 
/ones 

In conclusion, let me say that though tins paj*u will appeal to many to be 
written with moie confidence and finality than tho subject admits of, yet I 
am quite conscious that theie are many difficulties in the cycloutc thoory of 
atmospheric circulation and muoe much remains to he revealed regarding 
cyclonic and eddy motion, the solution of these difficulties will prohablj have 
to await the extension of our knowledge in this direction 
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(Received December 19, 1917 ) 

[Huatk 2] 

Many veais ago it was suggested by Hartlov * that the luiut of the solar 
speotimn towards the ultra-\ iob't was attributable to absorption by atmo¬ 
spheric orone, which, as he showed, would give rise to a general absorption 
lieginnuig at about the place where the solar spectrum ends 

In a iccent papei by I’rot. A Fowler and myself,f the evidence for this 
view was vor> much st rengtheued For it was shown that just on the limits 
of extinction the solar spectrum shows a senes of nariow absorption bands 
which an* oveutualh moiged m the general absorption, and these narrow 
bands tuo prooisolv leproduced m the absorption spectrum of ozone For 
rnj own part, I do not feel anj doubt that orotic* in tho atmosphere is the 
effective cause limiting the solai sjiectium 

The work just, oiled naturally led to an investigation of the absorption by 
the atmosphere of ultia-violet light from a distant terrestrial source This 
research, though more than once suggested, does not. seem to have heen 
undertaken before 

Vauons sources of ultm-violot light weie tried m the course of the investi¬ 
gation Burmug magnesium proved inconvenient, lieeauso of the rapidly 
fulling intensity of tho spectrum ui the far ultra-violet A cadmium spark 
was used foi shoit distances up to 1200 yards, and has the advantage of 
showing slioug lines light through and oven much beyond the region of 
stiougest o/ono absorption This would have been the licst source for long¬ 
distance experiments also, if facilities for prodnoing a powerful spark and 
skilled assistance m maintaining it for loug home had been at hand, which 
they were not 1 was compelled to use a source which would work without 
attention, and a quart/ mercury vapour lamp answered this purpose well, 
though its strongest lines an* not of quite such short wave-length as might 
Is* desired 

The source of light (sjwuk or meranj lamp) was placed behind a quarts 
lens of inches diameter, uiruuged to focus it on the distant station. Since 

* ‘J Utuuii 8oc, vol 39, p. Ill (1MU) 
t 4 Ro.v Sue Pr«w,’ A, vol 93, p. 677 (1917) 
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the difference of focus for the visual and extreme ultia-violet regions is very 
marked, a choice must be made between them , and since the furthest ultra¬ 
violet rays aie most weakened by atmospheric scattering, the focus was 
adjusted for them In the case of the cadmium spark, the line 2313 was 
ohosen 

Adjustment was made during day time Tim spuik-gap was fixed at the 
calculated distance from the lens The image of the distant station, as seen 
by daylight, was viewed by means of an eyepiece, and brought on to the 
spark-gap To do this, it was essential temporarily, to stop down the lens to 
a small aperture, as otherwise the focus adjusted for the far ultra-violet was 
too indistinct for tlio visual rays After adjustment, the diaphragm was 
removed, and everything left undistuibed till night had fallen. 

Nearly the same method was used for the mercury lamp Here, owing to 
the large sue of the source, chromatic alienation is of less importance, and it 
suffices to locus foi the visual lays 'The imago of the distant station aanuot, 
however, be well examined with the lamp m place, and it was necessary to 
substitute cross-wires, which were earned ou a MUppoi't like that of the lamp, 
und which could be brought into the sarno position telntivc to tho lens by 
means of stops. 

The mercury lamp woh set up at Wlutelunds, near Hatheld Ppvenl 
Station, Essex, where it could lie supplied by a puvato electee installation 
The longest range obtainable was across the C'lielmer Valley to Tattle 
Baddow, a distance of almost exactly fom miles (fi'45 kilom ) Over most 
of the range the path of the beam was some distance above the ground, and 
out of tho reach of low-lying mists 

A small portablo prismatic cameia was used for photographing the 
spectrum. It was provided with u 60° quurU prism, and a quai t/ lens of 
1 mob aperture and 5 inches focal length A small telescope with cross- 
wires was fixed ut the propel angle on the top of the instrument, to serve as 
a finder. When the distant light was on the cross-wires, the spectrum won 
in focus. The plate holder had oi course to be sloped, to allow for tho 
ohromatio aberration of tho lens, and this made it necessary to recover the 
exact direction of the souroe for whioh the instrument had been adjusted 
originally. 

The camera was designed for broadening the spectrum by slew tilting in 
the Course of the exposure, but this was not found advantageous m practice. 
Broadening in this way means loss of intensity, and is not required for a 
bifght-line spectrum.* The monochromatic images appear as round dots, 
not lines, but this is no particular disadvantage. 

* It w, of coarse, much more necessary fgr dark line stellar spectra 
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The camera was taken each night to the plane of observation and set up 
on a portable tnpod in the open air Dew on the prism was sometimes a 
source of trouble Extra rapid plates were used, and in order to determine 
the limits of transmission, it was necessary to expose till the strong lines ui 
the near ultra-violet were lost in the bhu of over-exposure 
A spectrum of the cadmium spark taken at 3600 feet (1100 metres) showed 
no definite* indication of ozone, the whole spectrum being transmitted to 
\ 201!!, right through the region, uetu X. 2536, where ozone absorption is a 
maximum 

The best of the ineicury lump spectra are reproduced m Plate 2 Referring 
to that plate, No 1 is the s]<eotrum of the lamp at short range, the wave¬ 
lengths of some of the chief lines marked The extreme range evei observed 
in the solai spectrum is also shown by the arrow 
No II is a meicury lamp spectrum, taken with two hours’ exposure, on a 
clear night, at a distance of 4 miles (6 43 kikun.) It will be seen that the 
spectrum extends as far as wave-length 2536 
The length of this sjiectrum cannot be compared directly with the length 
of the solar spectrum, taken near the sea-level, for the equivalent thickness 
of oil traversed m that case would be more than 5 miles, and therefore 
considerably more than the 4 miles range of the expeiiment* We can, 
however, compare it with the photographs of the solar spectrum obtained 
by Simony on the Peak of Tenenffef at an altitude of 3700 metres 
(12,200 feet) 

Now, at this altitude, the atmospheric pressure, reckoned by the usual 
logarithmic formula, would be about 0'644 of its value at, the earth's surface. 
Taking the “height of the homogeneous atmosphere" at 0° C as 26,200 
feet, the equivalent thickness of air at NTP, measured in a vertical 
direction above the mountain, would be 16,900 feet The observations are 
stated to have been made in August, when the sun’s declination cannot have 
been less than 9° north. Assuming the observations to have been made 
ueai noon, as no doubt they would be, the sun’s zenith distance m latitude 
28° north would be not more than 10° For suoh moderate distances from 
the senith, the thickness of air traversed may be taken as inversely pro¬ 
portional to the cosine of the zenith distance This mokes the thickness of 
air traversed not more than 17,900 feet 
This is deoidedly less than the thickness of air through which the 
mercury spectrum was photographed. Reduced to 0° C, the latter was 
about 20,100 feet. 

* The lie of the gtouud did not allow tue to get a longer tange. 
t See Cornu, ‘Oompte* Bendue,’ voJ, ill, p. Ml (18B0) 
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We have, then, the following result* to consider — 


Tluokuea* of air 


Ultrn-violet limit 


l 

i 

i 


i i feet* . 

j Solar fpeetmn from near sea lot el 20 , 000 * 2048 

I Solar epoetrum from Peak of Tenenffe 17,000 1 2022 

1 Mercury lamp spectrum .. 20,100 2580 


* This flguro is a little vug nr, nn tlm dittot for calculating mmitli ilmtauce are not given 


It is evident that the lowei air in fai more trauspaient than tlie upper an 
to ultra-violet rays, if equal masses are considered 
This conclusion ih opposed to that of Cornu * His method was to observe 
neat sea-level the limit of the solar spectrum for vanous zenith distances, 
obtaining in this way an empirical formula connecting the spectrum limit 
with the equivalent tliiokness of average air traversed (reduced to N.T.P) 
He then went up to a high altitude above sea-level, and found that the 
increased length of the spectrum for a given altitude of the sun wasju 
accordance with what was to be expected from his formula, on the assumption 
that the lowet am had the same absorbing power as the average He 
concluded, therefore, that this latter assumption was justified 

Tho results now brought forward, however, cleaily piove that it was not 
justified Cornu's method is not au advantageous one, as groat strain is 
thrown on the aoouracy with winch small variations m the position of the 
spectrum limit are determined This linut is only a moderately definite 
quantity, and however carefully the photographic and instiumental conditions 
may be defined and reproduced, the limit will depend to some extent on the 
amount of atmospheric haze. These considerations may perhaps account for 
what I think must, in any case, be considered an erroneous conclusion, for an 
indirect inference that the lower atmosphere will not transmit rays of short 
wave-length cannot stand against direct experimental proof that it will do so 
I have spoken so far of the loug-distanoc mercury spectrum as not 
extending beyond wave-length 2536. But there is no evidence, nor is it 
probable, that this is a limit in the same sense as the observed end of the 
solar spectrum It is known that the solar spectrum cannot be appreciably 
lengthened by multiplying the exposure many times. But the line 2536 
vm barely visible in a photograph Which was given one hoar’s exposure, 
whereas it comes out dearly with two hours'. Circumstances prevented me 
from trying longer exposures, but there would be no inherent difficulty in 
'exposing for 10 hours on a winter night. Moreover, a mote powerful lamp 

* 'Oomptes Benda*,’ vol 00, p. 040 (1680) 
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might be used With these and other improvements, the spectrum ot the 
lamp might proliably be prolonged to the point where oxygen absorption 
begins to be important 

Aooonhng to the observations of Fabry and Bauson,* the line 2536 u more 
strongly absorbed by ozone than any other in the mercury spectrum. Since 
this radiation gets through, it is evident that tho apparent limit of the 
photographed spectrum is not conditioned in any way by ozone 

Although the ultru-violet spectium is transmitted as far as X 2536, yet 
if we compare the long distance spectrum No 11 with No. Ill takeu at short 
distance, it will be notieed how rapidly the lattei falls off in intensity us 
the wave-length diminishes The exposures were adjusted to give about the 
same intensity in the yellow and green lines in each spectrum 
There is a cause quite distinct from selective absorption by ozone or any 
othm special constituent of the air, whioli will account, at any rate in port, 
foi an eitect ot this kind 1 mean the scattering of light by “ small partioles." 

' These particles are of two kinds—the molecules themselves and the huger 
particles which give rise to atiuospheno ha/e. The action ot the former 
alone would not be enough to explain the observed diminution of intensity 
It can bo shown from established theory Quit the coefficient ot absorption K, 
for light of wave-length X, lias the value 



where ft is the refractive index and N tho number of molecules pei cubic 
centimetre under standard conditions. 

From this we find, for X 2636, 

K = 2-95 x 10-«, 

which gives for the transmission at 6*44 kilorn. (4 miles) the fraction 015. 

A similar calculation carried out for the less refrangible part of the 
spectrum shows that hero the loss by scattering is utmost negligible. 
Judging by the great increase of exposure required to extend the spectrum 
to X 2586, it appears that the transmission for this line cannot be nearly so 
muoh as 0*15, and therefore that scattering by pure air will not account for 
the observed absorption. 

In the lower air, however, suspended partioles, small compared with the 
wave-length, but large compared with the molecules, produce a nine 
important effect than the latter. The amount of this effect is so variable 

* 1 Journal dt> Physique,' Marsh, 1913. 

V Lord Baylwgh, 'Phil Mag., 1 vol 47, p. 373 (1399), «* also Sohustor’s'Optfos,' 
Xad sd, p. 939 (1909). 



Lower Atmosphere, and its Relative Poverty in Ozone 265 

froln day to day that only a general notion of its magnitude can be obtained 
from knowp data. 

The measurements of Abbot and Fowls* on solar radiation for different 
altitudes of the sun at Washington and at Mount Wilson, show that 1 mile 
of air measured vertically from sea-level on average clear days transmits 
0 745 of the radiation of wave-length 3987 This makes the coefficient 
of absorption of such radiation 183 x 10“® cm ”* 

Ignoring changes of refraotmty, and assuming or a Tough approximation 
that the absorption coefficient vanes os \~ 4 , we get for X 2536 the coefficient 
of absorption 1125 x 10~ s cm *',and the transmission of this rav by6*44kilom 
(4 miles) of air would be only 0 0007 

This value, which oau only he considered as giving the roughest idea of 
the true transmission under the aotual weather conditions of my experiment, 
would perhaps more than account for the observed enfeebloment of the line 
2536, even if no ozone were present at all 
Malang use of Fabry and Bmsson's values ( loc at) tar the absorption of 
X 2536 by ozone, we find that this computed reduction of intensity (0*0007), 
actually due to atmospheric scattering, could he produced bj a layer of 
ozone 0 26 mm thick Although it appears from what has been said that 
the experiments afford no positive evidence of any ozone in the lowei 
atmosphere, yet they do enable us to give a maximum estimate of the ozone 
content, though one that may be much in excess of the aotual value 
It is impossible to estimate from the present obsenations how much of the 
enfeebloment of the ultra-violet spectrum is due to ozone, and how much to 
scattering To ‘do this would require very elaborate photometric studies of 
the transmission of the venous wave-lengths, and even so the results would 
probably not be very seoure.f 

Let us suppose, however, for a moment that scattering were put out of 
account. Tf X 2536 were enfeebled by ozone only how raueh ozone oould be 
present? To determine this, spectrum photograplis were taken through 
known thicknesses of the gas. An ozone tube was arranged with quartz 
windows cemented on with sodium silicate, and a sulphuric acid manometer, 
as Bhown (see figure). The quartz windows were 18 mm apart. The* 
ocomsei was filled with oxygen, allowing the gas to wash through, aud to 
bubble out through the aoid below. The pressure was then reduced by 

* ‘ Ann Asti Ob*, at Smithsonian Institution,’ voL 8, p. 118 (1806) 

+ In any owe, nothing oould be attempted in this way without establishing a station 
from which the distant light oould be conveniently observed whenever the weathei was 
suitable, over a long period. I had to be content with a much tees ambitious programme, 
working without assistance during a short summer holiday In the country. 
you X0I7—A 


V 
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alight auction so that tlio acid atood at a convenient level in the tube He 
discharge was passed for a short time ho' as to produce ozone, and when the 

temperatuie had settled down, the level was 
read again m order to estunate the contraction. 

The volume of the whole apparatus was 
measuiod as 12 co Calibration of the narrow 
tube gave its volume as 32 5 c.mm pei centi¬ 
metre of length From these data it may be 
calculated, taking ohange of both pressure and 
volume into account, that 1 cm rise of sulphuric 
ucid level means 0*890 per cent by volume of 
ozone present in the oxygen Hence, in the 
distance of 18 mm between the quarts windows 
each oentimetie nse of the amd level means a 
thickness of /riirr mone (at N.T P) equal to 
0152 mm 

A small metal diaphragm was illuminated by 
the mercury lamp, and the ozone apparatus 
which lias been described was placed in front 
of it The spectrum was photographed by the 
prismatic camera, plaoed about 15 metres off 
The exposure was adjusted so that the yellow 
and green mercury lines, which are not much 
ntteoted by ozone absorption, had the same intensity as m the long distance 
experiments 

Without any ozone the spectrum No. Ill was obtained It will lie observed 
that the line 2536 is lost in the blur of over-exposure 

Spectrum No IV was obtained with a nse of the sulphuric amd equal to. 
0*7cm, hence with 0*11 mm of pure ozone w the absorbing layer The 
whole spectrum is still transmitted, but with considerable enfeeblement m 
the region about 2900 

No V was obtained with a nse of the sulphuno amd equal to 1*8 cm, henoe 
0*27 mm of ozone in the absorbing layer The lute X 2536 w just visible on 
the negative, but will probably not come out in the reproduction It is 
decidedly less intense than in the long distance spectrum No. H. A slight 
increase m the ozone beyond this was found to obliterate X 2586 altogether 

We may conclude then that even if the low intensity of X2586 in the long 
distance spectrum wore wholly due to ozone absorption, it would besooounted 
for by less than 0*27 mm of ozone m 4 miles of axr. 

We have already seen that it is quite probable that on effect equivalent to 
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0*20 uun ozone is really due to atmospheric scattering* The oloso agreement 
of the two figures is, no doubt, largely accidental, but still, allowing for the 
somewhat uncertain deduction to be made for scattering, it cannot be said 
that any undoubted effect remains to be attributed to ozone absorption. In 
any case it is certain that the ozone cannot exceed 0 27 inm 
Now Fabry and Buisson (loc eit ), observing the Bolar intensity at X 3000 for 
various zenith distances, concluded that tlieobaeived effects would lie explained 
if the light of the vertical sun passed through the equivalent of 5 mm. of pure 
ozone, measured at N T P At this rate, for 4 miles of average air at N T P„ 
the ozone would lie equivalent to 4 mui of the pure gas, at least 15 times the 
amount that can be present in 4 miles of air neat sea-level It appears 
dearly, therefore, from companson of optical data only, that the an near the 
ground contains very much less ozone than the average tor the whole 
atmosphere So far as the optical evidence now available goes, thm might 
be attributed to local impoverishment of the air neai ground-level, due for 
instance to the oxidising action on organic matter, oi alternatively it might 
be due to a stratum rich in ozone, on the outer confines of the atmospheie 
A repetition of the mercury lamp experiments at a high altitude on the Alps 
would help to decide between these alternatives 
The same general conclusion as to the relative poverty in ozone of low- 
lying air bss been drawn previously, on the stiength of oheinical deter¬ 
minations of ozone, both by Fabry and Buisson (tor cU ), and by Hayhurst 
and Pring* and also tty Pnngt The chemical lesults of the various 
experimenters are, however, so hopelessly discrepant with one another that 
the purely optioal method seems to afford a much-needed confirmation It 
is wholly free fiom the main difficulty besetting chemical determinations—I 
mean the difficulty of distinguishing between ozone and other chemically 
active substances which mav be present in the an, such as hydrogen peroxide 
and oxides of nitrogen 

Summan/ 

l The lower atmosphere is found to he comparatively transparent to ultra¬ 
violet light. The line X 2536 oan be detected in the spectrum of a mercury 
lamp 4 miles distant 

2. The solai speotrum, even when observed from high altitudes when the 
equivalent thickness of air overhead (reduoed to N.T.P.) is less than 4 miles, 
is limited by atmospheric absorption to X 2922 Air near the ground-level is, 
, therefore, much more transparent to ultra-violet light than the upper air 

* ‘Chera, floe Trans,’ vol 97, p. 668 (1916) 
t ‘Proc Boy floe,* A, vol 90,p 904(1914). 
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l Since the limitation of the aolar spectrum ih almost certainly due to 
ozouo, it followK that there must he much more ozone m the upper air than 
in the lower 

4 Scattering by small particles acts m the same way as ozone to absorb 
ultra-violet radiation from a distant source, and this action makes quantitative 
estimation difficult Even if the observed enfceblement of \2536 were 
entirely due to ozone, 0 27 mm* of pure ozone in 4 miles of air would suffice 
to produce it Taking scattering into account, the quantity is probably much 
less, and there is no evidence from this investigation that any ozone is present 
in the lower air 

DESCRIPTION OF PLATE 

f Kefoumte spcolium of mercury The ui row shows the extreme limit olwsrved foi 
the solar spectrum under the most favourable conditions 
II Sfiectrum of mercury lamp 4 miles distant The greatei port of the spectrum in 
unavoidably lost by over expostu e, m order to bring out the ultraviolet end, 
which extends to X 2530 

til Spectiurn of the same lamp at short distance No ozone interposed This and the 
remaining spec tin uie given an exposure bringing the yellow and green linen 
on the extreme light to the same intensity as the long distance spectrum II 
IV The same, thiough Oil mm thickness of ozone The ultra-violet much enfeebled, 
though less than m II 

V The same, through 0 27 mm thickness of ozone The ultia-violet feebler than in II 
showing that the ozone in 4 miles of air amounts to less than 0187 mm 
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The Photo-dectnc Action of X-Rays. 

By () W Richardson, F R S, Wheatstone Profossui of Physios, 
University ol I ondon, Kind’s College 

(Received December 28, 1917 ) 

The fundamental law of plioto-eleotuc activity states that 

\m> 3 as hv — w, (1) 

where the left-hand side represents tlu* maximum kinetic oiuugy ol the 
liberated elections, h is l'lanck’s constant, v is the frequency ol the exciting 
light, and w is a constant which measures the work necessary foi an electron 
to escape from the substance, and whose value is characteristic of the 
material under consideration The equation (1) was farnt given by Kinstein* 
as a deduction from the view that the energy ol radiation was distributed in 
discrete quanta However, I succeeded! in showing that it followed from 
Planok-’s radiation formula. so that it evidently lias a widei basis than the 
restricted and doubtful hypothesis used by Einstein 

On the experimental side the evidence foi several years was somewhat 
conflicting, but m 1912 1 showed^ as a result of experiments made in 
collaboration with Di. K T ('ompton, that the equation represented tlic 
photo-electnc behaviour in the visible and m the ultra-violet as fai as 
\ me 2 x 10~* cm, foi the metals sodium, aluminium, magnesium, zinc, tin, 
and platinum as accurately as it could lie determined. The experiments 
also showed that the differences in the values of the oonslanta w for different 
ntotals were connected with the conespondmg contact potentials V by tbo 
relation 

IV* — U! m saf (V#— V m ) (2) 

This was oonflnnod both by direot measurement of the energy of the emitted 
electrons, and by determining the thieshold frequencies v m given by the 
obvious relation 

I'm — hv n (3) 

When these experiments weie started 1 thought it improbable that 
equation (1) would turu out to be correct, on account of the very grave 
objections to the form of quantum theory on which it had up to that time 
been based by Einstein After making the experiments I felt that there 

* ‘ Ana d Physik,' vol. 17, p. 140 (1900) 

t ‘Pkys. Rev.,’ vol, 94, p 146 (1811), ‘Phil, Mag.,’ voi 24, p, 070(1912) 
t ‘ Bdenoe,’ voL 30, p 788 (1918) ; * Phil Mag,,' vol 84, p. 070 (1918) 
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was uo reasonable doubt of its entire validity I confess that this view 
has not been shared by all the more recant writers on the subject. How¬ 
ever, as it has been confirmed by the independent experiments of Hughes,* * * * 
and by the veiy careful critical work of Millikan,f who has shown that 
the equation can bo used to determine the value of h with very great 
accurac}, there can at the present time lie no doubt of ita validity 

Iu the X-ray legion the researches of Sadle>,| Beatty ,§ WhiddmgtonJ 
and Moseley,IT taken togothei,** * * §§ liave shown that the maximum energy of 
electrons liberated by X-iays of frequency v is veiy closely represented bj 

It nvo* — kv (4) 

This relation is evidently consistent with (1), since the electrons with 
the maximum velocity will come from the more superficial parts of the 
atom, and for such electrons v> is negligible in comparison with hv in the 
case of X-rays The fact that (4) represents the experimental results with 
sufficient accuraoy cannot, therefore, be considered an argument against 
equation (1) being the complete expression of the facts in this case 
The study of the generation of X-rays by the impact oi electrons of various 
velocities lias shown that equation (4), and in all probability equation (1), 
operates both ways, that is to say, there is an upper limit to the frequency 
of the radiation geueiated by the impact of electrons with energy Jwre* 
which is given by equation (1) This can be deduced from the earlier 
e\]>enments of Kayeff and Whidduigton,£ and has been confirmed by the 
recent very accurate work of Duane and Hunb§§. There is evidence that the 
same condition governs the excitation of ordinary spectral lines by means of 
electron impacts of definite velocity, but in tins case secondary complica¬ 
tions arise which make the phenomena less easy to disentangle. 

The foregoing statements and facts show tliat equation (1) represents*a 
condition possessing a very high degree of generality It evidently embraces 
the whole gamut of the radiation scale m its interaction with every type of 
matter. So fat, it has only been demonstrated as a limiting condition 
That is to say, when mattoi is subjected to the action of ladiatian of 

* ‘Phil Trane,' A, vol. SIS, p. SOS (1012) 

+ 1 Phys. Rev.,’ vol 7, pp. 18,355 <1018) 

: 1 Phil. Mag,' vol 10, p 837 (1010). 

6 ‘Hub Mag.,' vol SO, p 380 (1010). 

|| 1 Roy Boa Proc ,* A, voL 06, pp 860,370 (1918). 

* ‘Phil Ragvol 87, p. 708(1314). 

** Riohantaon, • Electron Theory of Mattel,' Chap XIX 

+t ‘ X-Rays,’ 1014 edition, p 194 

tt ‘Roy Sot Proc,* A, vol. 85,p. *89(1011). 

§§ 'Phye Rev., 3 vol. 0, p. 166(1018). 
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frequency », uo electron ever acquires a total energy, kinetic and 

potential (to), in exoess of hv Ou the other hand, there is nothing in the 
evidence referred to above which can be said to contravene the view that 
equation (1) completely represents the tinnefereuce of energy between 
radiation and the electrons contained in inattei, and that it is not merely 
confined to a statement ot the limiting velocities or frequencies attainable in 
such interchanges The experimental evidence necessarily largely relates to 
solid substances, and, befote an election can escape from such a substance, it 
must, as a rule, lose a grout deal of its energy in atomic encouuteis So far 
as the tesuUs available have been analysed, oi are capable of being analysed, 
they have been found to be consistent with the view that individual energies 
of elections below the limiting salue all arise horn such losses The 
reversibility of the equation likewise suggests tbut it is a tine equation, 
and not an inequality Moreovei, the experiments of C T It. Wilson,* on 
the photography of the tracks of the emitted electrons in gases, indicate that 
for monochromatic radiations they would consist of a limited uumbei of 
definite lengths rather than u series extending fioin zero to an upper limit 
Certain theoretical arguments might lead us to contemplate the occuirenoe 
of energies ooi responding to integral multiples of hv, but the group of facts 
under consideration has atioided no evidence of their existence up to the 
present The evidence so fai considered, and it is diawn from a very wide 
field, points to the absctption and emission of radiation, in so far os tt is 
concomitant with emission or absorption ol elections, that is to say, with 
the transference of energy from the radiant to the material form, as taking 
place primarily m whole quanta, and nothing but whole quanta 
Zn the Bakenan Lecture for 1916 Barkla has adduced data on the electron 
emission especially associated with the emission of the K series of fluorescent 
X-radiations, from which he concludes that the absorption of radiation 
associated with such emissions is not confined to whole quanta, but may 
take place in amounts which vary continuously between one quantum and 
two quanta In fact, on p ‘359, he states “There is no evidence of 
absorption of X-radiation in whole quanta, though the conditions are 
frequently such as to give an approximation to this ” 

There is no doubt, however, that the absoiption and omission of X-rays, 
more especially by heavy atoms, is a complex phenomenon, and it appears 
that the new facts, when considered ontically, so far Iran lending support 
to the view that absorption of X-radiation takes place continuously, and in 
amounts whioh may vary by any fraction of a whole quantum, seem rather 
to he in favour of the contrary hypothesis, 

* • Boy. floe. Proc.,' A, vol. 87 
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Broadly speaking, the method of investigation employed by Barilla is to 
determine the ratio between the energy of the secondary K fluorescent 
radiation und that of the accompanying electronic radiation for a given 
absorption of pumary X-rays of vaiymg frequency v The method adopted 
involves the inclusion of the energies ot tlie soft L, M, etc, radiations m the 
measured electronic radiant energy It v K , v L , v u , ett , are the frequencies 
of the fluoiesoent K, L, M, etc., rays he finds approximately that the energy 
of tlie K fluorescent radiation is to that of the accompanying electronic and 
L, M, etc., fluorescent radiations as hv K h(v+v L +v x + ) Assuming that 

these radiations represent tlie whole of tlie absorbed energy, this is equivalent 
to saying that the energy of the K fluorescent radiation is to the whole 
energy absorbed as hv K - h(v + v w +v h +r M +. ). When v =* v K thore w one 
quantum of E fluorescent radiation omitted and also one electron emitted 
for every two quanta of primary radiation absorbed When v K fv =e zero 
there is, in the limit, one quantum of K fluorescent radiation and also oue 
electron emitted for every quantum of primary absorbed radiation for 
intermediate values of v oue quantum of fluorescent K radiation and one 
electron are emitted os a consequence of the absorption of amounts of 
primary radiation which increase continuously from one to two quanta 
according to the frequency of the primary radiation It is also assumed, 
on grounds winch appear to me insufficient, that the eneigy ot the electronic 
radiation in invariably equal to one quantum hv of the primary radiation 
The demonstration that there is approximately one electron emitted 
for eaoh quantum of K fluorescent radiation emitted rests fundamentally 
on this assumption It has been proved beyond reasonable doubt that 
the maximum energy of the electrons m question is approximately equal 
to hr, and it is not unreasonable to suppose that this magnitude will 
correspond olosely with the actual value of the energy of one group of 
electrons on emission, m accordance with the argument on p 271 On the 
other hand, it is to be anticipated, as will be shown below, on account of the 
complexity of the phenomena of X-ray emission, that m general there will be 
other groups ot electrons for which the maximum energy may in general 
have any value between hv and zero. The experiments hitherto made 
which beai on this point have been directed to the determination ol the 
maximum energy of the whole group of electrons, and would not be 
expected to detect the simultaneous presence of groups having a lets degree 
of maximum energy than that value. If these criticisms are oorreet, 
Barkla's interpretation of his results is open to question, and they cannot 
be held to prove that absorption of X-radiation takes place continuously. 
In any event they could hardly be held to prove the thesis, unless it were ( 
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established that the alternative hypothesis were incapable of accounting 
for them 

Having due legat'd to 0,111 knowledge of X-ray phenomena, let us consider 
what we should expect 011 the assumption that ubsoiption takes place in 
whole quanta, and that the fundamental law of the matter is expressed by 
equation (1). Wo know from Barkla’s researches that the emission of 
fluorescent X-rays is closely connected with mm eased absorption of the 
primary rays, and it follows fiotn W H Biagg’s* experiments that tins 
increased absorption, connected with the X emission, does not set in until a 
frequency equal to that oi the shortest X line has been obtained Conse¬ 
quently, as lias been pointed out by >1 J. Thomson ,f Bohr 4 and Xossel,§ the 
hrst process involved in tin * emission of Iho X radiation m the removal of an 
electron fiom the innermost nug to a point near the suiface ot or outside the 
atom, and the vanous K lines result fiom the subsequent tilling up of the 
gap m the innermost nug by elections from tiic vanous outei tings 

[Note added February 22, 1918—Considerations brought foiwaid by Bohr 
strongly support the view that the nineimost ling is the one which is 
concerned m the emission of the K radiations If this position should 
prove to bo well founded it would scorn neocssaiy to look loi the origin of 
the more penetrating J radiations, which lluikla has recently found to 
be given oil by atoms of relatively low atomic weight, m the displacement 
of elections from the nucleus ot the atom] 

If these weic the only piocesscs occulting wo should Jiavc.on the quantum 
theory immediately under consideration, in the first place, the absorption of 
a quantum hv ot radiation by a K electron from the primary rays. By 
equation (1) this would give rise to an emitted electron having kinetic 
energy Imv 3 = tw — w. The energy v> is only lost for the time being,«nd 
during the prooess of restoring the normal atom which fills up the mueriuost 
ring agaiu,^t is ro-omitted m the fonn of K, L, M, etc, radiations whoso 
frequencies satisfy the equation 

w as /u»k + hvi + hi’M + + e (5) 

It u possible tliat some small part of the eueigy w may be converted into 
radiations of long wave-length or into other forms ot enorgy which are 
unable to give rise to ionisation In that case suoh energy would be lost so 

* 'PUL Hag,' vo! £8, p> 407 (1816), «ee Nino Webstar, ‘Phys Bav,’ vol 7, p. 688 
(1010). 

+ ‘Ptdl Hag,,* vol 88, p. 460 (1918). 

t * PbiL Hag,’ vol 80, p 1 (1913), vol 84, p. 884 (1916) 

g ‘ Verb d DanCseh. Physik flea,’ vol 10, p, 868 (1914) 
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far as ionisation experiments, are concerned. To take aooonnt of this 
jtosHibility the quantity 6 has been included iu (5) It is to be expected that 
the lost energy c will lie small compared with hv . but that it will be relatively 
most important in the neighbourhood of v*sv w The values of vk* *l, etc , 
m equation (5) are to be undeistood as aveiago values, being averaged 
according to tlie irequeue! of occurrence of the processes corresponding 
to the emission of the various K, etc, lines According to the view taken, 
which Kossel has shown to be m substantial accord with the known facts, 
in considering the restoiation to the normal condition of any particular 
atom which has lost a K electron, one oi more of the various frequencies 
L, M, etc, may be absent Thus, if an electron jumps to the K ring from the 
uo\t ling but one we shall get a Kp emission and no L emission but only 
emissions of lower frequency (M, etc ) than the L emissions, and so on It is 
to tie remembered that m Barklas experiments on bromine the L and M 
radiations on account of then high absorbability cannot lie distinguished from 
electronic radiations, so that their energy is added to the measured electronic 
energy 

If the foregoing were the only phenomena to be taken account oi, we 
should have, on the view developed above, foi every quantum hv of primary 
radiation absorbed the following amounts of energy in other foi ms 


A 

(Lj Eueigy of K ttuoiesoent radiation, A?k 

(2) Energy of tiue electronic radiation, // (v— v h — v^— vm— )—e 

(3) Eneigy ol apparent clectromc radiation h (v t +n M + ) 

(4) Lost energy, e 

But Barkln’a experiments show tliat in the neighbourhood of v as v K the 
proportion of the absorbed energy which reappeais as energy of electronic 
lodiation is much greater than that which is indicated by the scheme A 
Without understanding precisely how this emission o! electronic radiation 
oomes about, we can see tliat it must occur if the omission of the K fluorescent 
i adiation is to set m as soon as the frequency of the exciting primary radiatiou 
reaches a value identical with or very close to tliat of the K y ray as Bragg’s 
results indicate * For a quantum hv v of radiation of this frequency, represents 

* Wfilwtei, * Fhyg Rev / vul 7, p. 007 (1916), from careful observation* of the 
radiation from a rhodium anticathode, concludes that the special absorption aomzasneefl 
exactly at the frequency of the K y ray, and quotes Hull as having made similar obserta 
tions with tungsten and molybdenum. The energy of t electrons nnonmnrj to excite 
the veiious K roy* torrespond* on the quantum relation a frequency some 1HM‘& per 
cent higher than this value 
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the work dune bj au eleclrou ui moving from a position to an outer ring 
(probably the outermost ring) to an unoccupied position in tbe innermost (K) 
ring. But the noimal atom contains one election mote than that just 
considered, and the work to rempvo an electron from the K position m u 
normal atom to tho y position will, therefore, be greater than Avs y . This 
difference will be further accentuated by tbe electrostatic repulsion of the 
individual electrons m the outer rings, which will tend to prevent the K 
electrons from undergoing a displacement to the outer positions such as is a 
necessary antecedent to tho emission of the K fluorescent radiation Them* 
difficulties disappear if an outer eleotron is first removed, so that, on these 
grounds, it is to be anticipated thAt at the limiting frequency each quantum 
of K fluorescent radiation liberated will be accompanied by the emission of 
one election from the outei layers According to iho mew pioposed tbe 
energy for this liberated electron must come Iruin the absorption of one 
quantum ot the pnmaiy radial ion 

When hv is large compared with hva the energy given by the pnmaiy 
radiation to a K electron is large compared with the energy necessary to 
esoape from tho atom , so that, it, is not to be expected that the emission of a 
K electron m this case will bo affected appreciably by the absence ot a single 
electron from the surface layei« Thus tins special emission of electronic 
radiation should not oocui when «< becomes very gieat For intermediate 
values of v it is to be anticipated that it will fall away continuously from the 
value of one eleotron for each quantum of fluorescent emission at the cntioal 
frequency to zero when v becomes infinite 

An alternative statement of this part of the position, which ib possibly 
only a recapitulation of the expel imental facts, is to Bay that, in oonneotion 
with the intense absorption of the primary rays by electrons m the interim 
of the atom, which sets in os soou as v exceeds the critical frequency, there 
is a special absorption of energy in the exterior layers The increased 
tendency to absorb energy in the exterior layers may be caused by 
instability, ausing from the presence of the large amounts of energy 
absorbed or possessing a configuration suitable lor absorption in the interim 
layers In any event, the emission of such electrons from the outer layers 
ur a condition which alone admits of the liberation of K electrons at the 
limiting frequency. With increasing frequency, its influence becomes leas 
and less important, 

On the view just developed, there will be associated With each quantum of 
S fluoresoent radiation emitted an emission on the average of p electrons 
from the outer layers of the atom. The value of p will increase from zero 
for v w oe to the value unity when v falls to the critical frequency The 
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energy absorbed from the primary radiation by these p electrons trill he 
pkv This will give rise hi the emission of p electrons, each with a kinetic 
energy \tn r* = hv—n>', where w' is the work for these electrons to escape 
from the atom On the subsequent return of the atom to Lho normal 
condition, the oneigy to' will reappear as energy of soft fluorescent 
X-radiations such ns L, M, etc, radiations, depending on the depth within 
the atom from which the electron has been ejected, together with, possibly, 
some radiation of wave-length too loug to cause ionisation, which will lie lost 
so fai as the ionisation measurements are concei nod, and may be represented 
by t JLu the experiments nudor consideration, the energies of the soft 
fluorescent radiations are indistinguishable from that of the purely electronic 
radiation, ho that, us fai us the measurements are concerned, the radiation 
thus ubsortied is represented in cflecl by— 

B 

(1) Energy ot K fliioiescent radiation = 0 

(2) and (3) Eneigy of true and apparent electioun lodiution = p{hv—t) 

(4) Jxist unoigy m pe' 

On this new, the complete disposition of the enoigj will be given by 
adding the corresponding quantities in schemes A und B together, and the 
various measured energies, if we do not distinguish between tho true 
electronic energy and that arising from soft fluorescent X-radiations, as 
these are not sepaiated by tho measurements, will be m the proportion of 
the numbers given in the following scheme (C)*— 

C 

K a = Energy absorbed from pi unary radiation m (l+p)hv 
Ek = Energj of K electronic radiation m Uv% 

K, = True + apparent energy ol electronic radiation 

= 7t[(l+p)v— sk)— e—p«'. 

Ej » Lost energy m e+pt' 

It will be obsuived thut tlie relation between E, and E* is more complex 
tlian that between E K and E A on account of the possible effect of the lost 
euergy having to he taken into consideration From the Table given by 
Barkla ou p 340 of the Bakenaa Lecture for 1916 it appears that the lost 
eneigy may possibly exceed 12 per cent, of the total absorbed energy in the 
neighbourhood of the limiting frequency, but the data are too scanty and 
irregular to form auj reliable conclusions as to this matter. For this 
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reason, in t osting tho application of the theory to the experimental data 
I shall keep to the simpler relation between E K and E* 

As regards the function p all that we are entitled to expect, so far, is that 
it will be a funotion of v, involving parameters depending on the structure of 
the particular atom concerned, which approaches the value sero as v approaches 
mfinity and which approaches the value unity as v approaches the value of 
the critical frequency vk t A very general function satisfying these 
conditions is 

p = / * V®» 


where q * 0,1, 2, 3, etc, the a,‘s arc constant coefficients, and a may be a 
constant proper fraction or unity From tho relations (O) we have 


and 



(7) 

( 8 ) 


and at the critical value \k t ( 2E »'k r )> 



The values of p can lie found empirically by means of tho relation 


p SS 


E a x 

Ejc ’ X* 


-1 


Values of lo gu» p obtained in this way are given in tlie following Table — 


XX10*. 

0*87 

071 

0*66 

0*49 

035 

Logic? . 

0 

-0042 

-0*126 

-0*106 

-0*820 

: . 

X 

0*056 

0 200 

0*648 

0*878 

1630 


(») 


1 can find no record of the wavelengths of the K, line for bromine having 
been measured, but Fnman* records a line I*j for this element for whioh 
X m 8141 x 10"* ora. Using Kossel’s relation we can assume as a sufficient 
approximation 

**r * ve+i'i* (10) 

and, putting Xx* * 1*088 x 10"*, this gives 

n, as 8*27 x IV* see" 1 and X^ =* 0*818 x 10"* cm 

* <PU1 Msg.; vol «, P 4S7 (Wlfl). 


(11) 
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This value gives the data in the third tow of the preceding Table 

On plotting the values of lo gp against — 1, it appears that they can 

be represented, if not with absolute accuracy, at any rate to within the degree 
of accuracy of the measurements, by a single term of (6), viz., the term for 
which the index oq = 1 After determining the coefficient it appears that 

P m f -0 — 10 -“ »»t<*K y -«/*l ( 12 ) 

Substituting m (9) t Ins gi\ es 



The value of this differential coefficient measured from the curve on p 386 
of Barkla’s paper is 0 376, which agrees satisfactorily with (13) 

The complete expression for the fraction of the absorbed radiation which is 
transformed into fluorescent radiation of the K senes is thus — 


E« _ X __X_ 

Ev * (T+^)Xk * (1+C-* «*n*K r -*>/A]jx K 


(14) 


The values calculated from tins formula are given m the fourth ooluinn of the 
following table — 


! 


i 


1 

* 1 

1 1 

P 

A/Ak | 

t 

1 

K* _ A I 

K* (l + p)Aic 

fis observed 

JSA 

' j 

i Percentage 
! error 

i 

VII 

1 

loaexio-" 

0-8? x!0-“ 

1-00 

0 073 0 84 

0 486 

1 

' 0 4X 

i ; 

+ 24 ’ 

0-71 *10-" 

0 871 

0 086 i 

0*808 1 

1 0*86 

+ 3 2 I 

I +5 0 | 

0 to * 10-* 

0 74* 

0*548 | 

0*818 

0 81 

+ 0*05 

+ 6*6 1 

0 40 X 10-» 

0 867 

0 4i78 

0*886 

0 20 ] 

-1*7 1 

! +•* , 

0 86 X10-* 1 

0 478 0 888 1 

j ! 

0 880 | 

1 | 

0*28 

0*0 

1 

+8*7 


For comparison the observed values of Ek/Ea are shown in the fifth 
column The next column shows the difference of these numbers expressed 
as a percentage of the observed value. In every case the agreement is within 
the probable limits of the errors of measurement and is best for the shorter 
waves, where the measurements are admittedly most accurate. The last 
column gives the percentage error given by the corresponding numbepf which 
Barkla calculates from his formula in column III of Table VIII on p. 846 of 
Ids paper It will be seen that this formula gives a worse agreement in evsety 
single instance, and I suspect that the disagreement exceeds the probable 
errors of measurement in the case of the shorter waves. Moreover, all the 
deviations are in the same direction, and are greatest for the shorter waves, for 
which the experiments are most noourate 
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it will be observed that the formula (14) for Ex/E A contains only one 
arbitrary constant, the constants X* and being predetermined by the 
X-ray spectrum of the atom If, as the experiments seem to prove, the 
emission of fluoresoent K-radiatxons is bound up with the simultaneous 
emission of electrons from positions near tho surface of the atom, it is 
difficult to see how the complete expression for Ek/Ea can avoid containing 
at least one constant depending on the configuration of the eleotrons m the 
atom, in addition to the constants i»x and vx y , whioh, as is shown by the 
suooedb of Bohr’s theory, merely involve energy relations 

Another view of the phenomena, which could be made to give expressions 
having some resemblance to those obtained, would be to suppose that 
radiation generated by the displacement of .an electron to the central 
regions of an atom is liable to special absorption by the external electrons 
of the atom m which it is generated One would naturally expect such 
absorption to he greatest fm the softer rays in tho neighbourhood of 
p =t vgy, and to dimmish to sseio as v approached infinity However, I feel 
that this view contains an element of artificiality which it is undesirable to 
introduce into the interpretation of t lie phenomena, unless their more exact 
investigation makes it nocessary 

As regards the precise form found tor p, it does not seem wise to attempt 
to push the interpretation of this too iai at present The expression given 
certainly covers the experimental numbers to within the limits of experi¬ 
mental error, but it does not covei them exactly, and it is possible that a 
more precise experimental investigation of the formula would lead to a 
function which, whilst it would have to agree very closely with the 
expression found ovei the range of data now available, might have a 
different mathematical form, and consequently be capable of a different 
physical interpretation 

The main conclusions to be drawn from this paper may be summarised as 
follows — 

(1) The ratio Ex/Ka of the energy Ek emitted in the form of K secondary 
X-radiation to the energy E A of the primary radiation (wave-length X) 
absorbed is found, in the case of bromine, to be expressed to within the 
degree of accuracy of the observations by the formula 

wherejo = x* u the average wave-length of the K radiations, 

and is the wave-length of the shortest X radiation 

(2) t The formula implies, or, at any rate, can be so interpreted as to 
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imply, the emission of one electron for every quantum (hv) of primary 
radiation absorbed It likewise involves, for the emission of each quantum 
of K radiation, the absorption of one quantum of primary radiation when 
v as ao, of two quanta of primary radiation when v =s p Kv , the limiting 
fiequency (threshold frequency) foi excitation, and of amounts of primary 
energy varying between one* and two quanta foi exciting radiations of 
intermediate fiequenc> 

(3) Inasmuch as the fbiuiulu.' have been deduced, and have been given a 
plausible explanation, on the hypothesis that the primary radiation is 
absorbed in whole quanta, it does not appear that the facts under considera¬ 
tion oan he held to support the contrary hypothesis. 

[Note added February 22, 1918,—To these considerations may be added 
the general argument which is indicated, although perhaps insufficiently 
emphasised, in the preliminary pan of this paper, and to which 1 have for 
some time felt that very great weight should be attached It will be 
observed that, m the interpretation of the phenomena under discussion, both 
as given m this paper and as given by Prof Barkla, and, in fact, in any 
icasonable interpretation of such phenomena, the quantity hv, where v is the 
frequency of the exciting radiation, plays a conspicuous part Now, the 
quantity v has nothing whatever to do with the particular kind of matter 
with which the radiation reacts, it is a quantity whose value is determined 
hy the radiation alone. It follows that the quantum relation is dominated 
by something in the stiucture or properties of radiation, although it may be 
that the limitations imposed by such structure or properties are inoperative 
exeept in regard to certain loaetions with matter, such as absorption or 
emission, whereby the frequency of the radiation may be altered.] 
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' Some Problems in the Theory of Radiation. 

, By Arthur Schuster, Sec. RS. 

(Received January 26, 1918.) 

, 1 The following paper deals with the oscillatory energy taken up by a 
simple resonator under the action of white light, and the translatory energy 
imparted to a molecule by radiation 

The first problem has already been treated by Planck: it is solved bene 
m a very simple manner, and the method used, when applied to the aeoond 
problem, leads to the important result, that a molecule at rest within an 
enclosure of uniform temperature will, under the action of the radiations, be 
set in motion with an acceleration that will increase its speed until the 
average energy reaches a definite value If the Rayleigh-Jeans laws of 
radiation be assumed to hold, the ultimate average energy due to radiation 
alone is two-thirds of that derived from the kinetic theory of gases. 

2 The connexion between radiation and absorption is sometimes illus¬ 
trated by means of a pendulum aoted on by a succession of blows. If these 
be delivered always m the same direction, and at intervals equal to the 
period of free oscillation, the amplitude rapidly increases ; and the pendulum 
may then be said to absorb the energy of the blows When the intervals are 
irregular, the impulses varying m phase and direction, it is further argued that 
their effects will be neutralized, so that the pendulum remains at com¬ 
parative rest. I used at one time to try and illustrate the distinction 
experimentally in the lecture-room, but met with no success: However 
much I delivered the blows indiscriminately and irregularly, the pendulum 
always showed a continuously increasing amplitude of oscillation, • I ulti¬ 
mately abandoned the experiment, thinking that there was some unconscious 
psychological influence which forced the experimenter to time his blows— 
to some extent—in unison with the time of swing. 1 ought to have known 
better, for anyone who has given attention to the nature of white li ght 
should have seen at once that the continuously increasing oscillation of the 
pendulum set m motion by irregulaxly delivered blows, each imparting the 
same velooity irrespective of the phase, is the true analogy of what occurs 
in nature when white light is absorbed in a responsive medium If there 
were no continuously increasing energy of motion there could be no 
absorption of white light, * 

The complete theory sbo.ws that with regular intervals equal to that of 
the free period, the ampHtntU increases continuously with the time, while, 

m. xorv. —a. % 
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when the blows succeed each other irregularly, it is the average energy that is 
proportional to the time. In the absence of fraction the energy increases 
indefinitely m both oases. 

3. Let a particle perform simply periodic oscillations under the action of a* 
force directed to a fixed centre, the velocity being represented byp ooe n(t —r). 
If at the time h, an additional velocity q be imparted to the partible in its lino 
of motion, the subsequent velocity will be represented by * * 

p cos » (t — t )+ q cos n (t — t i), 

for it is easily seen that the last term introduces no change of position at 
tune <i, bat increases the velocity by the quantity q The result of the sudden 
change of velocity is therefore the same as if an additional oscillation 
qown(t—t t ) had been superposed on the original one. It follows that the 
effect of successive blows q tl y* eto., delivered at times ti. h, etc, may be 
obtained by taking the resultant of a number of oscillations determined by 
tlMnr maximum velocities qi, q», and phases nil, ntj, etc 

If the intensities of tlie blows be equal, and the phases distributed at 
random, it follows, from a well-known theorem of Lord Baylaigh, that the 
expectancy of the resultant intensity » Ng*/, where N is the number of 
blows delivered in unit time The measure of the intensity here is the 
aqnare of the maximum velocity of the particle. Writing m for its mass, 
the expectancy of maximum kinetic energy is therefore end the 

same expression may stand for the sum of the potential and kinetic energies 
hi the resulting oscillations When the motion of the particle is damped 
so that its average energy Q diminishes according to the exponential lew, the 
dooms so of energy per unit time, due to damping, will be proportional to Q 
say, XQ. A state will ultimately be reached where the diminution due to 
damping will be equal to the energy supplied by the impulses, and the expec¬ 
tancy of the energy will then be 

Q * Nw//2X. (1) 

The condition that the oscillator has only one degree of freedom and that 
the impulses are delivered m its line of motion may now be dropped. If we 
resolve the impulses and the velocity of the oscillator along three co-ordinate 
axes, the result applies to each oo-ordifaate separately, the average square of 
the component of the blows along one co-ordinate being equal to a third of 
the square of the resultant, and, adding up the three resulting intensities; the 
final result remains the same. It is understood, of course, that If the 
oscillator has only one degree of freedom, and the blows are delivered 
indiscriminately in all directions, we should only get one-third of the 
resultant Intensity. 
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4 Before apply mg our results, a few words may be said on the method of 
treating white light as a senes o! impulses This was first suggested by 
Gouy, and favourably commented on by Rayleigh, and I have used it with 
advantage, but its value has never been sufficiently recognized. A non-homo- 
geneous radiation ih completely defined by the distribution of energy, whioh 
—when resolved speotroscopically—is contained within a definite range of 
frequencies Two sets of disturbances, however they may differ in detail, 
give, so far as oui observational powers go, identical results so long as their 
energy distribution is the same In the first consideration of the subjeot, 
light is naturally introduced as a periodic phenomenon, homogeneous 
radiations alone being dealt with In some of tbe more complicated effects 
we are then led to oonsidei white light as a superposition of homogeneous 
radiations, though we can never obtain a truly continuous spectrum in tins 
manner. If we have recourse to Fourier’s theorem, certain difficulties arise 
which may easily be overcome, but they are often best avoided by con¬ 
sidering a non-homogeneous radiation to oonsist of a superposition of similar 
disturbances having a finite and preferably short duration. If it be required 
to represent completely a given radiation, each impulse must—when resolved 
speotroscopioally—contain the required distribution of enetgy, but in the 
important series of problems m whioh the range of wave-length affecting the 
solution of the problem is Bmall, this condition is not essential Within the 
effective range, the energy may be looked upon as constant, and the remainder 
of tbe spectrum does not mattei For my purpose it is sufficient to consider 
the impulse to be confined to a narrow layer of tliickness er along a'plane 
progressive wave-front (i = velooity of light). Within the layer I take the 
electromotive force £ to bo constant There is an equal magnetic force at 
nght angles to E, and the energy transmitted in unit time per unit surfaoe of 
the wave-front is E*cr/4*r If there are N equal impulses following eaoh 
other in unit time tbe euergy per unit volume is NE*r/4w It will he 
shown m § 10 that when the distui banco is analysed speotrosoopically, the 
energy per unit volume and unit range of frequency is connected with the 
impulse Er by the relation 

U » NEV/2w. (2, 

6, We are now prepared to wnte down the result foi the ultimate average 
energy of an electric oscillator under the action of light impulses. The 
velocity imparted to the eleotron at eaoh impulse is R trfm, and equation (1) 
therefore becomes 

Q * NEVr*/2Xf«, 
at 2w**U/X«» 

i 2 
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\ represents the fractional loss of energy of the oscillator doe to its 
radiation per unit time, and this is shown in the electromagnetic theory of 
light to be equal to 2e*a»*/3mcP, o»/2w being the frequency Henoe 

Q s /itfi 

This agrees with Planck’s solution of the problem, except in so far as his 
oscillator is assumed to have only one degree of freedom, .which reduces the 
average energy to one-third of the above value The Rayleigh-Jeans law of 
radiation may be put into the form 

3WU = 4*r»W, 

where W represents the average kmetio energy of the molecule of a gas, 
and is proportional to the absolute temperature This gives finally 

Q s= 2W (3) 

As half the energy of the oscillator is potential, we conclude that the 
ultiinate kinetic energy of an oscillator having three degrees of freedom is 
equal to the translatory energy of a molecule in aocordance with the law of 
equi-partition This has already been pointed out by Planok The proposi¬ 
tion is subject to the same limitations as die Rayleigh-Jeans law, and holds 
therefore only for low frequencies, or high temperatures, the condition being 
that the product of temperature and wave-length shall be large 
It is instructive to compare the above method of treatment with that 
employed by Planck Both assume the intensity distribution to be uniform 
within the effective range of wave-length, and the result is therefore not 
affeoted by considering it to remain uniform throughout the spectrum 
Planck, starting from homogeneous oscillations, has to oaloulato the result of 
each within the narrow limits of frequencies closely adjoining that of the 
free period of the oscillator. He thus obtains the resulting energy by 
integration I avoid the integration by starting from the integrated light 
disturbance which, in the ease of a disturbance having uniform intensity 
along a frequency speotrum, consists of a senes of impulses within each of 
which the eleotric force is constant 

6. We may now deal with the mechanical effect on the oscillator as a whole 
which ib due to the magnetic force carried by the impulse. If M be the 
mass of, the molecule, and v the velocity of the oscillating electron at any 
tune, its direction forming an angle 6 with the magnetic force, the velocity 
generated by the impulse, considering that the magnetic and electric forces 
are numerically equal, is* Sere sis #/eM. We have to find the average 
square of the velocities for all possible combinations of $ and v. Collecting 
together the cases in whioh v has the seme numerical value, we sole that 
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tbe average square ol sin*0 is The rate of increase of energy of the 
molecule, to which we attach a mass M, is therefore, 

K’M-WEW * |2we-VUr*/M, (4) 

where e* now stands for the average square of the oscillatory velocity of tbe 
electron 

Using a result obtained by M Abraham ,* which will be further dismissed in 
the' next paragraph, it appears that a moving oscillator » acted on fay a 
retarding force which is equal to feVAt/c 11 , if » be its translatory velocity. 
The diminution of energy per unit time is, therefore, equal to this expression 
multiplied by w. Equating the rate of increase and diminution of eneigy, 
we obtain for the ultimate state * 

«*Mw» = irc»U, 

£Mw* = $ire*U<»- 8 , 

» = *W = }Q (5) 

The kinetic qnergy of the molecule tends, therefore, to become equal to 
two-thirds of that obtained by the kinetio theory of gases, and equal to 
one-third of the energy of internal motion 

,7 The retarding force acting on the moving resonator as most easily 
determined by calculating the momentum transmitted to the enclosure; but 
the law of action and inaction is not applicable, because a momentum that 
leaves the oscillator in the direction of motion in time dt will reach the 
enclosure m time dt(L—u/c) Generally, if the direction of transmission be 
defined by 6, the angle it forms with the direction 
of motion? the ratio of the rate at which the 
momentum is received to that at which it leaves 
the oscillator is 1—/Scostf The force on the 
enclosure ib therefore 1 —/9cos 6 times that acting 
00 the oscillator, The difference is made up by an 
accumulation of momentum m the medium. That 
such an accumulation actually takes plaoe may be 
shown directly Consider a point P within a 
spherical enclosure radiating equally in all directions. At any point Q we 
may associate (according to Poynting) a momentum density with the energy 
density. Xf its value at unit distance from P be M, its value at Q will be 
M/tf If the angle between PQ and PB, the direction of motion, he 9, and 
we only consider the momentum transmitted along PR, we may confine 
ourselves to the effective part of the momentum density, which is Mcoed/r* 
ffa obtain its total value we must sum up over the whole sphere. It is dear 
* * Qekfcromagnetisclie Xheorw dar Strahbsg,’ p lie. 
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that, as the point P moves, the momentum towards B will diminish, and that 
in the opposite direction increase, hence there is an aeonmulation of momentum 
m the direction opposed to that of the motion The total momentum 
transmitted m the direction PB is easily obtained if we note that the integral 
of M cos ff/r* is the same as that of the component, m the direetion PR, of mi 
attracting mass spread with uniform density M over the sphere, the law of 
action being that of the inverse square This resultant force is then equal to 
the component resolved along PB of the attraction of a sphere, concentric with 
the enclosure and passing through P. If we take as axis of y a line passing 
through the oentre parallel to PB, we find for the resultant momentum 
resolved along the axis of y the expression —4w My/3 The momentum M 
may now be expressed in terms of the energy of radiation The energy 
density being Mc/r* the amount traversing a closed surface enclosing P 
m unit time is 4wMe*, and if this be denoted by I, we find* tor the rate of 
inoreaso of the momentum resolved in the direction of motion within the 
enclosure $c -, I/9 This must, therefore, he the excess of force acting on the 
enclosure over that acting on the radiant source 

8. We have now to determine the value of the foroe retarding the 
translatory velocity of a radiating body m virtue of its own radiation 
Abraham has given the complete solution of this problem for an oscillator 
moving with a velooity which is great compared with that of the periodic 
motion (toe at). This is not the case in the problem here considered, but 
it will be shown that his solution holds generally to the first order of 
magnitude m «/e The subject being important, it is permissible to enter 
into more detail than would be necessary for our mam object. 

Abraham’s equations give the electric and magnetic forces due to an 
electron possessing any given velocities and accelerations. It will bo found 
convenient to separate at once the oseillatory velocity v from the translatory 
velocity to, and to write for the total velocity «+«, both quantities being 
looked upon as vectors. Abraham’s vector-equations, by simple transforma¬ 
tions, then become 

B » A {ri(«i, rj)— /9«i(«i, >’i)+/9»i(ri, a*)}, 

H * A {fa, n]+/8<$ 1 . »*i)[«i. n]— fifa, *i)[«i, n]}. 

Bound brackets here denote soalar products and square brackets vaster 
products. The suffix " 1 ” denotes that the vector has unit length, so that •» 
would simply indicate the direction of the aeoelerauon, and (t*, q) the cosine 
of the angle between the direction of the acceleration of the electron and the 
radius vector, drawn from the electron to the point at which the electric and 
magnetic forces are required. In the second equation it has been assumed 
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that the velocity and acceleration are in the same direction, so that it can 
only be applied to linear oscillations. The quantity 0 denotes uje. All 
terms of the equations (omitting the factor A) have aero dimensions, and 
may be expressed m terms of angular co-ordination A has the value 
sc - *!*- 1 v[l —c~ x ((«+ i»)r,)]-'» If we wish to express our results in reotangulai 
co-ordinates, we must distinguish the case of an oscillation at right angles to 
the direction of motion « from that in which the oscillation is parallel to a 
In the former case we obtain, if u be along the axis of y, and the oeeillationK 
along x, 


Ei* A^, 

H, = -A (l 


h.=a(;- 


H,= -Aj9 

In the case of longitudinal oscillations, the terms in 

E, = 

Hj * A-, 
r 

E,= -A^, 

Hj as 0, 

Es* A^, 

H, = -A- 

T 


(«> 


i 7 ) 


The energy density is A*{(jr*-fy J )+/9*(y*+z 8 )— 20yr}/4nr>* for transverse 
vibrations, and A*(a!*+**)/4irr* foi longitudinal vibrations 

The above equations hold without limit as regards the velooity, but, if we 
wish to proceed further, we have to examine the factor A, which oontains a 
term «r , (t>+M)n, or jSoos (r, u)+0“ ooa(r, v) if 0t at v/e. When £ os 0, we 
return to the stationary oscillator, and 0‘ introduces a small correction to 
the Hertzian equations. Its effeot would— inter alia—be to introduce 
higher harmonics.* But all effects of the first power of ff are periodic, 
avenging out during a complete oscillation, and for our purpose we may 
therefore neglect them altogether. Confining henceforward onr investiga¬ 
tion to terms not higher than the first power of 0, we may put 
AAb (1+3 0yfr)ev 

To obtain the rate at which the momentum leaves the oscillator, we have 
according to § 7, to multiply our expression by (1—/9oos0). Taking all 
these matters into consideration, and introdnoing polar oo-ordiaatM, 
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r 

<* « r fflfi 6 am y = / oos 0, z = / mnffooaf, the total rate of momentum 
leaving the oscillator w 

(4flrc 4 ) _1 e*v*| W J {(co8 a d+8in , d sin*<t)(l + 5/9 cos 0)—2/9 cost?} coe 0 sin 0 dffdf 


The term not affected by /9 disappears, when integrated ovei the sphere, 
and ye ultimately find for the retarding force acting on the 

oscillator As we need only consider average values, we may substitute 
«V for v*, and we thus obtain the result used m the previous article For 
longitudinal vibrations, we obtain similarly for the rate of loss of momentum 


(fair 4 )” W j" I*" sm* 6 cos 6 (1 -f 5/3 cos 6) sin &d6 d<j> 


This integral is found to have the same value as the previous one 
The rate of emission of energy by a stationary simple oscillator is 
2e*i?j 3c*, and the retarding force is therefore I«/«*, independently of the 
direction' of vibration Hence the same expression holds for any particle, or, 
indeed, for a solid body emitting white light By an altogether different 
method Lorentz arnvpd at the same result Poynting, on the other hand, 
gives fltt/c* for the retarding foroe in the body of hiB paper, and reduoes 
Chat still further m a note at the end The discrepancy lies in the value 
given to the intensity sent out by a moving radiating surface m a direction 
forming an angle 6 with the direction of motion. According to Poynting, 
this is proportional to 1 + 2 # oos 6, while our equations, based mainly on 
Abraham’s calculations, lead to 1 +4)8 cos 6 
9 We may now briefly oover the ground again, with a view to dismissing 
all unnecessary assumptions The most important of these is, that the 
molecule acts as a simple oscillator, 1 . 0 ., emits homogeneous radiations. The 
calculation remains substantially the same, for an electron perford^ig orbits 
round a nucleus. If the electric and magnetic forces of the incident 
ladiatum be concentrated in impulses, each impact adding a velocity V, 
the square of the velocity, which ongmaUy was «*, will have increased 
to v*+V»+ 2 *V cos 7 , where 7 is the angle between V and ®. The angle 7 
being arbitrary, the average increase of the square of the velooity will be V* 
Tip rate of increase of internal energy is therefore the same as that 
previously found NE«*t*/2 hi. But we cannot, without knowing the laws 
of intra-qioleuular action, decide what traction of that increased energy is 
kinetic, because the value qf ( an instantaneous increment of velooity dose 
not give say information on the change of the average kinetic energy jn 
the new orbit Such au increment, carrying the particle further away from 
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the centre, ia indeed, as a rule, accompanied by a diminution of the average 
energy of motion 

There u a small increase of internal motion due to the magnetic force, which 
is ec -> He sin 8, and as H w numerically equal to E, the impulse due to the 
force is w'sin 8 times that due to the electric impulses. We may there¬ 
fore disregard it, as we retain in each case only the first term of the forces 
The action of the magnetic force becomes important m connexion with the 
translatory motion, because it is there the dominating factor Our expres¬ 
sion for the rate of increase of thiH kinetic energy remains as before 
NE*e*r*(t>sin 8'fj2Me i Although the above equations still reef on the 
assumption that the effeol of the radiation is concentrated in a senes or 
impulses, I do not think that this assumption need be retained Whatever 
may be the distribution of the intensities when analysed by Fourier’s theorem, 
it is difficult to resist the conclusion that the electnc and magnetic forces 
affectipg the internal and translatory motion respectively are as E to 
Hc~ l vsm 8 , E and H being numerically equal The corresponding increase 
of energy must be, in the long run, proportional to the tame, and, the angle 
between the magnetic forces and the direction of velocity of the electron 
being arbitrary, we may substitute f for the average square of v sm 8 We 
may, therefore, write for the rate of increase of the internal energy /*«*/«*, 
and for that of the translator}' energy 2/uc , »*/3Mr* Without entering into 
the question of the meaning of ft, it seems to me that these relations are 
independent of any particular mannei of resolving the radiation into its 
components We may now turn to the retarding force If K be that forae, 
the rate of diminution of energy is Kv But, m the case of electrons, the 
force is not necessarily directly opposed to the velooity, and we mast, 
therefore, use the scalar product (K®), or the velocity multiplied by the 
component of force parallel to it, the other component, being at right angles 
to the v^poity, does no work Taking the most important term we find 
in this way for the rate of diminution of internal energy 2e 9 (»r)/3c* 
When there is a balance between the rates of gain and loss of energy 

m(ev) ss fitr*. (8) 

To obtain the force retarding the translatory velocity, I must refer to the 
equations of Abraham * We replace the velocity of the electron by its 
two parte u and v, the former relating to the translatory motion. We may 
then reject the periodic terms. The forces in that ease, omitting tonus of 
the second order, reduce to 2 «*m(w)/3c 8 . Again balancing the gain and loss of 
enemy, we find 

* (9) 

* Joe. at, p. 188. 
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Equations (8) aud (9) lead to 

Mm* = ftn«* 


(10) 


This is in agreement with (5), where Q represents the Bum of the avenge 
kinetic and potential energies when the two are eqnal Bat in the general 
oaae the relation between the total internal energy and the kinetic energy 
depends on the law of force The relation has been worked out by Clausius,* 
who shows, eg, that if the law be that of the inverse square, impulses like 
those here considered would, while increasing the total energy of the internal 
motion, actually diminish its kinetic energy by an equal amount The 
absorption of light would result mainly in an increase of potential energy 
equal to twice the work done, while the internal kinetic energy and the 
translatory energy would diminish m the same proportion as the absorbed 
energy It appears, therefore, that the distribution of energy between the 
internal and external energy depends on the forces regulating the internal 
motion, but no reasonable law for these forces can be given that would lead 
to an exact equi-partition 

10. It remains to prove equation (2) referred to in §4, for a fraction of the 
total energy of the light impulses, which we may consider to be contained 
within a definite range of frequency If a vector/(f) defining the radiation 
be introduced such that the energy per unit volume is proportional to 
[(/(cf)]*, we may express J (t) m terms of Fonner’s senes. The integral 

f +«0 

/(X)cos wXdX and tbo corresponding sine integral will, in the esse of a 

beam of light of infinite extent, become lofimte, but we avoid the consequent 
difficulty by taking the limits of the integrals to be finite, though indefinitely 
large Between the limits ±T, we now have 

* f(0 * j>j: £(\) cos d\, 


we derive a second mtegralf giving the total energy of radiation 

* f"(A*+B*)A», 


where 


( +T {+* 

/(X)ooa »\d\, B * j 


* <PhtL Mag.,' vol 48, p 387 (1847). 

t Baylsigh, ‘Phil Mag.,’ vol. 87, p. 480 (1889); Schuster, ‘PhiL MagV voL 37, 
p. 533 (1884) 
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The average value of [/(OP during the time 2 T is therefore 

(2wT)~»J"(A*+B»)d« 

Though A and B are infinite, A* and B* increase on the average in proportion 
to the time, and the energy transmitted per unit range of frequency <u/ 2 w 
soon converges with increasing T to a definite limit Applying the result 
to the case where f(t) has a constant value E during an interval r at time 
and zero values at all other times, we find 

A = 2EoT' 1 cos tot 81U £ «t, B as — 2 Eai~ 1 sm tot sin £ WT 

A*4* B* s= 4E a «“ a sm* 

If a number of equal impulses follow each other at irregular intervals, A 
and B will depend on T, but A a + B* has the Bame value for each impulse 
We may therefore obtain the average energy by multiplying the expression 
by the total number of impulses, of which we shall suppose there are 1ST pet 
unit time We then obtain for the average value of [/(*)]* 

7T -1 NE* f*4«- 2 8Ul*£«Trf» 


To calculate the energy per unit volume we must apply the faotor (4tt) _ 
and for small values of r we then find the energy-density per unit range of 
frequency to be NE*r*/ 2 ir 



On the Senes of Legendre. 

By W H YpuNG, MJi, SoIX, FKS 

(Beceivod October 17, 1917 ) 

In lecent communications to the Society, I have confined myself laigely 
to the Theory of Fourier Senes, partly because much seemed to me still 
to require doing in this subject, partly because I believed its thorough 
investigation to be the natural preparation for the study of other Berios of 
normal functions It has, indeed, beeu known for some time that the 
behaviour of, for instance, series of Sturm-Liouville functions exactly corre¬ 
sponds to that of Fourier series. The introduction that ,1 have recently 
made into Analysis of what I have called restricted Fawner senes enables 
us to notably extend the range of Buoh analogies I propose in the present 
communication to illustrate this remark with refeience to senes of Legendre 
coefficients 

Whereas Founei senes may be said to be “naturally unrestricted” in 
virtue of the fact that the convergence of the integrated series to an integral 
necessarily involves the tendency towards zero of its own general term, so 
that the consideration of the more general type of senes does not at onoe 
suggest itself, Legendre senes may he said to come into being “ restricted,” 
even when the coefficients are expressible in what may be called the Fourier 
form by means of integrals involving Legendre’s coefficients. In other words, 
such senes correspond precisely to restricted Fourier series, instead of to 
ordinary Founer senes like the analogous senes of Sturm-Liouville func¬ 
tions 

Among these restricted Fourier series, those which I distinguished as of 
the first class, namely, those whose first integrated senes converge to integrals 
in some interval or intervals, play the most important part. With 
regard to Buoh senes I have been able to demonstrate, among other*, two 
fundamental theorems *— 

\ If the typical term of the senes tends to aero, vs whack ease / distinguish 
the senes as ordinary restricted Founer series (ILF. ssnes); these senes Mow 
precisely m the same way as ordinary Founer senes in the interval or intervals 
to which, they are restricted. „ 

II If the* condition is not fulfilled, then the properties of the series which 
oomeide with those of ordinary Fourier senes are those in which the summation 
vs performed in the Ceshro manner, index unity; properties involving o r din ary ' 
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convergence, or ordinary upper and lower Junctions, have m this ease to be 
excluded. 

These theorems have an immediate application to Legendre senes, and 
the mode of application is more general than might be at first supposed It 
is, in fact, quite unnecessary to postulate in our theorems that the coefficients 
of the Legendre series should be expressible in the Founer form. In other 
words, if we denote the Legendre senes by 

S «,P, (oos 0), (1) 

#-o 

then it is not necessary for the validity of oui theorems that the “ Founei ” 
relation 

«„ ss —£■ - 1 /(oos 6) P„ (cos 9) sm u$ dd (2) 

should hold 

When (2) does hold, it is known that the senes (1), when integrated term- 
by-term, converges td an integral throughout its interval of periodicity The 
converse also is true, but this is not the case when all that we require is 
that the integrated series of (1) should converge to an integral m one or more 
ndbtntervals 

It seems worth while to particularly call the attention of the Sooiety to the 
faot, firstly, that the larger class of Legendre series, so obtained, possess, as 
regards the internal points of all such intervals, all the properties of the 
smaller class for which (2) holds this follows immediately from oar theory 
As already pointed out, however, even if (2) holds, the senes is, so to speak, 
naturally restricted owing to the failure of a»P* (oos 0) to tend to zero 
This fact has certainly been responsible for the isolated character of the 
results hitherto obtained with respect to these senes For their satisfactory 
discussion, the previous consideration of restricted Founer senes is abso¬ 
lutely essential 

In a recent communication to the Sooiety, I gave actual examples of 
restricted Fourier senes of the ordinary type (R F series) which converge in 
the ordinary way, thus justifying from the practical standpoint their intro¬ 
duction It will be gathered from what has been said, however, that their 
importance in theory is even greater than that in practice 

We are, indeed, able to completely dispose of the theory of series of 
Legendre coefficients, in virtue of the properties of the trigonometrical senes 
shove referred to 

*' In {set, by means of the asymptotic expansion of P*(<c) we are able to 
express a Legendre series, when multiplied by a suitable function, as the sum 
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of a restricted Founer series and a series of terms which converges uniformly 
in any dosed interval which excludes the end-points of the interval of 
periodicity. 

We thus at once obtain the theorem that, at an internal point of an interval 
to which such a series is restricted, equally whether this be the whole 
interval of periodicity of P„ (cos 0) or not, the conditions of oonvergeooe of 
Legendre series are the mme os those of an ordinary Founer senes, provided 
only, either the summation be effected in the Ces&ro mannei, index unity, in 
both series, or 

a, , P, (cos 6) - 0, (n ■* ao ), 

which is the same thing os 

(« — ao ), 

in wluch latter case, equally whether the summation employed be ordinary or 
Cesaro, the conditions are the same Moreover, this is tme with regard to 
uniform convergence, as well as with regard to convergence per te. We have, 
be it understood, to suppose that, if the coefficients o» do not satisfy 
condition (2), the integrated senes converges to an integral in the interval, 
or intervals, of restriction. Corresponding theorems, however, hold good 
when, without this being the case, we can still assert that, for some integer p, 
the p-th integrated senes converges to a p -pie integral m each such interval 
This is in accordance with what might be expected by reference to the higher 
dess of restricted Fourier senes. 

It will be remarked tli^p this method nut only reduces the discussion of 
Legendre aenea to that of Fourier senes, of a more or less restricted type, but 
that it does so without the intervention of any properties of Legendre coefficients, 
except those involved m the asymptotic expansion above referred to 

Further, the considerable analytical difficulties which arise when, for 
example, fractional Ceafcro summation is employed, are entirely avoided. 
The work has been done once for all in discussing Fourier senes, nothing 
remains but to interpret these results in the light of our fundamental 
theorems 

It must not lie forgotten, however, that these remarks only relate to 
internal points of the whole interval of periodioity When the extremities 
are considered, rent singular points ns they ate for a Legendre sense, even 
when it satisfies condition (2), the character of dm discussion at once 
changes. 1 may, however, remark, en jmtamt, for the information of Fallows 
of the Society, that in this case also the problem may be mdnoed to one 
involving the Fourier senes of an auxiliary function, so tbsfc the results of 
the theory of these latter series ean be again utilised 
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It is interesting to remark, in view of the practical applications, that this 
theory has an important bearing on the question of the term-by-term 
integration of Legendre senes when multiplied by another function 
provided we remain in the intenor of the interval of periodicity, or of the 
interval of restriction, of the senes The theorems which in such cases hold 
for Fourier series hold for Legendre senes 
With regard to this latter class of theorems, it is evident that the 
restnetion which excludes the end-points of the interval is essential, owing 
to the fact that the theorems which hold good for the convergence at the 
extremities are not tiio same as at an internal point, even in the case when (2) 
is satisfied Speaking generally, we may say that, with certain exceptions of 
a notable charactei, the theorems relating to the end-points of the interval 
are obtainable from those relating to the internal points of the interval, by 
replacing ordinary convergence by Cesiro convergence, or by increasing the 
index of the Cos&ro convergence This is true accordingly in general for 
integration theorems involving the whole closed interval, as compared with 
those involving only a portion of the interval Yet this complication is 
unnecessary, m that one of these theorems is deducible from the Theorem 
of Pfcraival for a senes of normal functions 

In view of the great importance of these integration theorems in piactice, 
I propose to make a further communication with regard to them on a 
subsequent occasion 

It should tie scarcely necessary to add that the considerations here exposed 
apply, umtahs mutandis, to other senes of normal functions, provided these 
normal functions are expressible, when multiplied by suitable functions, in a 
similar manner to the coefficients of Legendre. 
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On the Scattering of Light by Spherical Shells, and by Complete 
Spheres of Periodic Structure, when the Refraotwity is Small. 
By Lord Rayleioh, 0 M, F.B.S 

(Received January 28, 1918.) 


The problem of a small sphere ot uniform optical quality has been treated 
m several papers* In general, the calculations can be earned to an 
arithmetical conclusion only when the circumference of the sphere does not 
exceed a few wave-lengths But when the relative refractmty is small 
enough, this restriction can be dispensed with, and n general result 
formulated 

In the present paper somo forinei results are quoted, but die investigation 
ib now by an improved method It commences with the case of an infinitely 
thin spherical shell, from which the result for the complete uniform sphere 
is derived by‘integration Afterwards application ib made to a complete 
sphere, of which the structure is symmetrical but periodically variable along 
the radius, a problem of interest m connection with the oolours, changing 
with the angle, often met with in the organic world 
The specific inductive capacity of the general medium being unity, that of 
the sphere of radius H is supposed to be K, where K-l is very small 
Electric displacements being denoted by /, g, h, the primary wave is taken 
to be 

A« a <l> 


so that the direction of propagation is along j- (negatively), and that of 
vibration parallel to s The electric displacements in the scattered wave, so 
far as they depend upon the first power of (K —l), have at a great distance 
the values 


fu ffu hi 



*±q \ 

r* r 


( 2 ) 


m which P = —(K—1) «•"* Jjj dxdydi (3) 

In these equations r denotes the distance between the point («, 0, y), 
where the disturbance is to be estimated, and the element of volume (das dydz) 
ot the obstacle The ceutre of the sphere B will be taken as the origin df 
co-ordinates. It is evident that, so far as the aeoondary ray is concerned, P - 


* ‘Phil Mag,’ voL 41, pp. 107,274,447 (1871), roL 18, p. 81 (1881); vol 47, p 878 
(1889) i ‘Roy Soe Proc.,’ A, voL 84, p. 25 (1910), vol BO, p. 219 (1914); ‘Msatifio 
Papers,’ vol 1, pp. 87, 104, 518 , voL 4, p. 297, vol fi, p. 547. vol«, p. *20 (not y«t 
published) 
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depends only on the angle (g) winch this ray makes with the prituaiy ray. 
We will suppose that pO m the direction backwards along the primary 
ray, and that x ~ 7r &long the p> lmaiy ray continued The integral m (3) 
may then be found in the form 

Twwiyjo J »( 2 * llcoB iX (4)* 

p denoting the distance of the point ot obseivation iiom tlie ftntte of the 
nphere In the paptu of 1914 I showed that the integral m (4) can be 
simply oxpreseed by cncnlai filiations in value of h theorem given by 
Holton, so that 

r=-(K-l) 47rU’. *** *rt(2!L£- l, 2!£), (5) 

' irr nr 1 

where m = 2k R cos } x (6) 

In (5) the optical quality ot the sphqre, expressed liy (K—1), is supposed 
to be unifoim throughout In view ot an application presently to Is* (ou- 
sidered, it was desired to obtain the expiessiuu lot a sphoticnl Jiell of 
infinitesimal thickness dU, from which could be deuved tlie value ot 1* tor a 
complete symmetrical sphere whose optical quality varies along the tadius 
The required result is obtained at once from (5) and (6) by differentiation 
We find 

UP = —(K—1) 4wR»<M uiw/w, • (7) 

expressing the value of P tor a sphencal shell of volume 4wlt*dft The 
simplicity of (7) suggested that the reasoning by which it had tieen turned 
at is needlessly indirect, and tliat a better pioceduft* would lie an lmerse one, 
in which (7) was established hist, and tlie result toi the complete sphere 
deuved from it by integration And this anticipation was easily continued 
Commencing then with a sphencal shell of centre O and ladius OA equal 
to R, let ®0 be the direction of the pnmary and Op that of the secondary 
ray (fig 1) Draw Of in the plane of Oa, Op, and bisecting the angle between 
these knee and lot f be a oo-ordinate measured from O m the direction Of, so 
that the plane AOA, perpendicular to Of, is represented by f a 0 The angle 
aiOf is Ig, as m our former notation We have now to considet the phasea 
represented by the factor c'* < *" r > in P For the point O, x a 0, » a p, and the 
exponential factor is As m the ordinary theory of speoulai reflection, 
the same is true for every point in the plane AOA and therefore for the 
element ot surface at AA whose volume is 2srR<fR<?£ For points m a plane 


2 x 


VOU XCIV.—A. 


* titveu m the 1881 paper 
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Bit parallel to AA at a distance £ the linear retardation w — 2Joos Jjj, as m 
the tlieoiy of thin plates, and the exponential factor is The 



elementary volume at BB is still expieased bv 2wRrfIt<i£, and accordingly 
bv (3) 

ill>= — (K—1) ‘JTrlldR f* w **> 

« 

The integral in (8) is 2It sin mfoi, m being given by (6), and we recover (7) 
as expi easing the value of d P for a spherical shell of volume 4wR*dR. 

The value of dP for a spherical Bhell having been now obtained inde¬ 
pendently, we can pass at once by integration to the corresponding expression 
for a complete sphere of uniform optical quality, thus recovering (5) by a 
simpler method not involving Bessel’s functions at alL And a comparison of 
the two processes affords a demonstration of Hobsou’s theorem formerly 
employed as a stepping stone 

When P is known, the secondary vibration is given by (2), m which we 
via.} replace i by p So far as it depends upon P, the angular distribution, 
being a function of g, is symmetrical round On*, the direction of primary 
propagation. So far as it depends on the other factors wy/p* etc., it is the 
same as for an infinitely small sphere, in particular no ray is emitted m the 
direction defined by a = /8 = 0, that u iu the direction of primary vibration. 
There is no limitation upon the value of R if (K—1) be small but the 

reservation is important, since it is necessary that at every point of the 
obstacle the retardation of the primary waves due to the obetade be negligible. 

When R is great compared with X(=* 2*/$),** usually varies rapidly with 
R or k, and so does T, as given for the complete uniform sphere in (5). An 
exception occurs when % » nearly equal to v, that is when the secondary thy 
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is nearly in the direction of the primary ray continued (fimymO). In this 
«S«e m is very small, 

am -m cos m 1 

«i* wi* * S’ 


and 11’ | is independent ot A, and ib proportional to R 3 . The v>Unmty is then 


mi _ 16(K~l)*ir»R« 
1 “ 9 


(») 


The lm/e umnediately surrounding a small source of light Been through a 
foggy medium is of relatively great intensity And the cause is simply 
that the contributions from the various parts of a small obstacle agree in 
phase 

But in general when R is groat, so also is «t, and | P | vanes rapidly and 
periodically with / along the sjiectnun We might then be concerned mainly 
with the mean value of 1 1* | Now 

|P»| = (K-1)» Wit"(sin in-in 
of which the mean value is 

(K-iy 87r s K<>(l+»t : ')w- <, ) 


oi approximately, since «t is gieal, 

(K—1)* 8wWwr* 

When we introduce the value of m from (6), tins becomes 


Mean |P*| 


(K-1)VK» 

2i*cos 4 J^ 32 it* cos 4 


( 10 ) 


The occurrence ot \* shows llutL this is in general very small in comparison 
with (9) 


If, instead of a sphere of uniform quality, we have to deal with one where 
(K —1) is variable, we moat employ (7). The case of greatest interest is 
when (K—1), besides a constant, includes also a periodic part For the 
constant part the integration proceeds as before, and for the periodic part, 
where (K—l) vanes as a circular function of R, it presents no difficulty It 
may suffice to consider the particular case where (K.—1) is proportional 
to sin m, m as before being given by (6), for this supposition evidently leads 
to a huge augmentation of P, analogous to what occurs m crystals of chlorate 
«f potash, to which a plane periodic structure is attributed * It will be 


* ‘ PfitL MagV vol 8«, p, SG6 (1888); * Scientific Paper*,' vol, 3, p. 804 
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observed that the wave-length of the structure how supposed varies ‘with 
X, a** well as with k ot X. Tims, if K— 1 = 0 m, 


p_ «»*—j* ai « + HI -<•«*»2w) 

ft 


ill) 


when tlie mutation is taken foi a complete sphere ot laditis K If hi is 
moderately gieut, that is, if It he a latge multiple ot \ the firHt tenu on the 
right of (Jl) prepomleiat.es, «md wo may use approximately 


ir PIVc'W-") 
2k am 


112 ) 


Thus if (K —1) haw no constant pait 

I1M - *& liJ r 

21 COB J ^ 4 I Oh ^ 


(Id) 


Theielitmii between the wave-length ot the stiuctme (A) ami that ot the 
light is expressed by 

A » J\/cos$ x <U) 


It seems piobable that a sliuetuie uf this sort is the cause ot the reinaik- 
able colours, vanable with the migle of observation, whith hip so frequent 
m beetles, bnttei flies, and feathers 
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Graphical Solution for High-Angle Fire. 

By Prof A, N Whitehead, F R.S, Imperial College of Science and 

Tjgshnology 

(Received November 20, 1917 ) 

The point of the following methods is the reduction of the calculation of 
the path of a^&hell m high-angle fire to processes which can be either 
graphically constructed or calculated, once and for all, the results applying to 
all trajectories and shells of any ballistic constant 

It is assumed that the law of resistance is largely empirical, and is not 

r * 

to be reduced to any neat mathematical formula Furthermore the variation 
of the density of the atmosphere is taken aooount of, and its dependence on 
the height is assumed to be given by some empinoal formula 

Let W be the weight of the projectile, v its velocity, yjr the angle between 
its direction of motion and tlie horizontal, viz, QzyfrxQQ 0 for the shell 
ascending, and — 90°s^0 for the shell descending The resistance of the 
air is (W/Cg) x K (v), C being the ballistic constant of the shell, corrected for 
the Btate of the atmosphere. Thus C will vary slowly 1 as the height (y) 



Eeeolvmg tangentially and normally, the equations become 


= — R(i>)—Ctysin^ 

tkjr _ _ (1 oos yft 
dt v 




( 1 ) 


Put tanh z = sin yfr (2) 

* 

Then ^ will be called the " angular elevation ” at tho tune t, and a the 
" hyperbolic elevation.” 

vot. xcht.— x. 2 B 
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Eliminate t and ^ between equations (1) and (2 ), obtaining 

- (CV/)- 1 x R(»)+tanhs (3) 

dz 

Let p be the density of the atmosphere at the position of the shell Then 
we can put 

C = B fp. <4) 

where B is a constant depending on the special projectile and on the 
standard projectile and standard state of the atmosphere 
We assume that p jh some function of y. Put 

p =/(y) (5) 

Thus (3) can be written 

= B- 1 x/(y) x<r 1 R(») + tanh s (6) 

CLZ 

Also it is easy to prove that 

^ =* —g~ x r'tanhs (7) 

ctz 

These equations determine v and y as functions of z, assuming given initial 
conditions 

We proceed to explain a graphioal method by which, given any simultaneous 
set (v, y, z) and also given the increment dz to z, the corresponding set 
(v+dv, y+dy, e+dz ) can be determined The point of the method is that it 
proceeds by the use of five curves, the same for all projectiles and all 
traiectonea These curves can, therefore, be reproduced onoe for all on 
suitably arranged sheets of the proper dimensions The actual construction 
required to find a senes *bf values of (t>, y, z) proceeding by small given 
differences dz, is such as to make a very moderate demand on a skilled 
draughtsman 
The five ourves are 

i) — tanhs, i) as g~ x R(t), 

V as log, v, 1 1 as g~ l tP, ij =/(y> 

When z (or rfr) is positive, the shell is ascending, when »is negative, the shell 
is descending It may, perhaps, be convenient for the draughtsman to treat 
the latter ease separately. 

Then putting s' as — equations (6) and (7) become 

= tanh s'-B" 1 x/(y)xr‘B(«), <«') 

gjp « —g~ l «* tanh s'. 


(70 
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Thus the graphical modification for the descending shell, if treated separately, 
u of the slightest description, and need not be farther alluded to. 

In Diagram I we use equation (6) and proceed from v, z, y and z+dz to 
v+dv With 0 as centre the plane is divided into four quadrants, and the 
curves m each quadrant are referred to the bounding lines of that quadrant 
considered as positive axeB for tliat quadrant 



In Quadrant (1) the curve i\ = tanh s is drawn, also ON = s, QN = tanhs, 
01 as 1, ON' as z+dz {d» being negative) 

The point M on OY is determined from the seoond quadrant (as explained 
below), so that 

0M = B -‘x/^xf’EW 

Then QL, in Quadrant (1), is parallel to NM Thus 
OL as B" 1 x/(y) xy -1 K(v)+tanh« 

In Quadrant (2) the curves 

V as g~ l R(v) and tj */(y) 

are so drawn that the horisontal axis in this quadrant acts both as axis of v 
and axis of y Then, on the honsontal axis 

ON, as*, ON, as y, OP,' as P,N, */(*), ()B a* B 

2 B 2 
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On the vertical axis, OMi — PjNi, and P*'M is parallel to BMj. 

In Quadrant (3) the curve 17 = log, v is drawn, so that the horizontal axis 
is the axis of v, as m Quadrant ( 2 ) for one of the curves. Huts BNi = 
log, v as OK 

In Quadrant (4), S is the point (z, 17 ), where 17 = log, v 
Then SS' is drawn parallel to LI, to meet the vertical through IT, wherd 
ON' = z+dz, and dz is assumed to be negative, as will be the case Thus S', 
of equation ( 6 ), corresponds to S, when z becomes z+dz Then, working 
backwards, B' is determined in Quadrant (3), and thence Ni', so that 

ONi' as v + dv 

Hence v+dv, corresponding to z+dz, is determined 

Diagram II gives the graphical construction to determine y+dy in terms 
of z+dz, starting from the given simultaneous set (v, z, y) The quadrants 
are used separately as in Diagram I, but only two quadrants are now 
required, which (on the same plan as in Diagram I) are numbered Quadrant 
(1) and Quadrant (4) respectively 



In Quadrant (1) the ourves 

17 = tanh z and 17 a 

are so drawn'that the horizontal axis in this quadrant acts as the axis of z 
fpr the former curve, and as the axis of v for the latter curve. 


305 


Graphical Solution for High-Angle Fire. 

\ 

Then on the horizontal axis 

ONi = v, OPj' = l^Ni, 01 = 1, and ON = z, ON' = z+dz, 

(dz negative in figure) 

On the vertical axis 

4 OQ' = QN = tanh z, 

and L is determined by drawing Pi'L parallel to IQ' 

On the horizontal axis produced backwaids 

01 ' = 1 

In Quadrant (4), Y is the point (z, y), and YY' is drawn parallel to IX, to 
meet the vertical through N' in the point Y', whioh is (z+dz, y+dy ) 

Thus v+dv and y+dy have now been determined m terms of «, s, y and 
dz. The procedure can be repeated, starting from (v+dv, z+dz, y+dy), and 
so on indefinitely 

It is evident that it will not be necessary for a skilled draughtsman to 
draw many (or, indeed, any) of the straight lines which are here drawn for 
the purposes of explanation 

It will be noted that the effeot of height on air-resistance is taken into 
account m each step of the construction, and there is no smoothing out into 
zones The effect of different states of the atmosphere on different days 
might be allowed for by choosing a sufficient number of such typical states 
and issuing different sets of skeleton sheets, each set qprresponding to the 
form of the curve which belongs to that state of the atmospheie for which 
that set of Bheets is to apply. 

Finally we note the form taken by the equation gmng the dissipation of 
energy into the atmosphere, namely, 

~(Ji>*+yy) = V(y) x y 1 ® 2 K («) 

= (Cy)-i«»B(t>) 

By thu graphical method v and y have been tabulated in terms of » The 
remaining elements of the path are given by 

t m — - [ vdz, a = — - ( o* seoh zdz. (0) 

9 9 J*o * 

These quadratures can be effected either graphically as above, or by any 
other suitable method of approximation Also y is given by equation (7) 
above, 

If a closer approximation is desired by an analytical method, we can 
proceed by using the graphical method as a rapid first approximation 

It must be remembered that the whole point of any procedure, analytical 
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or graphical, is to reduce the solution as far as possible to processes which 
oan be tabulated (or drawn) once and for all, suitable for all projeofcdes and 
all paths 

Write u for the horizontal velocity, so that w = vBeo^r. Resolving 
horizontally and normally * 

C~=r —R(ttBeCl(r)coaifr, 

Cut 

u C ~- — — g COB? ifr 
at 

Then [rf equations (4) and (6) ] 

B^m - 1 = / (y) x R (w sec ^r) x sec (10) 

For a certain range of relatively low values of v 
R (v) « v*, approximately, 
for a certain range of high values of v 

/ R (v) x v 3 , approximately, 

for Hie intermediate range, no one value of n will give approximately 
R(v)oe if But, by dividing the whole range of important velocities for 
gun fire into a sufficient number of ranges, we can for each range find a 
value of n, say, which to sufficient accuracy allows us to write 
(V p to V„), R (v)ssftif*. 

These values of p and «*, can be found from the empirically constructed 
tables for R(v) by the method of least squares, Thus, if v‘— log,/i, and N n 
be the number of tabulations within the range Y p to V, 

N w v+nw 1 log, v m 1 log, R (v), 
r21og,v+« M S{log,i>}*aB 2 {log,® log,R (v )) 

The determination of for eaoh range can be effected once and for all 
With this value for n^, 

R («sec *) = R («) {sec *«*}, (V, to V,) (11) 

Then equation (10) beoomes 

<ia > 

The lutegratiou on the left-hand side of (12) can be extracted from tables for 

f du 

iSitoj’ w ^ 10 ^ 18 a^eady tabulated in the Gunnery text-books 



The Lommel- Weber A Function. 307 

Thus the only operation speoial to the path is the calculation of the right- 
hand side of (12) 

Now y is determined as a function of yfr by the preceding graphical method 
Accordingly within each range (V, to V f ) or portion of such range, 

J/(y)(wo^r)"" +1 dV r 

can be calculated by any convenient method of quadrature Thus u (and v) 
are determined as functions of yfr, and all the elements of the path (viz, 
(as, y and t) are determined in terms of ifr 


The Lommel- Weber A Function and its Application to the 
Problem of Electric Waves on a Thin Anchor Rmg 
By J R Aibey, M A, D Sc 

(Communicated by Prof J W Nicholson, FES Received December 7, 1917) 

1 f r 

The function An (a;) defined by the integral - I sm (x sin <f>—n$) dtf>, or, 
k w Jo 

2 pd* 

when « is an even integer, by - 1 sm (® sin d>) cos n<f>d<f>, is closely related to 

w Jo 

1 (* 

J»(«), which was firat given by Bessel under the form - I cos (,r sin ^—nA) d<b 

w J« 

The A function, although of less importance m its application than the 
J function, occurs m a number of problems in mathematical physics, move 
especially those relating to the interference and diffraction of light 

2 r /a 

The function Ao(®) = - I sin (.cam <f>)d<f> was employed by Lord 
. w Jo 

Rayleigh* m the problem of the reaotion of the air on a vibrating circular 
plate, and by H Struvef in the theory of diffraction in telescopes H ¥ 
Weber} applied the function Aj(®) and, in addition, found a number of 
interesting properties of A„(»), including the recurrence formula and the 
development in senes of .ascending and descending'powers of the argument. 

* Lord Rayleigh, ‘ Theory of Sound ,' vol S, p. 194, equation (6) 
t H. Struve, “ Beitrag zur Theone der Diffraction an FernrChren,’’ ‘ Anu&len dei 
Fhyaik und Chemie,’ vol 17, p. 1018 

} E F Weber, "Die wshre Theone der Fresnel’echen Interferetus-Eracheinungen,” 
* Vierteijahreedhrift der Naturforacbenden Oeeellschaft in Zttneh,* voL 84, p 48 




308 


Dr. J. R. Airey. Application of Ltmmel-Weber 

Lommal* proved that the integral - j sin sin <£) d<j> is represented 
by the following senes when v is an even number, 2n, 

Os* (%) = —— So,a# (x) or —- [S 0 , 2 * (-<*)+Y*, (#)], 

7T IT 

where 

, . _ x _ a ? 6 _ 

*0,,W- (1SI _ 1 ^ (1ST— y*) (33 _ ^*) + (1» _ ^) (3J _ ^) (5»- K>) 

end Ysn (a*) is the Bessel function of the second kind according to Lommel’s 
definition, A similar formula gives the value of the function when v is odd 
Functions of higher order occur m the problem of electric waves on a 
thm anchor ring If a is the radius of the circular axis of the ring, € the 
radius of the circular section, m any integer and II as # pt fp t Lord 
Rayleighf found that approximately 

f* (fiV cos 00 s m4>d<f) 

Jo v/(« a +4a 3 sin a ££) , 

[•»(,*« !)(«,*** cos 4>—m a )cosm£ei£ A /1x 

+ Jo 2asmJ0 “ U w 

The second integral determines the imaginary part of (a a a 3 —m a )L, where 
L = log and it has been shownt that this can be expressed in terms of 
Bessel functions of nearly equal order and argument, viz 

-Tg— {Jg,,,-] (2m)—Jj* + i (2 to) } or imPir ^ .J»»(x), (2) 

and x 3 = 2 m 

On the other hand, the real part of (a a * a —m a ) L is made up of oontnbu- 
tions from both integrals The second integral takes the form 4 

m a r*/2 y,ws sin f 1 

2aJo * 8l ^r {oos(2m+2)^--2cos2ffif+eos(2>»-2)^}, (3) 

where a* 4a»«» = 4 m » nearly To evaluate thiB, Lord Rayleigh introduces 
the integral 

dyfr GOB 2m yfr ^ = J** (x) + zK am (#) (4) 

* Lommel, M Zur Theone der BesaeVachen Fvinetkmen,” ‘ Math Annvol, IS, p. ICS. 
t Lord Rayleigh, M Electrical Vibrations on a Thm Anchor Bing,” ‘Roy, Soc Proc./ 
vol. 87, p 184 
% Loc c\t* t p 106 . 
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Tbs K function is no other than the fl function, but the tern —1 in the 
numerator 1 in (3), although not affecting the imaginary part 

involving the J functions, reduces the result for the real part to 

But the contribution to the real part oi (a a « a —wi 4 )L from the first integral ib 

, , 2m a , » <f */2 

1 ’ (2m-l)(2m+l) ” ^ )Mn dx r(m+|)r(-m+f) 

and (—1)** . T r/; -TT\ 19 the fir8t term of °*»(*) 

r(«i+f)r(—m+i) 

Consequently, equation (21) in Lord Bayleigh's paper takes the simple 
form 


(«?«*—m a )L am m a ir{i3 am ' (x)+Sl im ' (j,)} and x — 2m, (5) 

— ~ 7 j— {if Jam-i (2m)—Jam+i (2m)]-p[ftam-i(2TO)—Q«m+i(2m)]}, 

( 6 ) 

since* flam-i(^)—flam+iW = 2 ~ (7) 

Henoe 

—a = ^ -|^l+^{i[Jam-i(2in)—Jam+i(2M)]+[flam-i(2w)—ilam+i(2»i)]}^- 

( 8 ) 

and the equivalent wave lengths X« are given by 

= [««■-! (a»)-Oa.+i (2m)]} (9) 

Where m is small, Oam-i (2 in) and (2m) are readily obtained from 
the senes in ascending powers of m, 

<’»> 

or, in terms of the Bessel functions! Jj,(c), 

n * -+l (<t) “ [ SJ+1 + (4m+2) .I, l) 


•The asymptotic expansion given by Lommel and Weber£ cannot be usefully 
employed where the order and argument arc large Expressions giving 
the values of Sin (»), fl *-1 (»), etc, can be derived from a result due to 
Sonine and Sohlafli. 


* Nieleen, ‘Cylinderfunktiouen. 1 p 40. 
t Nielsen,' Cylinderfunktionen,’ p 67 
} Luc at, p 48 
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Sonina’s result is* 

y„(a!) = j'sm (a: tun <f> - m<£) d</>-[«** 4 ( -1)* «—*] d8, 

the function Y„ (*) being the same as Henkel's and equal to — 2G*(a;) 
Schlafli found thatf 

Y»(c)—(log 2— 7 ) J,(*) = J f sin (x sm d<j> 


-J JV” lnh, [^+(-l)»«-*^<M 

Here Y,(a.)—(log 2 —y) J,^) is equal to — G»(a) 

Expressed m the form 

(ic) = Y B (a!)+i fV' ,tah *(e"»+coe*wr e~"*)d6, (12) 

^JO 

the Neumann function Y„(a?) m equal to — 2 /tt G»(o:) Very complete TablesJ 
of Q H (n) and with other related functions have been computed for a 

large number of values of n The integral in (12) can be evaluated by the 
" Saddle Point " method of contour integration,§ or by the less elaborate 
method given below Taking the case where the order and argument are 
equal and ti is an even integer, 

n„ (n) s= -- G. (n )+- fV» ,tah '(«’'•+<—*) dJ6 (13) 

7T 7Tjo 

1 r* 

In the integral - 1 e~ n(8l " h *~ 4) rfd, change the variable by substituting t foi 
sinh 6—6 then if X is written for ( 6 i) 1/s . 




60 8400 


Beversing this senes, 




X* 


60 1400 25200 


+ . 


and 


,i4 4- 2 i + n5-3» + -h 


Writing a for^j^ and applying J to each of the 


* Somne, “ Fonctions Cyhndriques,” 1 Math. Ann / vol 3, p 27 
+ Schlafli, “Besael’schen Functionen,” * Math Ann./ vol 3, p 143 
+ * Baport of the Mathematical Tables Committee of the British Association, 1 1916, 
pp 92-96 

| Debye, * Math Annvol 67, pp 535*556 , Brlllomn, * Aunalea de rftoole Norm4k/ 
vol 33, pp. 17*69 
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terms in -the integrand, we find 

- fVii«riaM-Qd9 
w Jo 

- Sp'“( 6Wr<, 4 + 55o 6W ‘ M - 3 Too 6WiW+ )* 

-s[* r <*>-^ + ^ r «)- 5 jfe r <» + ] < l4 > 

1 P 6 

In the integral — | e^ n < tlnh0+g >d0 t on substituting t for sinh 0+0, reversing 
w Jo 

the penes and proceeding as before, we get 

ttJo irU2n) 2 J 

It has been shown* that 

o.00-i{- I’W+^rdl-gf 

Therefore 

“*<»' - -l °*« + ; {<S)-g(^ + ^?- 

l_ f 3 10449 . \ 

~dwl5(2») 134750 (2») a J 

—s{* r <»-T + S r «>- 5 f« r <*> + 

For n*-i(w), the integrals in (10) are 


(16) 


50 r <*>- '} 

} 


15973«» 
9702000 


- } 


(16) 


1 (• „ 
- I e~ n 

irjo 


(ilnh de&Ud 


IfV 

•w Jo 


*W» >•«+«> e»d0 


The factor «*• is expanded in a senes of ascending powers of X, eg in the 

q\ v \ a x * 

first integral «-•« l-*+- 2 0~i0 + 28O-*28(l0 + and we obtain the 
result 

w-o.(*) -<s{* ,r «> + l5 r <«-TO + iraBo r <»> 


ro)+: 4 *“ 


74644000 




15875 


209 


Sr l- 1 350»* 2550^ 

* Debye, 1 Math Aon vol 67, p B67 

fl^») - - J Y,(a) - - If {H,( )(n)-H«0>(»)} 

4 Phil Mag.,’ voL 81, p. 686 (June, 1916). 


}> (17) 
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the last term in each expansion being given approximately When x is 
equal to n and n is an even number, the recurrence formula 

(#) 4* fl»+i (^) — ”■ W 4" 

irJu 

reduces to ft»-! (n)—n B +i (n) = 2 {fl«_i (n)—fl„ (»)} (18) 

Schlafh's polynomials S*(:r) = J e" 2,illh ® (e rt *—(—may be 
employed to simplify the calculation, since the integral m (13) is equal to 
S.(»)+2 d$. 


Then 


"•(”)- -I {°"(“)-*s.w-(s-j(b + (W- •)}' <19) 

n.., W =-|{o.. lW -is.. l (» )+ (I + ^ ?+ ^- )}. (20, 


and 


n,-i(m)-n,( W )= j[G„-, (»i)— g, («)] - ks,-, (*)- s. («) ] 

+ (m + (2^ _ (2^ + 2(2^' _ ' )} (21 ^ 

If n is not very large, the functions S B _i (n) and S»(«) can be found 
without difficulty from 




( 22 ) 


Table of XW-i (2m)—H*n+i (2m) = A 



~ 

“ 


I 

— - — —- 

m 

A ! 

1 

m 

A 

1 

| m 

A 

1 

>1 

0 308478 

b 

0*003848 

i 11 

0*001822 

2 

o lessee i! 

7 

1 0*084040 

12 

0 068277 

a 

0 140466 

8 

0 078784 

13 

0*056198 

4 

0 188976 i 

0 

0 *070849 

14 

0 062498 

5 

0 106667 | 

1 

10 

I 0 066966 

1 

15 

0*060096 


The corresponding values of R for m ss 1 to m ar 6 are 


M 

R. 

tn 

ft 

1 

04846 

. 4 

30907 

2 

12336 

5 

41495 

3 

21130 

6 

52784 


Thus as the value of m increases, i e for the higher inodes of free vibration, 
\m, the equivalent wave-length, approaches the value 2 irajm. 




n Function to Electric Waves on Thin Anchor Ring SIS 

In the general cose, where the order and argument am nearly equal, when 
x = n +*, k being a small number, the integral 

f"e- I,tah * + "»<20 ss e ~«» dff 

Jo Jo 


If smh 6—6 ss t and X is written for (6<)V* then 6 = X— 

60 1400 


and <16 


\d\ 


= (i_.L a + *L_ V 

\ 20 280 / 

Expressing c~ K$ m terms of X wo get, after a little reduction, 

(V~-i = \ [“‘e~ xt e^rV'lo-o-o-! (60 ,/8 + <r s (6/)V 

Jo Jo 

-o-aCeO + ^fOO 4 /'- }rf< 

The first seven values of <r„ are us follows, 

0-0=1 
0*1 = K, 


** 2 20 

** * 

* o is 


0,4 “ 24 24 + 280 

— ^ ^ 
ff * 120 60 8400 

/c 6 7** , K * 1 

** “ 720 ” 1440 + 288 ”3600' 


For the integral e~ x,i * ht ~ nt d6 = J put < = smh 6+6 

and \ as t/2 


'-Hs+se— * nd 
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Since 

" = ' + * + J» + {l-u) x ' + {&-Ti) V+ ’ 

| e -z»inht-n*dg -a S] ^ +^^+ s »|*+ ^ ^ 

_ * 6 , _* i _ . J ^£3 , 6 a 3 , 24 a 4 

“ 2 u ^( 2 x ) 3 ^(^) 5 ( 2^) 4 ( 2 ^ 

where s, — 1 


Si = AC 



l 

4 


«4 


AC* AC 

6 TV 

at — x i 

24 24*12 


AC 6 AC 3 , 29 AC 
6 120 12*240 

*V_7* 4 ljjhg 4°» 
720 288* 1440 1440 


9 

Finally, knowing the development of Y*(a) or- G*(r) in aenea of 

7T 

descending powers of x, we obtain the result 


+ 3w { <r #* r W” ff J“ 2r '(0+ ff a« a —ff3a 4 r(4)+<r4« 6 r(|)—2a-»«*—. } 


+S2!iiE{ Sb/ 9 +8l /9»+2s^'+6« 3/ 9 4 +24s4^+120s«^+ }, 

IT 


where a = 



The ooeffioients <r n are the same as those occurring m the asymptotic 
expansion of J»(a), hut <r a , <rr„ etc., disappear in the find expression owing to 

the zero factoi Bin - n ~*~.^) 7r The aiguments of tlie T functions associated with 

(l 

these coefficients are integers 



815 


Flocculation. 

By Spencer Umfreville Pickering, MA.FES 
(Received December 8, 1917 ) 

The breaking down of clay soils by frost is largely due to the mechanical 
disruption of the clods, but a change also occurs in the ultimate particles, 
which, when agitated with water, are found to sink more rapidly than before 
This is due to the shnnking of the individual particles, and then agglomera¬ 
tion into clots Such a change is the reverse of that occurring m flocculation 
produced by the addition of acids, etc, where, as will be shown, there is an 
increase in the size of the individual particles 

All bulky, hydrated precipitates appear to behave as clay does on freeziug 
The three basic coppei sulphates examined were obtained by adding lime- 
water to copper sulphate * the coppei hydroxide, by adding clipper sulphate 
in the calculated proportion of lime-water, the ferric hydroxide, from the 
chloride and ammonia, all of these were used without separation from 
the liquids The alumina was precipitated and well washed, but not 
dried, the clay was from the Oxford formation, it was puddled with 
water, and the turbid supernatant liquid decanted aftei 10 minutes’ 
settlement from the coarser particles, the kaolin was similarly treated 
In each case 100 c c of these liquids were kept frozen foi two hours at 
—18°, and, oft melting, transferred to graduated cylinders, side by side with 
unfrozen specimens Readings of the volumes of the sediment weie taken 
daily till the relative volumes of any \mr became practically constant, this 
occurred after two or three days The values are entered in Table I Thus, 
considerable shrinkage, varying from 40 to 90 3 per cent, has occurred 
in all these casesf This appeals to be due to dehydration Taking 
advantage of the fact that the sulphate lOCuO.SOg (which contains also the 
elements of CaSO*, or of NaaSO* if excess of sodium sulphate is present), 
emulsifies paraffin oil, its state of hydration when freshly precipitated was 
determined^ and found to be 42HaO A similar determination with the 

* ‘ Joura Ohem Soc1907, p 1988 

+ Exceptional behaviour was observed with a third preparation of alumina it had 
proved very difficult to wash* and still retained 0*09 per cent Q1 aftei several months, 
this jelly, which contained 3*32 per cent Al a O a , on being frozeu, became a limpid, almost 
quite plear, liquid, leaving only 4 per cent of the total alumina present on the filter 
paper after filtration; yet the rest of the alumina was but in a state of suspension, being 
separable on filtration through a very fine porous candle 
$ 4 Journ. Chew Soc.,' vol 96, p 123 (1909) 
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Table 1 —Vol ume of Sediment from Frozen Liquids, that from similar 
unfrozen ones being 100. 


Subitance 


40u 0,S0 8 
5 CuO ( SO a 
lOCuO.BOs 
CuO.^HjO 
FejOj^HjO 

Al 3 0 a ,xH 2 0, commercial 
AljOjftfHjO, pure 
Kaolin 

Olay A (1 00 grm anhyd solid in 100 c c ) 

B (1 81 „ „ 100 „ ) 

„ frozen, and repuddled for 10 minutes 

fj n *i ^ »» 

„ Jf boiled 80 minutes 

.. „ tf 2 hours 

„ „ 0 001 gr KOH added to 100 c o 

H n 0 01 ii ii ii 

ii ii 0 1 ii ii ii 

ii ii 2 >i ii n 

„ „ ditto, and boiled 


Volume 


42 
48 
16 
9-7 
40 
19 
19 4 
60 
18 
19 


83 

18 

21 

19 

19 

IK 6 

20 5 
10 1 


frozen precipitate is impossible, as it will not emulsify oil, but the water 
combined with it is found to be much reduced, for, on being filtered under 
pressure, avoiding loss by evaporation, the combined and adherent water 
together amounts to only 18H a O Further evidence as to dehydration was 
afforded by the fact that the sediment from 100 cc of the unfrozen clay 
suspension B, when dned over sulphuric acid and re-suspended in water, 
gave a sediment with a relative volume of 215, or piactically the same as 
that after freezing Partial drying by mere exposure to air resulted in no 
shrinkage of the sediment 

Dehydration by freezing affords an instance of a chemical combination 
feebler than that uniting similar molecules in a crystal * - It is not a tem¬ 
perature effect, for these sediments when kept at 0° for several days undergo 
no shrinkage, nor does shrinkage occur when there is insufficient water 
present to allow of crystallisation, as when air-dried clay is cooled to —18°. 

The contraction consequent on dehydration is increased, at any rate in the 
case of clay, by the particles becoming aggregated into clots With day, 
where, unlike the other substances examined, the particles are of very 
different magnitudes, freezing reduces the amount of finer partodes left in 
suspension in nearly the same ratio os it reduces the volume of the ooarser 
particles m the sediment 

* Cf Emerson Reynolds' investigation of the behaviour of platin-oytnidee at low 
temperatures, ‘Proc Roy. Soc./ A, voL 82, p 360 
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Re-hydrataon of frozen clay must occur Bomehow m the field, but by what 
ageucy is not apparent, neither frozen clay nor any of the precipitates 
examined show any increase in bulk on being left m water for months, nor, 
m the case of clay, does any of the treatments specified m the laBt eight 
entries in Table I produce any appreciable effect, pxuept re-puddling, and 
there the effort is a limited one, probably resulting merely from the breaking 
up of the clots, not from their re-hydration Equally ineffective was repeated 
air-drying and moistening of the sediment during several weeks, and mixture 
with some garden soil during such treatment produced no change 
The elements of CaS0 4 (or NaaSO«) are united with the basic sulphate, 
10 GuO,SO 8 , in the same loose way as that in which water is, and may be 
removed by washing, or even by dilution of the liquid, yet their presence 
modifies considerably the physical and chemical properties of the substance 
When heated at 100° m the liquid from which it has heen precipitated 
(which is a saturated solution of calcium sulphate), the basic sulphate 
gradually becomes grey,* but retains its bulkmess for a long tune, if, how¬ 
ever, the oaloium sulphate is entirely or partially removed, decomposition 
is very rapid and complete, and nothing hut a compact deposit of black 
copper oxide remains In numerous senes of experiments the effect ol 
various substances on the stability ol the basic sulphate has been inves¬ 
tigated , amongst inorganic salts, magnesium sulphate, when present m large 
proportion, is the most effective in imparting stability, whilst some organic 
substances, such as starch, and especially dextrin, are still more effective 
With the latter, the maximum stability is attorned when the propoitions 
CjHioOj 4Cu is reached, the compound resisting decomposition during 
about two hours’ heating at 100°, tlidugh it becomes Issb bulky than in the 
absence of dextnn. Smaller proportions of dextrin, though they have a 
delaying effect on the decomposition, render it complete when it does occur, 
the product then consisting of the block oompaot oxide The point at which 
this decomposition is at a maximum indicates the existence of another 
compound with, approximately, C a Hi 0 O& 10 Cu. 

In all oases the combination of the basic sulphates with these substances 
is reversible, the substances con be removed by washing, and replaced 
by adding them again to the liquids. These facts have an important hear¬ 
ing on the floooulation of clay, etc, by acids or salts 
As regards floooulation, a significant fact Beams to have been overlooked by 
previous workers, namely, that it is accompanied by a large increase in 
the volume oooupied by the pertioles, as evidenced by the volume of the 
deposit eventually obtained on subsidence 

* ‘Journ Client Socvol 98 , p 1862 ( 1910 ). 
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Kaolin wsb taken for the present investigation Samples of this vary 
greatly in their powers of suspension, that selected was a “ purified,” hut 
not acid-washed, specimen, it was ground with twice its weight of water, 
rendered slightly alkaline with ammonia,* and boiled vigorously in platinum 
for 30 minutes, after 24 hours, the upper two-thirds were syphoned off for 
use This contained 20 per cent of solid, after ignition In the determina¬ 
tions, 10 cc were transferred to a graduated cylinder containing well 
boiled water, the flocculating solution added, and the whole made up to 
100 c c Each series consisted of about ten determinations with the pro¬ 
portion of flocoulant increasing (generally) tenfold at each step. The 
cylinders were left at 22° for 48 hours, when the volumes of the sediment 
were finally read, and the upper 75 c c of the supernatant liquid syphoned 
off for the determination of the matter natant m it. Judging by the 
appearance of the liquids, flocculation is not quite complete till (generally) 
one stage beyond that at whioh the suspended matter is too small for 
determination. The liquids which were quite clear are marked by asterisks 
in Table II, an increase in the amount of flocculant beyond this point in 
every case induces a very slight turbidity 

The concentrations (equivalents per litre) at which flocculation is complete 
are approximately— 

0 0003 N to 0 001N JH«SO«, HC1, HNO*. 

About 0 01N HjOO&f * KjSO* KC1, KNO& 

01N to N ... NaOII, KOH, iKsCOaf 

The results are depicted m tigs. 1 and 2, plotted against the lo garithm of 
the concentration, with the zero point inserted at log 3. The volumes of the 
sediments are represented by the continuous lines, and the matter in 
suspension by the discontinuous ones, the latter on a scale much more open 
than the former, so as to render the relationship between the two apparent. 

The volume occupied by the whole of the solid particles is the property 
which ought to be represented, but this cannot be determined, and it is not 
even possible to separate the suspension completely from the sediment, but, 
even in extreme cases, the suspended matter can amount to only about 

* It would have been preferable to flocculate it previously by carbon , this 

would have admitted of its being washed. 

+ The equivalent of cai borne acid has been taken as 11,00, because only onb of the 
atoms of hydrogen exists as acid hydroxyl (* Proc Boy 8oc.,’ A, vol 93, p MS), the 
other would be inoperative, but in potassium carbonate the second a to m of •« 

being in the alkaline condition, would be operative, hence the equivalent then has been 
taken ae iK,00, 

t Or at 0-0001 N 



Table IL—Volume of Sediment, and Percentage of Solid Matter n&t&nt, on the Addition of Substances to Kaolin 
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6 per cent, of the total solid present, and a correction for this, in order to 
convert the observed sediment volumes into volumes occupied by the total 
solid, would amount to 0*25 c.c at most, an almost negligible quantity, 
especially when the difficulty of reading the volumes of 3 or 4 o c. at the 
bottom of a 100-e c cylinder is considered 
It is evident that, as regards acids and salts, the increase in the sediment- 
volumes forms an exaot counterpart to the decrease of matter in suspension, 
the latter becoming ml when the former attains a maximum, where, as in 
the case of cane sugar (fig. 2), there is no flocculation, there ib also no 
increase m the volume of the sediment Both phenomena must be 
attributed to the same cause, and this, apparently, is the combination of 
the flooculant with the kaolin. An investigation of such combination was 
possible m the case of acids and alkalis, but only over a limited range, the 
results were — 




Weight of flocoulant per 100 gr kaolin 

Concentration 

Added. 

Abiorbed 

— 

_ 

— 

— 


r 0-00033 

0*088 

0 -078 — 96 per cent of total 

1H,S<V 

0-001 

0 847 

0 181 - 49 

0*01 

2 47 

0 184 - 6 „ 


[0-00088 

0-061 

0 000 - 07 „ 

HCi * 

o-ooi 

0 184 

0-075-41 „ 


.0-01 

1 84 

0-074- 4 M 


fo -00083 

0-067 

o-o 

NaOH < 

o-ooi 

0 200 

0-000- 4 5 „ 

1 o-oi 

a ooo 

0-060 - 8 6 „ 


loi 

20*000 

0 400- 2-0 lt 


Thus, with the two acids, practically the whole of the flooculant u 
removed from the liquid up to the point at which floooulation becomes 
complete, beyond whioh there is no more removal, a definite quantitative 
combination must, therefore, occur. The results with soda, which will be 
discussed later, are confirmatory m proving combination to occur up to the 
point of flocculation, but, owing to the strength of the solutions concerned, 
they oannot be extended so as to prove that it becomes complete at this 
point (01 to l'ON) 

Hall and Momson* show that the electrical theories of flocculation put 
forward by Whetham and by Joly oannot be accepted, and, whilst advancing 
no explanation themselves, reject the idea of combination as a cause, on the 
ground (pp. 250, 254) that the action is reversible, and that their own con¬ 
ductivity determinations showed that no appreciable frac ti on of the H w wlMit 

a 

* ‘ Joorn Ague Science,' vol 8, p 344(1807). 
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was removed from the liquid That reversibility disproves combination 
cannot be maintained (r/. p 317), and, m all the four cases examined by 
them, a reduction of conductivity was observed, which, moreover, indicated 
combination of the same order of magnitude as that given by the present 
direct determinations, namely, 100 molecules of kaolin* to 0 2 BaCI? (or 
0 4 equivalent), and to 0*1 Al^SCMa (or 0 6 equivalent). With natrohte 
the proportions of salt were two or three times as great The present 
determinations show a combination of 100 Al a Oa,2SiO a with 0 28 HjSO 4 
(0 56 equivalent), with 0 46 HC1, and with 2 2 NaOH 
On flocculation, the Brownian motion of the particles ceases, and, as this 
motion is hut a consequence of the Bmallness of the particles, flocculation 
must increase their size No swelling of the particles can be observed under 
the microscope, hence the increase in size must be due to their combination 
with invisible liquid matter, a layer of liquid round a solid particle 
would act as a buffer against molecular bombardment, and hence arrest 
Brownian motion. 

The increased size of the particles is shown by the increased volume 
occupied by them on subsidence, but this increase ib about 200 per cent, in 
the case of the acids, and 100 per cent in the other cases,! and could not 
result from the union of such small proportions of the solute with the 
kaolin , the solute, however, whatever views be taken as to its condition, is 
certainly united with a large propoiUon of water, amounting in dilute 
solutions to several hundred H a O, as the author’s former examination of 
various properties of solutions shows, and the union of such oomplex hydrates 
with the kaolin would quite account for the magnitude of the increase m 
volume observed 

The spheres formed by the solid particles surrounded by liquid molecules 
would exhibit some surface tension towards the medium, and, as m the case 
of an imperfeot emulsion, these spheres would tend to coalesce into irregular 
masses, with the solid particles congregated towards the centre Hence the 
appearance of an attraction between the solid particles 
Alterations in the composition of the hydrates as the concentration of the 

* We have taken Hall and Mormon'# weights to refer to that of anhydrous kaolin , 
the proportion of salt absorbed would be gre&tei if they referred to hydrated kaolin 
t A strict comparison between the results with the different substances must not be 
made, so the various senes oould not be done at the same time. Carbonic acid, it may be 
noticed, gives an increase as great as do the other acids, though larger proportions are 
required to effect it The absence of procautions to eliminate carbon dioxide must throw 
doubt on some of the previous work on flocculation It is owing to its action that 
samples of day, taken from the same spot at different times, are found to vary greatly in 
suspensibility. 
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solutions aro altered would produce alterations in the sediment volume 
curves. The results with potassium sulphate show a want of regularity, 
posHibly from this cause, and with potassium nitrate there was a slight 
rocrudescenoe ol turbidity beyond the point at which flocculation had become 
complete The imotion of the flocculant with traces of impurity in the 
kaolin would account for the zero point not always being quite in harmony 
with the volumes for the weakest solutions 

It is clear that the changes suffered by the kaolin do not cease when floccu¬ 
lation is complete, for the volume of the sediment decieases, and subsequently 
increases, on further addition of the flocculant The decrease is attributable 
to the dehydrating action of the solute, partly on the hydrates present, 
partly on the kaolin itself That the latter is modified when the concentra¬ 
tion of the solution is great, is evidenced by the fact that m every such 
case it assumes a grey tinge, and a coarse-grained appearance, this being 
accompanied by contraction of bulk, as is proved in the case of the otherwise 
inert cano sugar, where the sediment from a solution of N concentration, 
when allowed to settle completely, is found to oct upy only 80 per cent of 
that from water This dehydration, like that produced by freezing or other 
means (p 317) appears to be irreversible, kaolin in a 0 0003N solution of 
sulphunc acid, on the one hand, and m a ION solution on the other, were 
taken, and the acid in both oases was entirely renio\ed by withdrawing 
three-quarters of the supernatant liquid, and replacing it with water, every 
24 hours foi 16 days. The sediment volumes had then lioth attained con¬ 
stancy, but there was a difference of 30 and 40 pel cent Inatween them in the 
two series made * 

The filial increase m the volume of sediment must be attributed to a 
cause similar to that producing the first increaso, namely, the combination 
of the solute with the kaolin, but in this case it will be with the partially 
dehydrated kaolin, and the solute will be present as hydrates of very 
different constitution from those in dilute solutions The slight turbidity 
noticeable in these liquids is due to their increased viscidity, as is shown m 
the case of sugar, where there is a continuous increaso in turbidity from 
0001N solutions onwards, till, in a 1*65N solution, as much as 61 per cent 
of the kaolin remains suspended m the upper 76 c o after 48 hours. 

The results with alkalis show that they produoe flocculation, just as do 
acids and salts, hut not till the proportions present are a hundred to a 
thousand times greater. The consequence of this is that the attainment of 

* The volumes represent those of the carbonic aoid compounds of the kaolin, for the 
water used must not be freed from caibon dioxide, otherwise many weeks would have to 
be allowed for the settlement of the kaolin after each dilution 
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the maximum sediment-volume at the flocculation point is not always evident, 
owing to the overlapping of it and the subsequent changes—dehydration 
and the combination of the dehydrated kaolin This is so with potassium 
caibonate, partially so with soda, but not with potash, in the last of which 
cases, it will be notioed, no final rise oocuis within the limits of possible 
experimentation 

The alkalis, however, present one feature absent in the case of acids or 
salts, namely, that the decrease m the amount of matter m suspension is 
preceded by an increase, forming a hump in the curves, but this oannot 
be due to a reversal of flocculation, for there is no corresponding depression 
in the sediment-volumes It is explained by the fact that combination with 
alkalis requires the preseuce of these in excess, as the determinations 
quoted on p 322 show, in a 00003N solution, for instance, no measurable 
amount of combination occurs, yet there must be attraction between the 
kaolin and the alkali, for they combine when the proportions are altered, and 
this attraction must result in the kaolin subsiding less rapidly than in pure 
water, hence the rise m the curve, followed by a fall as the amount of com¬ 
bination becomes appreciable 

A true leversal of flocculation would, howevei, be produced by alkalis in 
the case of clay flocculated by carbonic acid, as when a clay soil is dressed 
with lime 



326 


On the Nature of Heat, as Directly Deducible from the 
Postulate of Carnot 
By Sir Josarn Labmob, F R S. Cambridge 

(Received February 1, 1918 ) 

1 The contemplation ol the actual working of heat engines, and ot their 
great development ui England, with which he was well acquainted, suggested, 
to the mind of Sadi Carnot, the fundamental principle regulating their 
ojoration He postulated that heat can give rise to mechanical work only 
in the process of carrying through its effort towards an equilibrium * This 
idea involves immediately the whole of isothermal thermodynamics, including 
the modern thermodynamic potentials of physical chemistry, for it asserts 
that, in isothermal circumstances, the heat that is present takes no part in 
the interchanges of mechanically available energy m the material system, 
and therefore that the available energy is conserved by itself (or in part dis¬ 
sipated if the operation is irreversible) without any reference to the heat- 
changes which accompany its transformations 

An argument—perhaps the most original in physical science, whether as 
regards simple abstract power or m respect of grasp of essential practical 
principles—which was based on combining direct and reversed simplified 
engines operating in parallel, then led Carnot from this general postulate to 
a quantitative thermodynamic relation, fundamental for all departments of 
natural knowledge * that all reversible cyclic thermal operations, involving 
supply and abstraction of heat at the same two temperatures, have equal 
mechanical efficiency, which is the maximum possible. But he allowed 
himself, in his demonstration, somewhat reluotantly, and perhaps hastily in 
order to fix the ideas, to adopt the view then current that heat is sub¬ 
stantial, so cannot be annulled or created. This point came right later, 
without trouble, m the corrected expositions by Clausius and W. Thomson, 
once a net of misconception, arising partly from confusion between total 

* 11 Ia production d’une puissance motnce eat done due . . non 4 une consom- 
matron rfolle de oalorique, mats <1 son transport cFnn corps chaud & un corps froid, 
c*est-4»dire 4 son r6tabliasement d'tiquilibre, 6quilibre suppose rorapu par quelque cause 
que oe aoit, par une action chimique, telle que la combustion, ou par toute autre . . • 

Xyaprts oe principe, U ne suffit pas, pour donner naissanoe 4 la puissance motrice, de 
produire de la chaleur il faut encore se procurer du froid sans lui la chalour eenut 
inutile . * < 4 Reflexions,* ed 1 , p 11 (1824) , eel 2, p. 8). 

The unlocking of latent heat into sensible form could not be in itself on these 
principles a lapse towards equilibrium and so a source of motive power, because it is 
spontaneously reversible, there being no thermal effort in either direction. 
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energy and mechanically available energy, had been cleared away The 
whole matter ought, however, to be capable of abstract development on 
broader and more general lines,* and the following statement is now 
advanced to that end The rough manuscript notes left by Carnot at his 
death show his own early and very substantial progress towards a more com¬ 
plete doctrine of thermal motive power 

2 Suppose that motive power can be gained in a material system, by the 
carrying out of the effort of some entity, distributed through it, towards an 
equilibrium. Suppose that the state, as regards fall toward equilibrium, 
of this entity is determined m each element of mass of the system by 
only one variable, a potential belonging to it, so that when a path is open 
it will pass from an element of mass m which this potential is higher 
to one m which it is lower, also suppose that the effect is m simple pro¬ 
portion to the amount of the entity that enters into this operation, as the 
idea of a potential implies. Then it can be shown that only two possi¬ 
bilities are logically open The entity may remain unchanged in amount, 
but may give rise to motive power in subsiding to a lower potential, just as 
a stream of water does in falling to a lower level, or a gas in expanding 
towards a uniform pressure The other alternative is that, as regards giving 
rise to motive power by a reversible cyclic process, and therefore also 
generally, the scale of measurement of the entity may be so chosen that the 
entity will be used up to an amount equivalent to the motive power gamed, 
and then, with suitable scale of measurement ot the potential, the relation 
between them is defined by the statement that for all reversible paths 
between the same terminal configurations the amount of the entity that is 
added to the system at each potential divided by the potential at which it is 
added makes the same constant sum Moreover, the first alternative arises 
m the analysis merely as the limiting form assumed by the second one, when 
the rate of exohange of the motive power in relation to the entity is inde¬ 
finitely small. 

But an exact general equation oan subsist only for an interlacing plexus 
of possible operations which are not subject to wearing down or exhaustion: 
the freedom of the system must then be under adequate control, and the test 
is that its course is capable of reversal m all respects that are involved in 
doing work The equation represents an optimum; when there is defect m 

* In an interesting* survey of thermodynamic history, Helmholtz expresses the 
contrary opinion “ . what is still mors noteworthy, it is hardly to be supposed 

that the principle in question could have been deduced from the more correct mew, 
namely, that heat is motion, siting that wo are not yet in a position to establish that 
mow on a completely scientific beau."—* Abhandlfit, p. 084, in a remew of Lord Kelvin's 
* Papers,’ from 'Mature/1880 



828 Sir J Larmor. 

the control, so that the system can slip away, the quantity otherwise always 
constant must increase 

Thus, on the basic Carnot idea that motive power ariBes only from the 
carrying through of the effort of heat towards equilibrium, and that some of 
the possible power is dissipated when the operations are not reversible, it 
follows that there can be a pnon, only two possible modes of action . 

(1) The heat may fall to lower potential unchanged m amount, as in the 
cases of water-power, gravitational or eleotnc attraction, etc 

(2) The heat may be itself consumed m part, in which case the heat can 
be measured on such a calorimetric scale that there ib equivalence between 
the motive power that is gained and the heat that is lost This alternative 
proves to be the actual one for heat, which thus ranks, as regards quantity, 
but not as regards complete freedom of exchange, with the other forms of 
natural energies, and is not of the nature of a substance 

There is no third choice open assuming, of course, that the field of opera¬ 
tion partakes of the general characteristic of the order of nature, m that it. is 
rationally explicable, and does not present arbitral y uncorrelated discon¬ 
tinuities. 

The fundamental idea of Carnot, in its original form and the most natural 
one, as above stated in 1824, nearly a century ago, thus involves, in itself 
alone, either that heat is a substance, or that heat, under the circumstances 
when it is converted into mechanical energy, always passes m equivalent 
amount 

3. The argument on which these conclusions can be maintained proceeds 
as follows, any implication as to the nature of heat being at this stage neces¬ 
sarily avoided. If^a reversible cyclic engine, exchanging heat with outside 
bodies at only two temperatures and were less efficient than some other 
type of engine, also talcing m heat (H a ) at only one temperature 6\ and 
giving out heat (H a ) at another 0 a , then the reversible engine, using the work 
done by this latter engine to operate it m the reverse direction, would restore 
heat more than Hi to the source. If, therefore, the reversed engine is 
operated so as to restore only the same amount of heat Hi to the source, 
then in the working of the compound engine constituted of the direct and 
reversed ones thus coupled in parallel, work will, on the whole, be done, 
while there would be no abstraction of heat from outside bodies at the higher 
of the two tempeiatures, and therefore no fall of heat towards equilibrium of 
temperature, and this coutradiots Carnot’s postulate. The wofk produced 
would, m fact, have to be done through the mere vanishing of some heat at 
the lower temperature, if there is any heat-change at all, for no other cause 
would be assignable, and this process could go on without end. Thus tike 
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negation of the proposition that the efficiency, defined by work done W u 
divided by heat Hi received at the higher temperature, is the mtTimmn possible 
for a reversible engine, as compared with any other engine working between 
the same two temperatures of supply and rejection of heat, leads to a result 
deemed to be impossible When this ib granted, it follows, after the manner 
of Carnot, that all such simple reversible engines have the hum efficiency, 
which is a function of the two temperatures 0a and 0» alone This demon¬ 
stration seems to be free from any assumption as to the nature of heat 
4 Stated in terms of the simplified reversible thermal engine—intro¬ 
duced by Carnot to render the subject amenable to exact reasoning—which 
takes into its working system heat Hi at temperature 6\ alone and rejects 
Hi at 0i alone, thereby doing work W» available for external use in a oyolic 
manner, the extended mode of argument, on which the further conclusions 
stated above are based, may bo set out briefly as follows. Ab just shown, for 
any such reversible engine, 

Wh/H! = F(0i, 0 8 ) 


Also, the same formula must apply to the working of the same engine 
reversed, for there would otherwise be breach in physical continuity, thus 

Wji/Hj = F(0* 0,) 

where W u = —W a) 

Let now, following Carnot, the step of temperature 0a—0* bo infinitesimal, 
say 80 Then we might prooeed tentatively (in order to exhibit the necessary 
precautions) to reason as follows 

^ = F (0a, 0*)+ ^g~ ) (-M) 

= F (0j, 0 3 )+ 0 -^^ SO 


where in the differentiation applies only to the second 0 in the 

functional bracket If we represent the function thus denoted by the 
reciprocal of —/(0), we have, since F (0, 0) must itself vanish. 


Thus 


W u < 


S JL 

/<*) 


80 


7(i w 


Hi _ H, W« 

/(0,) /($) If 


giving for the infinitesimal range with which we are now concerned 

Hi—Hi« 
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If, then, a new soale of temperature 8 is adopted, such that df(9)/B 8 is unity 
t e , if /(0) is replaced by 8, which is W Thomson’s absolute soale, we have 

Si as S* and Hi —H 2 — Wjj 

0i 0® 

the only altemati 7 e being an exceptional or rather limiting oase for which 
/(0) is constant, say, B” 1 , and then Hi = Hj, while W s= BH (0i—0j) 

The argument could now be extended to a finite range of temperature, in 
Carnot’s manner, by coupling engines of infinitesimal range in seneB, so that 
the heat from each feeds the next 

5 Further scrutiny of this mode of reasoning by way of Oamot’s function 
of a single variable is, however, demanded: for at first sight it would seem 
to be equally open to us to infer, for the infinitesimal range under con¬ 
sideration, 

W„ 80 W n _ -80 
Hi "7(0 S )‘ H» /(0.) 

H, Hj W„ 

glving /wrm = ~M 

and so Hi—H, = - W u £/(0) 

Thus, if we choose the scale of 0 so as to ensure equivalence of heat and 
work Wu = Hi—H*. then —/(0) becomes 8 and therefore H» 8 j = H 181 , 
differing from the previous result 

But this procedure is ruled out for the same formula must hold also for 
infinitesimal ranges shorter than 0i—0j, starting with 0 t , which shows that 
the ratio of the work to the heat-supply Hi must be put equal to a function 
of the tempeiature 0i of that supply, multiplied by the variable infinitesimal 
range 

C Indeed, on such an order of ideas as we have just now rejected, this 
ratio of work to heat ought to be the Carnot function of the moan of the 
tempeiatureB multiplied by the range, but that would be too narrow a view, 
as it would necessitate equality of Hi and Hj, and therefore a substantial 
nature for heat. In the earlier papers of W. Thomson, he, in fact, does 
compute the value of Carnot’s function at the temperature J®C in order to 
apply it to a range of working from 0° C to 1° C , thus here we have probably 
a main cause of that perplexity which led him even to ignore, provisionally, 
for a year or two. Joule’s principle, m order, as he thought, to save that of 
Carnot. Clausius was more fortunate his analysis, after Clapeyron, measur¬ 
ing temperature from the first by the expansion of a perfect gas, to 
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have no internal potential energy, and working concretely with the simple 
gas cycle, went straight to its goal, and did not encounter at all this arresting 
type of paradox 

7. But even our previous deduction for an infinitesimal range of working 
requires much further support For the purpose to which it is applied, the 
expansion of F(d t , Oi—hff) ought to proceed up to the term involving fid*, 
and then, as it stands, the conclusion could not be drawn. 

A point of exposition and demonstration, cognate to the present one, arises 
m a closely related case, that of Hamilton’s general dynamical equation of 
variation of the action, which is sometimes also in this regard faultily 
developed There also, it is an affair of passing from one state of motion, 
between assigned terminal configurations, to another that is variationally 
near it In passing from an aotual motion to an adjacent motion. Motion¬ 
lessly constrained in any manner and so possessing oonstant energy, and 
having the same terminal configurations, but without further restriction, the 
variation of the action, expressed by £J2T<&, always vanishes, so that, pro¬ 
vided the path of the dynamical system does not pass beyond the next 
kinetic focus, the action is minimum But notwithstanding, an analytical 
equation of variation of the action, in terms of the variations of the terminal 
configurations alone, and of the energy of the system, subsists only when it is 
actual free paths that are compared Otherwise, second differentials of the 
action, derived from this variational expression regarded as implying that it 
is a function of initial and final configurations and energy alone, could have 
no definite values, m fact could not exist The necessity of this distinction, 
always obvious in special applications of variation of the action, such (e g., 
Hamilton's own optioal rays) as usually form the guide to wider generalisa¬ 
tions, is laid down explioity in the general statement in Thomson and Tait’s 
* Hat Phil,' § 329 Jaoobi employs a more algebraic order of ideas in which 
it is latent 

The thermal procedure above, involving adjacent direct and reversed paths 
differing by reason of an infinitesimal change of temperature, might be recon¬ 
stituted on a sound basis after this model But it is clearer to construct an 
argument once for all m terms of finite ranges of temperature. 

8 If in the operation of a Carnot reversible engine, absorption from outside 
of heat Hi at temperature 8\ and rejection to outside of Hs at 8% leads to the 
production of motive power W u which oan be transmitted mechanically to 
external uses, then by the argument developed above 

Wu/Hi as F (6\, 6 »). wfiere F(di, 0 X ) as 0 
If we may postulate as before that this formula must rest on a rational 
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physical basis, then it must apply also to the reversed working of the engine*. 
thus 

—Wjs/Hj = F (6a, d,). 

Therefore 6i) ' 

here introducing an abbreviated functional symbol f(6\, 6 t ) 

But two such engines {Hi, H a } and {H s , H 8 } can be coupled to work in 
series, so that the heat II 3 rejected from the first at da feeds the second at the 
same temperature For this compound reversible engine the formula gives 


Hi _ F(fl„ 0x) 

Hi F(di, d 3 ) 


= /(d„da) 


Thus we have the functional relation 


/(d„ da) = /(d 1( 6t)J(6 a, da) 

This expression on the light for /(di, d a ) mvolves an arbitrary paiametei da* 
moreover, it exhibits that function as the product of a funotion of di and a 
function of dg. These features can arise only through a relation of the form 

/(di, dj) = < 7 (d,)/^(d a ) 

Thus Hi /<7 (d,) = Hj/y(dj) = H 3/7 (d,), = /. say 

Moreover W, a +Waa = W u 


where Wia = Atf(di) F (di, da) = k${0 i, da) say 

so that we have ^(di, di) = <f>(6 1 , dj)+</> (da, di) 
whatever be the value of 6 t which requires that 
<#>(di, da) = i^(di)—^r(da) 

Thus W,a = L4> (di, dj) = Hi 

9W 


Therefore finally 


H, _ Ha _ W» 

7(ft) </( 0 3 )~>( 0 i )-+(**)’ 


so that 


w,a “ Hl d(^)“ jHs 


^(d») 

'/(da) 


9 The Beales of measurement of heat and temperature are in these abstract 
formulae as yet entirely unspecified If we now fix the measurement of 
quantities of heat m terms of a new ideal standard nalowmotn" substance, 
whose law of speoifio heat differs from that of the previous one by the 


* This can, howevor, be made a matter of deduction for if a different function of 
di» is assumed to apply to the thermal motor usd reversed as a pump for raising beat 
to higher level of temperature, the tame type of argument ae in this paragraph will lead 
to the same final results. 
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multiplier •ty(8)fg{8), the ratio of work gamed to heat ket in a cycle of 
finite range will become unity, ift(0) replacing g{0) in the final formal®. 
This choice of oaloruuetno substance will therefore establish quantitative 
equivalence between work gamed and heat lost* and there is no reason why 
this result should remain restricted to reversible processes finally, we 
are obviously invited to select the one remaining funotion as the 

normal measure of the standard temperature 0, so that now for any finite 
range of temperature the formulae for a Carnot engine beoorae 

Hi _H* = W M 

01 0* @i—0» 

The one exception to this deduction is its own limiting case, that g{0) may 
be a constant, say B" 1 Thus Hi = H» and W u = , so 

that we would still be invited to select ^(0) as absolute temperature, and 
the motive power would arise from the fall of the heat, unchanged in amount, 
through the range of temperature, exactly after the analogy of the fall of a 
stream of water through a change of level. 

10 The whole formal theory of heat engines, and of thermodynamic 
processes m general, is thus developable in a purely abstract manner from 
Carnot'B own initial idea, that heat can give roe to motive power only m 
the process of oarrying through its effort towards equilibrium Starting from 
this postulate, it ib left to experience merely to decide between two sharply 
contrasted alternatives, whether (1) heat is virtually a substance domg work 
merely by falling to a lower level of temperature, or, on the other hand, 
(2) it is a form of energy, presumably of a fortuitous molecular type, which 
can he rearranged in part into ordered or mechanical energy by taking 
advantage of its innate effort to run down towards a dead level of 
distribution 

The kinetic energies of the molecules in a small element of mass will, in 
fact, mix together far more rapidly towards an equilibrium of distribution in 
that element than will the energies distributed through a large volume of 
the substanoe; thus in the statio type of theory to which thermodynamics is 
restricted, each element of mass is assumed to have already a temperature 
But riie energy existing at this dead level of temperature in the infimtoanpal 
elements can he m part recovered or reconstituted into energy arranged in 
finite groupings in these elements, thus becoming partly regularised and 
therefore of meohanieai type, when suitable advantage is taken of the further 
eflbrt towards equalisation of temperature between the elements and 
throughout the whole mass. 

11, It srill remains, on this order of ideas, to identify physically the scale 

toi* xatv.—a. 2 D 
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of temperature for which the formulas become simplified as above, and also to 
ascertain that the usual calonmetnc substances do not differ very substan¬ 
tially, within the usual ranges of temperature! from the ideal one which 
allows heat to be thus measured as energy 

In the ideal perfect gas of Joule and Waterston and Clausius, the mole¬ 
cules exert mutual foroes only iu the instant of encounter, their range being 
thus so short that only negligible mecliamcal work is thereby involved • there 
ib no internal potential energy, and all the energy that such a substance 
receives passes into the form of kinetic energy of the un-eoordinated motions 
of the molecules, which may be named internal heat The pressure is, as 
Joule pioved, equal to $t', where r is the translatory part of the molecular 
energy per unit volume tins is where r is the whole of that energy and 
k must be constant Therefore, the heat received by a mass of such sub- 
stanoe finds a measure m the ohauge of volume produced by it under constant 
pressure, so that if also temperature is measured by its expansion, this will 
be the standaid calorimetric Bubstanoe But what is the relation of tem¬ 
perature thus measured to the ideal absolute temperature ? The working 
cycle for a gas, expounded and scrutinised* in the necessary close detail by 
Carnot as a typical precise example of his conception of a reversible cyclic 
prooess, shows that the two are identical Thus a gas satisfying approxi¬ 
mately the ideal gaseous laws realises, practically, as Clausius was the first 
formally to disentangle, the normal scales of temperature and of calorimetry, 
which Carnot’s idea by itself hod already implicitly contained 

The experimental checking of the results, to an extent adequate to ensure 
confidence, is, of course, a necessary supplement to auy abstract argument 
concerning natural processes, and after that there still remains the concrete 

* The development of heat m the gas by compression he has to accept as a fact on 
the basis of the familiar experiments and of Laplace’s correction to the velocity of sound¬ 
waves , for by adopting the current view he has debarred himself from the idea of 
creation of new heat fiom work. In the algebraic analysis for gas-cycles (ed. 8, footnote, 
p 40), he is thus led to results oonfused and in part suspect, and consequent recurring 
rewaiks [cf p 50) on the doubtfulness of the current theory of heat, which he had 
adopted' He is thus puzzled by the result of Expansion of the gas into a vacuum 
reservoir, as found by Guy Luaaac and Welter, the one vessel gaming as much heat «s 
the other loses, but later, m his posthumous notes (p 91), he Attains to nearly complete 
illumination Thus m the same context (‘Notes incites,’ p. 96), we even find a 
suggestion of the Joule-Thomson experimental method. M Fafire sortir de Pair d’un 
vaste reservoir oh fi eat comprim6, et rompre la atoms dans un Urge tuyau oh ae 
trouvent places des corps solides, meaurer la temperature loroqu'etle eat devemteunifbvvaa 
Voir « elle eat la mdme que dans le rtaervorr. Mtmes experiences avec d'autres gut 
et avec U vapour forate sous diverse# presaions , . ” He points in passing to 

reduction of temperature with height in the atmosphere as dim to the 0 enveotiVe 
equilibrium Investigated later by W Thomson (ed. & footnote, p. lg)» 
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dynamical ijealisatioa or reconstitution of the subject, so far as possible, in 
terms of the molecular constitution of matter 
12. If then Carnot’s original idea is well founded, that heat can give rise to 
work only m carrying through its innate effort towards an equilibrium, as 
water does in its effort towards a lower level, or a gaa in its effort to expand 
towards a uniform pressure, it follows necessarily that heat is measurable as 
regards quantity iu the same teims as motive power The physical alter¬ 
native, that heat may he virtually a substance, appears in the abstract 
argument merely as a limiting case, when the ratio of equivalence is inde¬ 
finitely small and the amount of heat therefore does not Bonsibly vary 

But although the preliminary idea of Carnot, apart from the aemi-practusat 
development that accrued to it in Ins further logical analysis of heat-engines 
and other thermal processes, was almost co-extensive with the modern 
dootnne of ohemical dynamics, yet m 1824, nearly a century ago, the scientific 
material did not exist for any systematic seaich into the ranufacationB of such 
a principle of available isothermal energy throughout nature Carnot wps 
duly impressed with the fact that chemical combination in the furnace is an 
essential part* of the phenomenon which he explores and analyses, but be 
had to take op the position that for the purposes of his discussion it enters 
only m a preliminary way, os the means of providing the heat with which the 
engine works, and elsewhere he notes the production of motive power by 
electric means as beyond the range of his argument. 

The principle of available isothermal energy in nature is in fact far wider 
than its thermal province, though the latter is an inseparable part of it Its 
development must depend on a reasoned survey of the operations of nature m 
their wider aspects. Thus it is not ho surprising that the pruunple of Joule- 
should have been recognised in its full scope, as an exact law, only twenty years 
later, Bat we find the preliminary notion of conservation and interchange of 
natural energies already confidently and acutely expanded by Faraday, to whose 
manifold discoveries in the correlation of the physical agencies it seems, in 
his own vivid but undefined intuition, to have formed a main guide. No 
instance of this is historically more instructive than the remonstrance in one 
of his later researches against the partial interpretation of Volta’s original 
investigations, that the phenomena of the voltaic pile can he founded solely 
on el«itaic furoes of mere contact between different substances, Thusf 
" 2071. The contact theory assumes m fact . . that—without any change 

in the acting matter or the consumption of any generating force—a ourrent 

* He recognise* that the essential datum is the maximum temperature at whioh die 
oatn&Ostfen eon be sustained. 

♦ ‘Exp. See.,’ xvii, January, 1840 
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can be produced which shall go on for ever against a constant resistance, or 
only be stopped as in the voltaic trough by the rums which its exertion has 
heaped up m its own course This would indeed be a creation of power and 
is like no other foroe in nature We have mauy processes by which the form 
of the power may be so changed that an apparent conversion of one into 
another takes place So we can change chemical force into the electno 
current, or the current into chemical force The beautiful experiments of 
Seebeck and Peltiei show the convertibility of heat and electricity, and others 
by Oersted and myself show the convertibility of electricity and magnetism 
But in no oase, not even those of the Gymnotus and Torpedo (1790) is there 
a pure creation of foroe a production of power without a corresponding 
exhaustion of something to supply it ” 

“ 2073 Were it otherwise than it is, and were the contact theory true, 
then it appears to me, the equality of cause and effect would be denied 
(2069) Then would the perpetual motion idea be true and it would not be 
at all difficult, upon the first given case of an eleotnc ourrent by contact 
alone, to produce an electro-magnetio arrangement which, as to its principle, 
would go on producing mechanical effects for ever ” 

In a footnote he quotes from Koget (1827) to the effect that physical 
effort of any kind appears to be unable to carry itself through without 
drawing upon and partially exhausting its limited reserves and he might 
have quoted a footnote of Caruot (infra), introducing this very subject of the 
voltaic pile, had it been known to him 

13 lu this special controversy about contact forces, which has persisted 
down to our own time, a sharp discrimination between two distract ideas, foroe 
and energy, is what had been mainly lacking In the eighteenth century a 
eognate controversy as to whether force should be measured by the momentum 
or by the vu mm produced by it, long raged tbe final stage in appeasing it 
was the introduction of the necessary new term energy by Young* to repre* 
sent the accumulated vu viva of a force, whioh Leibniz and his school, sad 
many others including the engineer Smeaton, had insisted on taking as its 
measure, instead of the Newtonian momentum. The expansion, rather than 
correction, of ideas that was thus involved—the distinction between fence 
and energy, between effort and its consummation—-may be compared with 
another olassioal instance of clarification, W. Thomson’s recognition of avail* 
able energy as distinct from total energy, of whioh the germ was latent, for 
development in the fullness of time, in Carnot’s term motive power. 

Two yean after these remarks of Faraday, the idea of energy as ooaserved 
surd interchangeable in natural processes waa grasped firmly and developed 
* ‘Leoturw,’ vol i, p 78 (1807). 
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m many subtle aspects by the physiologist J E Mayer ■ while Joule wae 
already engaged m the experiments that confirmed his own precise and 
practical outlook, and constituted it the fundamental generalisation of 
physical science Finally, the doctrine was crystallised by Helmholtz in his 
famous essay of 1847, building on the ideas and experiments of Joule, as a 
quantitative guide through the correlations of natural agencies,—stimulated 
thereto in the mam, as was also Toung, by study of the mathematical 
physicists of the previous century, and indeed without much immediate local 
recognition except from the mathematician Jacobi But even this formula¬ 
tion of the conservation aud interchange of potential motive power in nature- 
is incomplete until the condition implied m Carnot's fundamental idea is 
added to it, that the operatious must take place at uniform temperature, or 
else be subject to the other limitations of thermodynamics 

But the ideas of Carnot on this subject are os definite as those of Helmholtz 
or of Thomson On the theoretical abstract side nothing has been added, 
except by way of further exemplification, to his reasoned footnote on the 
principle of the perpetual motion * The principle has, he states, been, 
demonstrated only for mechanical actions “Mais pent-on conoevoir lea 
phdnom&nes de la chaleur et do l’dlectncitd commas dues & autre chose qu’k. 
dee mouvements queloonques de oorps, et oommes tele ne doivent-ila pas dtre 
soumis aux lois gdnerales de la mdoomque l” And he goes on to assert, as an 
example, the inevitable exhaustion of the power of the pile of Volta, owing 
to the work that it performs In the text to which this footnote refers the 
implication is that heat as well as electricity is a substance, and that the 
phenomena arise from its disturbance. Thus “ . . tout rdtablissement 
d’dquilibre [dans le oalonque] qui se fera sans production de cette [maximum} 
puissance devra litre considdrd comnie une veritable perte, . ” The 

principle of the thermal dissipation of available energies, in extension of the 
simpler principle of the complete availability of isothermal energies, u here 
almost in eight. His thoughts recur to the latter subject, now however on a 
definite meohamo&l theory of the nature of heat, but etiU in a tentative way, 
in the posthumous fragments (p. 92) published in 1878 by his brother. 

The master thought which presides over all this development of physical 
science was enunciated by Sadi Carnot in 1824, m a solitary essay nearly 
contemporary with the chief work of his great countrymen Amp&re and 
Fresnel As a chapter in scientific method, it seems deeirable even now to> 
bring tin (all individual potentiality of this creative’idea into view. 


* ‘Rdflexwni,’ «d 1, p. 80; ed. £, j> It. 
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[Added February 26.—The main thesis developed above is that a does 
analysis of the postulate of Carnot evolves from it not one but two 
equations. These may be interpreted, after suitable simplification of soaks 
of measurement of heat and temperature, as asserting that when there is so 
waste of power, two quantities are conserved, vis., heat phtt other forms of 
energy, and entropy when however irreversible features are present, the 
latter must increase while the constancy of the former need not be disturbed. 
Yet, as Helmholtz remarked, the distinction between the two constituents 
•of this constant sum, the heat ni a body and its other forms of internal 
energy, has hardly even now beoome analytically precise 

My attention has now been recalled by Sir Alfred Ewing to a very 
interesting and in certain respects cognate discussion by Prof H L. 
Callendar,* which turns on the idea that the calono, whoee conservation 
had been asamntd by Carnot, is capable of being interpreted as entropy, so 
far as reversible processes are concerned He there recognises, as above, 
that tiie efficiency principle can be established without any assumption as to 
the nature of heat Then the basic postulate would take the form that 
motive power can be gained only m carrying through the effort of this 
caloric towards its equilibrium distribution, and would arise from part of the 
energy, of its disturbance from equilibrium, being diverted into mechanical 
work The motive power thus gamed would be equal to the calono that is 
transferred, multiplied by its fall in potential as measured by the tem¬ 
perature associated with it. but there would be no necessary absolute zero 
The entity heat would, on this train of ideas, enter as mere residual energy, 
of amount required to satisfy Joule’s experimental law of conservation But 
wherever the energy of disturbance of the oalonc is transformed in a wasteful 
(because irreversible) manner, there would have to be creation of new oalorie, 
of amount equal to work wasted, divided by temperature, thus implying an 
absolute zero, it would be imaginable, perhaps, as a sort of degenerate 
residue from lost motive power The reversible disappearance of fine 
electricity, or oven free heat, by becoming latent, is hardly an analogy in point. 

This great fluidity of ideas as to specification of heat, or rather of calono, 
•has its source in the necessity of postulating a provisional caknmetrio 
substance, after the manner of Black, the unit of heat being proportional to 
its thermal capacity which may be any function of temperature: thus bant 
"will be an equivalent of vanished energy only when it is measured on the 
proper scale; while even entropy would assume the rdle of caloric provided 
the thermal capacity of the oalorimeter were taken proportional to absolute 
temperature 

* Presidential Address to tbe Physical Society, February 10,1011. 
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Referenoe may also have be made to Clausius’ long-sustained attempt 
(which received some favour from Willard Gibbs in his Obituary Notice of 
Olausiue, Collected Petpert, u, p. 263) to break op the Garnet cycle into two 
physioally distanot parts, the dixeot transformation of heat Q' into work at 
temperature 6', and a compensating transference of heat Q from tem¬ 
perature 0i to a lower temperature 0*] 


The Absorption of the Radiation emitted by a Palladium 
Anticathode in Rhodium, Palladium and Silver. 

By E A. Owen, B A (Cantab ), M Sc (Wales), University College, London. 

(Communicated by Prof. A. W Porter, F R S Received December 28, 1917 ) 

[Plate 3] 

Introduction 

The analysis of a beam of rays from an X-ray bulb by reflection at a 
crystal face shows that the bulb emits a continuous spectrum of radiation 
upon which are superposed a few wave-lengths which stand out prominently 
from the rest, these being the charactenstic wavo-lengths of the metal of 
the antioathodu Much note lias not been taken hitherto of the general 
radiation, more attention having been paid to that part of the s|>ectruni m 
the immediate vicinity of the chaiaoteristio lays In the present work an 
attempt is made to obtain fuller knowledge of the general radiation by 
studying the absorption coefficients of the rays m the three elements rhodium, 
palladium, and silver In the particulat bulb chosen, palladium is used as the 
metal of the antioath ode 

Apparatus 

The apparatus used in the investigation is the Bragg X-ray spectrometer, a 
full description of which may be found in Bragg’s book on “X-ray and 
Crystal Structure,” p 22 et *eq. A beam of rays, leaving the anticathode at a 
grazing angle, passes through two slits before falling on the orystal The sht 
Sauer to the crystal is movable and can be brought up very dose to the 
crystal After reflection, the beam passes through a third eht on its way to 
the ionisation chamber We shall allude to these three sHte as the bulb sHt, 
crystal slit, and chamber slit respectively 

It is essential in an investigation of this nature to nee a orystal which gives 
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intense reflections as wail u good resolution. It is not always possible to 
obtain these two requirements in the same Crystal. Book salt* for inst a nc e, 
gives fairly intense reflections, but the definition as a rule is poor; ama nmnift , 
instead of being confined to a few minutes of are, is spread over comparatively 
big angles. The reason for this is that the crystal is not an accurately built 
one It is made up of a number of small crystals that are slightly out of 
alignment, and when the crystal is rotated the reflection takes place 
successively at the faces of the smaller orystals Another crystal may, on 
the other hand, give good definition, but the atoms of which it ib oomposed 
are not suoh as to give intense speotra, because the intensity of the spectra 
depends, amongst other factors, upon the absorption coefficient of the rays in 
the crystal, the distribution of weight among the reflecting planes, and the 
thermal movement of the atoms, each of these factors depending upon the 
atoms composing the crystal 

The diamond la a crystal which would meet the above two requirements 
satisfactorily, but as a crystal of this substance was not available a search had 
to be made for another which would serve the puipoae. 

Carborundum* proved satisfactory The reflections from the (111) face of 
this crystal were good both as regards definition and intensity The structure 
of the crystal has not been solved, but a Laue photograph ‘ taken by passing 
the rays through it in a direction perpendicular to the (111) face, as, along 
the hexagonal axis, points to a simple structure. The photograph is given 
in Mate 3 

The Spectrum of Palladium 

In order to map the speotrum of the rays emitted by the bulb, the first 
step is to determine accurately the position of the crystal and the ionisation 
chamber when a known wave-length is reflected into the chamber The 
intense a-line was chosen for this purpose. 

The carborundum orystal is set up on the revolving table of the spectro¬ 
meter and the orystal slit brought as near as posable to it The crystal slit 
is narrowed to 0*4 mm. and the chamber slit left wide open. In a rough 
preliminary examination the position of the ionisation chamber when the 
characteristic radiation is reflected into it is approximately found. The 
chamber is kept stationary in this position whilst the crystal is rotated, 

* The writer ia greatly indebted to the Carborundum Company, Mhi Hmk, 
Manchester, for supplying him with excellent epeobwene of very nearly paneorysUh of 
this aubstenoe. He alao deauea to aspnas hm tinoare thanks to Mr. fl. A. Make, 
Biofamotad, in whose laboratory the Ians photograph Of the orystal was taken, tor 
supplying tits neeemary apparatus, and for giving liberally of hfa time to oath* pVh" 
this pert of the work. 
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(a) Laue photograph of a crystal of Catborundum Rays passed through the crystal 
m a direction at right angles to the (111) face 
(ft) Diagram showing in detail the spots observed m the photograph 
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observations of tbe ionisations produced being taken every two minutes of ate 
of rotation of die crystal, and every minute of arc m the immediate neighbour* 
hood of the maximum From these observations tlmexact position of the 
crystal when it reflects the characteristic line is determined. 

The crystal is fixed m the position juBt found, and the chamber slit 
narrowed to 0 2 mm The chamber is now rotated m the same way as the 
crystal was rotated previously The sharpness of the definition of the 
reflected beam was very marked, and the position of the ohamber when 
the maximum ionisation was produced oould be determined very accurately, 
so accurately indeed that it oould be used to measure the glancing angle 
of the rays on the crystal after applying the necessary zero coneotion of 
the spectrometer scale 

Having now fixed the positions of the crystal and the chamber for one 
known wave-length, the spectrum can be mapped throughout itB entire range 
Starting with the crystal and chamber m the positions just determined, the 
ohamber is xotated at double the rate of the crystal, and readings taken every 
two minutes of aro of rotation of the crystal The spectrum was examined m 
this way from a point just beyond the longest characteristic ray to the 
shortest ray emitted by the bulb The form of the spectrum turned out very 
approximately the same from each determination, showing that the bulb was 
working steadily An example of a determination is plotted in fig 1 



The general Mattering of the rays by the crystal was inappreciable. No 
defleotion of the leaf of the electroscope was observed during an exposure of 
4 seoonds—this was the exposure is each position when the spectrum was 
mapped—when the ohamber was set at an angle different from double the 
gUimfag angle at which the rays fell upon the orystal. It was important to 
investigate this, in order to 1 m certain that the effect observed when the 
chamber was in its correct position relative to the orystal was due to regular 
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reflection of the rays at the crystal face, and not to a general scattering of 
the rays by the crystal 
* 

Information Obtained from the Spectrum Curve 
The relation between the wave-length and the gl&ncmg angle is given 
by the equation nk = 2d sm 9, where n is the order of the spectrum 
and d the distance between the reflecting planes If Xi and X* are two 
wave-lengths reflected at angles of inoidenoe 9\ and 9a respectively, then, 
for the same order spectrum, 

Ai _ sm 9j 

A 3 Hiii 9a 

If the glancing angle corresponding to a given wave-length in the spectrum 
is known, then the wave-length corresponding to any other glancing angle 
can be calculated The mean value of the a-lwe of palladium obtained by 
Bragg by reflection m calcite and diamond is 0 586 x 10“* cm., and, in the 
case of carborundum, this is reflected at an angle of 6 ° 45' The wave¬ 
length of the / 9 -lme of palladium, calculated from the present results, is 
0 620 x 10"® cm, and that of the y-line 0 509 x 10 ~ 8 cm. The accuracy of the 
last figure is not as high as that of the /3-line These values are in dose 
agreement with the values previously obtained by Bragg • 

The energy m the spectrum is localised in the characteristic ware-lengths 
of the metal of the anticathode Integrating the spectrum curve as plotted 
in fig 1 , it is found that the ratio of the intensity of the wave-lengths 
between the points A and B to that of the wave-lengths between the points 
B and D is 112 , so that, m this particular case, there is almost as much 
eneigy in the characteristic rays ns m the whole of the rest of the speotrum 
investigated The ratio of the intensity of the radiation between B and C 
and that between C and D is 190. This gives approximately the ratio of 
the intensity of the a-lines to that of the $• and y-lines This integration 
was also earned out experimentally by rotating the crystal at a definite rate 
through each of the maxima, and noting the total amount of ionisation 
produced in each case The mean value obtained for the ratio by this 
method was 198, which agrees very closely with the value just obtained by 
the direct integration of the speotrum curve. 

The spectrum shows a minimum of intensity at the glawung angle 5° 4V, 
corresponding to a wave-length 0498x10“® cm This suggests selective 
absorption of this wave-length by the crystal, which would be the cade 
if the characteristic radiation of the J series of one of the atoms oomposing 

* W H. Bragg, < PhiL Msg., 1 vol St, March, 



Radiation emitted by a Palladium Antioathode. 843 

the crystal ware excited From observations on other crystals, and m view 
of the results that are to follow, we would assign this wave-length, namely, 
0493 x 10"* om, to the /9-line of the J series of silicon, assuming that the 
J-radiations are of constitution similar to the K-radiations. The /Mines of 
the J-radiations of oxygen and carbon, calculated on the basis of the 
relative values of the wave-lengths of aluminium, oxygen, and carbon, as 
experimentally determined by Barkla and White,* work out to be about 
0 519 x 10"* cm and 0 569 x 10" s cm respectively These figures axe in 
fair agreement with those deduced by Barkla by the ionisation method, but 
are somewhat higher than the values obtained by him by the absorption 
method 

Another feature of the spectrum is the rather prominent maximum at 
about 4° 20', corresponding to a wave-length of about 0 38 x 10"* cm It is 
hoped later to investigate this region of the spectrum more m detail than 
has been done up to the present 

The shortest wave-length emitted by the bulb under the conditions of 
working in the experiment was about 015 x 10~* cm The spectrum shows 
that, from this wave-length to that of the longest characteristic wave-length 
■of the anticathode, there exists a continuous band of wave-lengths, and in 
this particular Case the ielntive intensities remained approximately constant 

It is, of course, to he expected that the distribution of energy in the 
spectrum would vary greatly, according to the state of the bulb, and it 
would be of interest to find what effect the alteration of voltage and current 
would have on the form of the spectrum cm ve 

The Intmmtiea of the Different Order Spectra of the Characteristic lance of 
Palladium in Carborundum 

It will be necessary to know how the intensities of the spectra decline as we 
proceed to higher orders, m order to account for some apparent irregularities 
•observed in the absorption of rays from different parts of the spectrum. 
These were measured in the case of the two peaks, giving the «i, «• and 0, y 
lines respectively, and in each case the rate of decline was the same 
Different widths of slits were used, but it was found that this had but a 
alight effect upon the uitensitiea The relative intensities of the orders were 
m follows:— 

100-0, 879, 18-0, 106, *8. 08 

These are plotted m fig, 2, and it will be seen that they fall along a smooth 
curve, except for the fourth order, which is too large, The planes parallel to 


* Barkla awl Whits, 'Hal. Mag.,’ ve! M, October, 1017. 
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the (111) face of carborundum are therefore not all similar, suoh as, for 
example, the (100) planes of rock salt, and the rate of fall of intensity 
dijffers from that of the normal fall of intensity as generally assumed. 



We shall assume in the calculation that follows that the different order 
spectra of all the wave-lengths in the spectrum follow the a ero* rate of 
deoline as do those of the « and fi peaks 


Measvre tnenf s of Absorption Coefficients 

The absorption of the lays in the speotrum was measured m the three- 
metals rhodium, palladium, and silver For this part of the work the 
width of the chamber slit was 1 mm, the bulb and crystal slits remaining 
the same as previously, namely, 2 0 min. and 0'4 mm. respectively. No 
appreciable difference was observed in the amount of ionisation produced 
in the ohamber for a given exposure when the absorbing screen was placed 
near the crystal and when it was placed near the chamber dlt. It was 
finally fixed at about 2 cm in front of the ohamber sht The 
produced in the chamber, with and without the screen in front of it, ware 








Radiation emitted by a Palladium Anticathode. 345 

measured, and the value of the absorption coefficient determined by means of 
'the equation I = Ioe - '**, where To is the initial intensity, and I the final 
intensity after traversing a screen of thickness so om The accuracy of the 
method of measurement employed depends upon the constancy of the bulb, 
but, by measuring the ionisation without the screen before and after that 
with the screen, and multiplying observations, fairly aoourate mean values 
were obtained for the absoiption coefficients 

The present investigation is to be regarded as a preliminary one, and it is 
hoped with the new apparatus now under construction to employ a method 
which will be independent of the output of the bulb both as regards wave¬ 
length and intensity 

The values of the absorption coefficients here determined refer to the total 
absorption of the ladiation in the absorbing screen This absorption is made 
up of the scattering absorption and the fluorescent absorption, the latter 
being itself constituted of the absorption of the various fluorescent X-radia- 
tions, J, K, L, , excited in the absorbing screen, together with the corpuscular 
radiations which accompany each of these fluorescent radiations We have 
then nfp = a/ p+rfp, where pjp is the total absorption coefficient, ajp the 
scattering coefficient, and r jp the fluorescent coefficient Barkla finds that 
the scattering of X-rays of very short wave-length by equal masses of various 
substances vanes only little with the atomic weight of the scattering element 
There is a slight increase of the mass scattering coefficient with an increase 
in the atomic weight of the scatterer, but this morease is more marked with 
X-radiation of greater wave-length, until for long waves it is very con¬ 
siderable As we are dealing here with short waves we may assume without 
introducing senous error that the mass scattenng coefficient is constant for 
the absorbing substances we are using, and also that it is independent of the 
wave-length over the range of wave-lengths that we are investigating. The 
value found by Barkla for er/p, when the wave-length of the radiation u 
short, is 0 2 This is small compared with the values of the total absorption 
coefficient p.fp found for the elements rhodium, palladium, and silvei, with 
the wave-lengths here employed It does not exceed 4 per oent of the 
smallest value of pjp determined, so that its effect is almost within the 
limits of experimental error. We shall, however, apply tine correction for 
the scattering to bring the results into line with those already published by 
fiarklA and White* for the light elements, in whose case the scattering plays 
* prominent part 

In fig. 3, the logarithm of (/a/p—0'2), *.*, the logarithm of rfp, is plotted 
■against the logarithm of the oomeponding wave-length in the case when the 

4 Barkis and Whits, foe. eft. 
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absorbing screen is rhodium Tbe curves obtained with palladium and 
silver are similar to that of rhodium The three curves are very near 



Fig, 3. 


together, and in order to avoid oonfusion only the rhodium curve is maluded 
in the diagram 

The graph shows that the absorption of the rays is normal until we reach 
the point A, where, as we proceed to shorter wave-lengths, the absorption 
coefficient increases rapidly and follows approximately the onrve ABO, 
except for a singular point P, which is very far removed from tills curve. The 
reason for this apparent irregularity will shortly be explained Beyond the 
point C the absorption curve follows approximately a straight lute course. 
The radiations corresponding to tins latter part of the curve eoiutato&o the 
“ end radiations ” of the bulb 
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To explain the existence of the ourved portion ABC of the absorption 
carve, we have to refer to the spectrum of the rays from the bulb mapped 
out in fig 1 It will be seen that the radiations reflected at angles greater 
than 4° have superposed upon them radiations of shorter wave-length which 
constitute the second order spectra of the shortest waves emitted by the 
bulb It is therefore to be expected that the mean wave-lengths of the rays 
corresponding to the curved portion of the absorption curve will be shorter 
than those calculated from the angle of incidence on the assumption that 
the rays are all o t the first order spectrum Consequently the absorption 
coefficient of the rays in the absorbing screen will be too small The effect 
of the superposed second order spectra will be considerable for radiations 
leflected from the crystal face at angles in the neighbourhood of 5°, because 
the intensity of the second older spectra forms a fairly high percentage of 
the total intensity of the radiation m this portion of the spectrum On the 
other hand, the effect of the superposition of the second order spectra on the 
wave-lengths of the characteristic lines will be small, because the intensity 
of these lines is so great compared with that of the radiations superposed 
upon them. This is the reason why the point P in the absorption ourve, 
which represents the absorption of the intense /9-line, is so far removed from 
the curve ABC It will be seen from the curve that the correction applied to 
the observed value of the absorption coefficient of the /8-waves to obtain the 
correct value is quite appreciable In the case of the «-wave, however, 
which is represented by the point E, the correction is negligible 

The exact shape of the observed absorption ourve depends upon the form 
of the spectrum emitted by the bulb, and it should be pointed out that the 
dotted portion ABC represents only very roughly the conditions obtaining 
in the particular case in questiou 

The above considerations show that the homogeneity, or, in other words, 
the purity, of the characteristic lines emitted by a bulb and isolated by 
reflection at a crystal face will depend, to a certain extent, upon the state of 
working of the bulb. 

Calculation of the True Abeorptum Coefficient of each Wam4cngth %n the 

Spectrum . 

Assuming that the longer wave-lengths in the spectrum are, modified by 
the superposed wave-lengths of the second order spectra of die shorter wave¬ 
lengths, we osn easily calculate the true absorption coefficient of each wave¬ 
length in the spectrum. 

Le&slo be die intensity of die shorter wave superposed upon the longer 
wave whose intensity is 1 I 0 , so that the total intensity is (A+sl*> If Ij be 
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the intensity of the longer wave after transmission through an absorbing 
screen of thickness x om, we have 

Ii * 

where /tj w the true total absoiption coefficient of the longer wave in the 
screen 

Similarly for the shortei wave-length 

la — ylo*""'* 3 *, 

where /is is the true total absorption coefficient of the shorter wave in the 
screen 

The value of the total absorption coefficient ji f as measured in the present 
work, is given by the relation 

Ii + la s* (t^o + alo) 
llm-^ + jlyr-'VssOln + jIa)* ' <T , 

so that f-iH* = ( 1 ) 

llo 

whioh gives the value of /xi, the true total absorption ooeffieient of the longer 
wave without the superposition of the shorter component. 

In the present case it suffices to consider only the superposition of the 
second order spectra, since we are only investigating that portion of the ( 
spectrum from the shortest wave-lengths to those of the characteristic lues 
This forms but a small part of the whole spectrum, and for longer waves we 
would have to consider the superposition of spootra of higher order than the 
second. The expression for the true total absorption coefficient in the 
general case when several spectra are superposed upon the wave-length 
considered would be 

_ o^SiIq—(»I of~ wt +aIoe“ ,t *. ) /o\ 

llo W 

This expression holds for any wave-length in the spectrum. To evaluate the 
expression on the nght-hand side of equation (1), we require to know the 
intensity of the shorter wave-length, that of the longer wave-length, and the 
true total absorption ooeffieient ft* of the shorter wave-length, ft is known, 
being the quantity measured in the experiment 
An examination of the end radiations of the bulb showed that the rajs 
reflected at definite angles in this part of the spectrum were homogeneous as 
flu as could be determined by absorption in sheets of silver. The short 
waves superposed upon the longer waves in the region ABO of the absorption 
curve will be the second order speotra of these homogeneous radiation*, end 
since the rate of decline of intensities of (he various order spectra is known 
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£rom fig 2, which is assumed to be the same for each wave-length m the 
spectrum, the initial intensity Jo of the shorter wave can be calculated. Also 
the true total absorption coefhoient p* of this radiation is directly determined 
m the experiment 

Tho form of the spectrum mapped out on different occasions showed the 
same characteristics, and the relative intensities of the different wave-lengths 
remained approximately constant The mtensity Jo of the lungei wave¬ 
length may therefore be obtained by subtracting the calculated intensity of 
the shorter wave-length from the observed total intensity 

We have therefore the data required to calculate the value of the true total 
absorption of the pure radiation corresponding to any part of the speotrum 
Carrying out this calculation for the points observed in the legion ABC, the 
calculated points fall very approximate!) along tho continuation of the 
straight line DC up to the wave-length corresponding to the point P 
Afterwards there is a rapid fall, until that point is reached at which the 
characteristic radiation is excited, when the absorption coefficient begins to 
increase again with increase of wave-length of the exciting radiation 
Table I gives the true fluorescent coefficient r/p m rhodium, palladium, 
and silver for a number of wave-lengths The figures give the observed 
values corrected for scattering and for the general radiation emitted by the 
bulb 

Table I 


Rhodium 

A.b*orb«r 

Palladium 

Silver 

\ xlO » 

r/p 

Ax 10* 

j r/p 

Ax 10 * 

■7 p 

0 226 

4 02 

0 226 

i 

1 6 18 

0*226 

6*68 

0 840 

0 44 

0 268 

8 61 

0*268 

9 20 

0 878 

8 61 

0 818 

' 18 8 

0 818 

14 8 

0*812 

12-0 

0 868 

! 81 6 

0*868 

28 S 

o m 

18*4 

0 806 

! 87 4 

0 806 

20*6 

0*4X4 

82 6 

0*468 

' 45 0 

0-465 

47*6 

0*620 

66*2 

0 611 

14 S 

0 400 

16*0 

0WS7 

10*8 

0 620 

11*2 

0*820 

12 16 

0*096 

15*1 

0 686 

' 16*0 

i 

0*886 

17*8 


The slope of the straight line DC gives the index three very approxi¬ 
mate ly 4 wo that the relation between wave-length and the absorption 
oeeffioient becomes 

r/p = K\* 

Utae the value of K varies lor different substances, but is a constant for a 

VOL xoiv.~x. 2 x 





350 


Mr. E. A. Owen. The Absorption of the 

given substance ovw the range of wave-lengths between the absorption 
bands of that substance This confirms the relation already obtained by 
Hull and Rice* for the absorption of the end-radiations of a Coolxdge tube 
in aluminium, copper, and lead, and that obtained by Barkla and Whitef in 
the oase of the light elements 

The Wave-length Necessary fo Excite the Characteristic Radiation of a 

Substance * 

The point at which the characteristic radiation of the absorber is excited 
is very definitely marked. The absorption curves show that the charac¬ 
teristic radiation of the absorber is not excited by a radiation of a wave¬ 
length equal to that of the longest characteristic wave of the substance It 
requires a shorter wavo-length to do tins When the wave-length which 
excites the chaioctenstic radiation is reached, both the a- and the /Mines 
are emitted together, it does not seem possible to excite the a-radiation 
without exciting the /9-radiation The approximate values deduced from the 
absorption curves for the wave-length necessary to excite the characteristic 
radiations of rhodium, palladium, and silver are given in Table II 

Table II 


' Longest wave-length necessary to excite 
! the characteristic rays 


0 646 x 1Q-" cm 
0 608 
0 406 


In each case the cutical wave-length lies in the neighbourhood ot the 
/8-line of the spectrum, which points to the /8-lme as being the critical 
wave-length necessary to excite the characteristic radiation ot a substance. 

Ledoux-Lebard and Pauvilher,} investigating this point by another 
method, have arrived at tho same conclusion. They examined the K-radta- 
tions of tungsten, which consist of four lines similar to those in the 
K senes of palladium Applying different voltages to the tube, they found 
that a voltage sufficiently high to excite the /9-ray had to be reached before 
tho a-charactei istic lines were emitted 
Bragg§ suggests that the characteristic rays of a substance might form a 

* Hull and Bice, <Phy« Rev,,’ voL 8,1916, p. m 
+ Barkla and White, loc at 

t Ledoux-Lebard and Dauvilher, 1 Comptee Bendus,’ December, 1916, * 

§ W H Bragg, 4 Phil. Mag / voL 39, March, 1016. 


Absorber 


Rh 

Pd 

Ag 
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system which can only be excited as a whole. To decode whether it u 
necessary to excite the 7 -ray before the other rays are exerted, more 
observations will have to be taken of the absorption coefficients in the 
neighbourhood of the cntioal point This is at present in progress. 


Summary , 

(1) A short account is given of some preliminary experiments oarned out 
with the rays from an ordinary X-ray bulb. 

(2) A spectrum of the rays from a palladium anticathode is obtained ovei 
a limited range of wave-lengths by reflection m the ( 111 ) face of a 
carborundum crystal The spectrum shows that the bulb emits a continuous 
band of wave-lengths upon which are superposed the characteristic rayB of 
the metal ot the anticathode, and, under the conditions of working in this 
particular case, the relative intensities of the different wave-lengths in the 
spectrum remained approximately constant 

(3) There is a minimum of intensity in the spectrum corresponding to the 
wave-length 0 493 x 10 -8 cm On the assumption that the minimum is 
due to the selective absorption of this wave m the crystal, the value 
0*493 x 10“* cm is assigned to the / 3 -lme of the J-seneu of Bilicon From the 
experimental results of Baikla and White on the J-senes of the elements 
Al, C, and 0, the approximate values doduoed for the /9-line of the J-senes 
of oxygen and carbon are 0 519 x 10 " 8 cm and 0 559 x 10 “ 8 cm respectively 

(4) Assuming Bragg’s meau value of the <t-hne of palladium to be 
0 586 x 10 “ 8 cm. the following values are obtained for the wave lengths ofjthe 
ft- and 7 -lines * 

>3 = 0 620 x 10 - 8 , 7 = 0 509 x 10~ 8 cm 

(5) The absorption coefficients of the rays from the bulb have been 
measured in rhodium, palladium, and silver The results show that the 
relation between wave-length and absorption coefficient is expiessed by the 
relation 

r/p = KA . 3 

where r/p is the fluorescent coefficient and K is a constant for a given 
substance over the range of wave-lengths between the absorption bands of that 
substance 

(6) The critical wave-length necessary to excite the characteristic rays of a 
substance lies in the neighbourhood of the /9-ray of that substance. The 
«*iay i# sot excited until the /9-ray is excited. 

(7) It is pointed out that the purity of the characteristic lmes emitted by 
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a bulb and isolated by reflection at a crystal face will depend to a oertam 
extent upon the state of working of the bulb 

In conclusion, I wish to express my indebtedness to Prof W. H. Bragg, 
F R.S, for his kindness in putting his spectrometer at my disposal, without 
which the work could not have been undertaken AIro, my best thanks are 
due to Prof A W Poiter, FRS, for the valuable help he has given me 
throughout the course of the work 


Selemc Acid and Iron —Reduction of Selemc Acid by Nascent 
Hydrogen and Hydrogen Sulphide,—Preparation of Ferrous 
Selenate and Double Selenates of Iron Group. 

By A. E H. Tutton, D Sc, M A, F R.S. 

(Received February 7, 1918 ) 

' Exceptional difficulties have been met with in the preparation of toe iron 
(ferrous) group of double selenates of the monoolimo isomorphous senes 

RjM ^ 0 4 ^, 6H 3 0, and some new and unexpected chemical facts have been 

revealed, which form the subject of this communication. When the author, 
in pursuing the course of the crystallographic and physical investigation of 
the double selenates of this grand series on exactly parallel lines to those 
followed in the completed investigation of the corresponding double 
sulphates, arrived at the iron group, three difficulties were encountered 
The first was that of preparing the simple salt ferrous selenate, common to 
the group The second was the rapid decomposition, with brown deposition, 
of the aqueous solution of any ferrous selenate obtained, also that of the 
mixed solution obtained by adding to the latter solution a solution ef tbe 
molecular equivalent of the alkali selenate, with the object of preparing any 
one of the four salts of the group, 

K,Fe(SeQ*)*flH«0, 

RbaFe(Se 04 )f, 6 H| 0 , 

CssFe(SeO0a6HsO, 

(NH 4 )»Fe(8eO i )fcflHsO 

The third difficulty was offered by the feet that no crystals Sf toe f atoWtasa 
ferrous salt were ever obtained at all, 
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The author’s first efforts to obtain these salts wen made eight years ago m 
the oases of the potassium and rubidium salts The result mas that, under 
conditions which were obscure, but undoubtedly included a moderately low 
temperature, it being winter time, one excellent and permanent crop of 
rubidium ferrous aelenate was obtained, the small quantity employed of the 
ferrous aelenate constituent having been obtained by very prolonged action 
Of a very considerable quantity of moderately dilute selemo acid on much 
iron wire, the action being very slight All other solutions of the con¬ 
stituents of this salt, and all the solutions of the constituents of potassium 
ferrous selenate, decomposed with much brown feme precipitation, and no 
trace of the potassium salt crystals was ever obtained. 

In attempting to prepare feirous selenate, it ia, of course, impossible, on 
account of the instability of ferrous hydrate, to employ the excellent method 
used with so much success by the author in the preparation of the zinc 
group of double seleuates, namely, the preparation of the pure precipitated 
hydrate of the metal, and its subsequent solution m pure, moderately dilute 
(0 7 grin HaSeOi per cubic centimetre) selemo acid .Recourse was therefore 
made to the apparently obvious method of dissolving metallic iron in more 
or less dilute selemo acid, using iron wire, keeping the temperature low, and 
excluding air as one does when preparing ferrous sulphate solution foi 
standardising permanganate, by working in a vessel filled with carbon 
dioxide or other mert gas But, contrary to what one would expect from 
text-book statements,* the anticipated reaction, analogous to that with 
sulphurte acid, 

Fe + HjSeOi = FeSeO*+Ha, (1) 

does not occur to any visible extent, no bubbles of gas making their 
appearance Heating is excluded, as any ferrous salt produced would be 
oxidised to ferric After some hours in the cold, however, the iron becomes 
covered with a red film of elementary selenium, which still more retards 
further action Even after several weeks of time, the greater part of the 
iron remains undissolved in presence of excess of selemc acid, but is 
coloured bright red from deposited selenium It would thus appear that the 
nascent hydrogen liberated as the effeot of the very slow operation of 
reaotion (1) reduces selemo acid in accordance with the equation 

* 6H + HiSeO» m Se+4H»0. (2) 

* 'Watts' Dictionary of Chemistry’ (Muir and Motley) states —Dilute BjSeQ*Aq 
dissolves many metals, with evolution of hydrogen. 0 Boecoe and Sehorlemmer’e 
"heath* a* Chemistry • states “ Ison, one and other m e ta ls dissolve with evolution 
of hydrogen." 
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The net result, therefore, of auch slow action as occurs between iron and 
selemc acid may be expressed by the combined equation 

3Fe+4H a Se0 4 = 3FeSe0 4 +Se+4H,0 (8) 

The length of tune occupied m obtaining only a small yield of ferrous 
selenate in solution by this method renders it practically useless, as ferric 
oxidation supervenes, and also the solution is bo dilute that prolonged 
evaporation, again accompanied by destructive oxidation, is necessary before 
crystallisation can occur, either of the ferrous selenate or of the double salt 
desired aud attempted to be prepared by the addition of the calculated 
quantity of the alkali selenate. 

The effect of heating the moderately dilute selemc acid standing over mm 
wire is to produce a little more selenium, the boiling liquid becoming red, 
and eventually purplish-red, with the finely divided precipitate, which is 
not large m quantity, as it takes hours to settle No bubbles of hydrogen 
or other evidence of increased action on the iron are apparent, however 

When zinc is placed 111 moderately dilute selemc acid, action commences 
in the cold, bubbles of hydrogen being evolved m considerable quantity, and a 
deposit of selenium, at first follow, and later orange and red, is produced m 
small quantity On heating the liquid, the evolution of gas is hastened, and, 
when the boiling temperature is reached, the coloured deposit almost entnely 
disappears, no more selenium being deposited, and the original quantity 
becoming condensed and less visible 

When moderately dilute selemc acid is poured on magnesium, rapid and 
\iolent action, accompanied by hissing, is produced, the liquid becoming 
heated almost to boiling, there is a copious evolution of hydrogen and 
precipitation of red selenium, the magnesium being almost immediately 
dissolved. 

Thus, m the case of ztno, the reaction with selemc acid is almost entirely* 
the simple one, Zn+ HjSc0 4 = ZnSe0 4 +Hi, there being only a slight 
reduction of the selemc acid by nascent hydrogen In the case of 
magnesium, however, while the main reaotion is the intense one, 
Mg+HtSeOi ss MgSe0 4 +Ha, the secondary reaction (2), the reduction of 
Belemc acid by nosceut hydrogen, oocurs also to a considerable extent 

Among the salts prepared by Haldor Tops0e, and described by him in his 
well known dissertation in the year 1870,* and used by him in the yeai 
1874 for the still more celebrated optical investigation of the crystals in 
collaboration with 0 Chnstiansenf (Professor of Physics at the University 

* * Erystallogr kem. Under*, over de aelensnre Salto,’ Copenhagen, 1870. 

+ 'Ann.Chun. Phye.,’ Series 6, vol 1, p. 63<1874) 
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o! Copenhagen from 1886 to 1912, whose regrettable death on December 28, 
1917* has just been announced), was ammonium ferrous selenate, and. from 
the very meagre details given m Tops0e’s dissertation, it would appear that 
the ferrous selenate was obtained by solution of natural crystals of chalybite 
(Eisenspath), FeCO*, in selenic acid Tins is specifically stated to have been 
so with respect to potassium ferrous selenate, of which Tops0e states that he 
obtamed a few poor crystals, whioh, however, became dull and decomposed 
immediately on removal from the mother liquor He gives very rough, 
merely approximate, measurements of lour interfaoial angles of the crystals 
of the potassium salt, but Topstfe and Christiansen make no mention of the 
salt in the joint paper, so that it is obvious no attempt was made at the 
optical investigation of the crystals 

On attempting to employ tins method, using some excellent crystals of 
chalybite supplied by Mr Gregoiy, the action of selenic acid, both 
moderately concentrated and dilute; on the mineral in the eold (heat 
having to be avoided on account of oxidation) was found to be so 
excessively slow that, even after the expiration of several weeks, the 
reaction was only very partial, affording every opportunity for feme oxida¬ 
tion. The solution of ferrous selenate obtained was excessively dilute, and 
contained much excess of selenic acid It required so long for evaporation to 
the crystallising stage, even under very reduced pressure over oil of vitnol, 
that the greater part had oxidised and deposited brown ferric products 
before it could afford either ferrous seleuate crystals or, when mixed with • 
the conoentrated solution of an alkali selenate, the desired crystals of any 
one of the double selenates 

Early in the year 1912 the author enquired of the firm of Merck, of 
Darmstadt, who hail supplied the large stock of selenic acid used in these 
investigations, wliethei they were able to supply a specimen of ferrous 
selenate A reply in the affirmative was received, to the surprise of the 
author, who at once gave an order After a considerable lapse of time, a 
further communication was received from the firm, to the effect that they 
had met with unexpected difficulties m oarrying out the opder, but hoped 
shortly to be able to supply the salt The author wrote suggesting that 
perhaps they would more easily be able to supply ferrous ammonium 
selenate, and a reply was received that they hoped to supply both However, 
several months later in the year, a final letter was received from the firm 
regretting their inability to carry out the undertaking, as their experiments 
had proved unsatisfactory on account of decomposition of the products 
obtained 

On the completion of the work On the nickel double selenates, described in 
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the author’s last communication,* the Btudy of the iron group was hlw up 
once more Happily, after many experiments and much expenditure of 
valuable selemo acul, a successful method of preparing ferrous s ri eaate has 
been found, in the action of selenic acid on ferrous sulphide The reaction 
not only proceeds steadily and rapidly in the cold, but affords a ferrous 
product practically without a trace of ferric oxidation, the sulphuretted 
hydrogen evolved and partially remaining in the solution preserving by its 
reducing properties the aelenate of iron in the ferrouB state. The filtered 
liquid product may be employed directly for the preparation of the double 
aelenates, by the addition to it of the solution (as concentrated as desirable) 
of the calculated molecular proportion ot potassium, rubidium, caesium, or 
ammonium selenate 

The ferrous sulphide should be as free from metalho iron as possible (Bee 
later), the best of that supplied as pure, in small cylindrical stacks, for the 
preparation of sulphuretted hydrogen serving admirably, and the moderately 
concentrated acid (0’7 grm HsSeOs per cubic centimetre) is very suitable 
The ferrous sulphide was broken into small pellets and coarse powder, and 
placed m a small glass decomposition vessel, a 50 r c weighing bottle being 
found very convenient, the sulphide of iron occupying about a quarter of itB 
capacity. It was closed by a rubber stopper pierced by two holes, one of 
whioh admitted a dropping funnel containing 10-15 c.c of the selente acid 
(of the known strength 0 7 grm of HjSeO* per cubic centimetre), the exact 
quantity to be used having been measured from a burette, the other aperture 
was fitted with an exit tube for leading away the sulphuretted hydrogen gas 
evolved Neither tube emerged below the lower level of the stopper. 

The selenic acid was dropped in very slowly, with shaking to break tip any 
large bubbles or frothing produced by the immediate and steady liberation of 
the hydrogen sulphide, and prevent loss of liquid through the exit tube 
After all had been added, the last few drops of the selenic acid moistening 
the dropping funnel were washed in with not more than 2 ec of dutiUed 
water It is very undesirable to rendei the liquid m the decomposition 
vessel too dilute, for the reason already mentioned that no concentration 
either by prolonged standing or by warming can be indulged in without lees 
by feme oxidation. In order to keep down rise of temperature, which is not 
inconsiderable if unchecked, the lower two-thirds of the decomposition vessel 
is with advantage immersed in a dish of cold water It is also important 
not to use a larger vessel than indicated, in proportion to the scale of tile 
preparation, in order that as little air may be present as possible, whst is 


* 'PM Trans,’ A, vol. tlT, p. 190(1017), 
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unavoidably present at first is rapidly driven out by the evolved hydrogen 
sulphide. 

The reaction is mainly the following 

FeS + HgSeO* = FeSeO*+H 9 S (4) 

But almost from the first it is obvious that this is not the only reaction 
occurring For the liquid is seen to develop a precipitate which is at first 
yellow, then orange, and latterly dark red, and which contains both sulphur 
and selenium, and which is produced m accordance with the furthei 
equation — 

3H a S+H*Se0 4 m Se+3S+4H»0 (6) 

The total or net result of the operation of both reactions may be expressed 
by the single equation — 

3FeS+4H a Se0 4 = A KeSeO* + Se + 3S+4H a () ( 6 ) 

But reaction ( 6 ) is not followed quantitatively, for a considerable amount 
ot hydrogen sulphide unmistakably escapes, so that the operations have to 
be carried out either in a draught chumber or in the 0 |>en air 

Selemo acid, under these circumstances, is thus minced to elementary 
selenium by hydrogen sulphide, contrary to the usual statement in text¬ 
books of chemistry, due originally to Mitscherlioh ,* that sulphuretted hydrogen 
is without action on selemo acid f The fact that this is on error has also 
been recently observed independently by E B Benger,J who found, for 
instance, that a 10-per-cent solution of selenic acid at 45° C was com¬ 
pletely decomposed by hydrogen sulphide in 14 hours The amount of 
reduction increases with the temperature and concentration, and is also a 
function of the tune 

The reaction ib allowed to complete itself for an hour or two, and the 
contents of the decomposition vessel are poured off the excess of ferrous 
sulphide on to a filter The clear liquid running from the latter is of a pale 
green colour, and is allowed to fall into a ci j stalhsmg dish or small beaker 
If required for the preparation of one of the double selenates, as in the 
author’s case, the fairly concentrated aud lecently filtered solution of the 
selenaite of potassium, rubidium, oesium, or ammonium is added in equal 
molecular quantity. AU these alkali selenates have been prepared by the 

* ‘Ann Phye,,’ [1], vol 8, p 629(1887) 

t ‘'Watts’ Dictionary of Chemistry’ (Muir and Morlay) states that “the and is not 
Mutaoed by snlphnr dioxide nor by sulphuretted hydrogen 5 " sad a precisely similar 
statement is given in Bosooa and Seborlemmer’a ‘Treatise on Chemistry ’ 

$ ‘JGpurn. Amer. Chain. Soe,’ vol 18, p. 2171 (1917) This paper has only just 
(January, 1818) come into the author’s hands, after the author has been employing the 
reactio n lor over a year. 
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author m considerable quantities, and stored m the form of excellent crystals, 
in an efficient desiccator, as they are all more or less deliquesoent, and 
cesium selenate extremely so They were made by the aotion of selemc 
acid on the carbonates of the three alkali metals, and m the case of 
ammonium selenate by saturating selemc acid with ammonia gas under 
precautions to keep the liquid cool It is always best to filter before using 
the solutions of any of these selenates, as a trace of decomposition by light 
occurs on keeping, u little red selenium being liberated. The crystals of the 
selenates should, therefore, be kept m the dark when not required 

Having added the alkali selenate to the solution of ferrous selenate, in the 
amount only very slightly less than that calculated for equal molecular 
proportions based on the volume of selemc aoid of known strength UBed m 
preparing the ferrous selenate (for only a slight amount is lost by reaction (5)), 
the cleai mixed solution is rendered just distinctly acid by the addition of a 
drop of selemc acid and placed under the receiver of an air pump, after the 
reduction of the pressure by the working of the pump, the solution is left to 
crystallise, a vessel of oil of vitriol being also included as usual under the 
receiver m order to absorb the water vapour evaporated The room should 
be cold and the receiver protected from draughts and vibrations After a 
fairly cold night crystals (except m the case of potassium ferrous selenate) 
will usually be found next morning, and they should be removed, dried on 
blotting paper, and stored m small stoppered bottles before the temperature 
rises appreciably with the sun 

This mode of preparing ferrous selenate and the double selenates of the 
iron group has two outstanding advantages, (1) the ease and rapidity with 
which the reaction proceeds in the oold, and (2) the prevention of oxidation 
to the higher ferno state by the reducing power of the hydrogen sulphide 
passmg through the liquid, and to a slight extent remaining dissolved m it 
The presence of a small quantity of metallic iron m the ferrous sulphide 
is obviously without deleterious effect, as it ih practically without aotion on 
selemc aotion in the time employed, especially so long as any ferrous sulphide 
is present uuattacked 

If the green solution oi pure ferrous selenate obtained after filtration of 
the contents of the decomposing vessel be itself allowed to crystallise under 
the reoeiver of the air pump, the oiystals obtained are those of the monoolimo 
salt FeSe 0 i, 7 H 90 , isomorphous with the common form of sulphate of ferrous 
iron, FeS 04 , 7 Hi 0 The crystals are much less stable, however, than those of 
ferrous sulphate, and rapidly decompose and become opaque, so that no 
gomometnoal work of real value has yet been possible with them In the 
light of what has been accomplished with potassium ferrous selenate, 
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however, it is hoped after the completion of the present plan of research to 
do as much for the fugitive crystals of this salt Tope0e only obtained three 
roughly approximate angular measurements, which are recorded on p. 33 of 
his already quoted dissertation Wohlwill* who first obtained the salt, was 
quite unable to obtain any measurements, as his crystals effloresced and 
decomposed immediately on Removal from the mother liquor. Wohlwill 
also obtained a pentahydrated salt FeSaO^SHjO, in a tnclimo form resembling 
that of copper sulphate, CuS 04 , 5 HjO, but, in this oase also, the crystals 
decomposed so rapidly that work with them was out of the question 

The crystals of rubidium ferrous selenate, ccesium ferrous selenate, and 
ammonium ferrous selenate, obtained by the author’s method now described, 
have proved excellent for gomoinetncal and physical investigation, and the 
results obtained with them aie described in a memoir of which the following 
communication is an abstract, the full paper being published m the ‘ Philo* 
sophical Tiansoctious ’ 

Happily it has also been jhissiIiIc to include in the memoir a full crystallo¬ 
graphic and physical description of potassium ferious selenate, although 
this salt is so unstable that the crystals become quite opaque and dull from 
decomposition in half-a-duj’s time after removal from the eiystallising 
vessel Five hours are the limit of time possible for goniometncal, optical, or 
epeoifio gravity work with them Immersion under benzene, 01 painting 
with balsam dissolved m benzene, immediately after removal from the mothei 
liquor and momentary drying with a soft absorbent handkerchief, preserves 
their lives possibly for a oouple of hours longer, but even then by the end of 
the day they are opaque and afford no reflection, and by next morning they 
are like porcelain A fresh pieparation (for inrely can more than one crop 
be obtained from any one preparation) is consequently required for every 
day’s work on this salt This has involved immense labour and expenditure 
of the expensive selemc acid For, as already mentioned, the greatest 
difficulty of all has been to produce any crystals whatovei of this salt, and 
many preparations of the solution have been made without success m 
obtaining the crystals. It has only been at the opening of the present year, 
1918, that the author, after attempts spread over eight years, has sucoeeded 
at last in preparing them. The former attempts, although made in the 
winter, had never happened to synchronise with the minimum temperature of 
a particularly severe winter 

Surmising that the cxitioal upper temperature limit for the existence of 
this salt, K»Fe(Se0 4 )*,dHjO, was not more than 2° or 3° 0 above the freezing 
"* ‘fiber isomorphe Miednutgen der sedenaauren Salie,’ Dissertation, Gottingen, 180% 

por 
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point of water, arrangements for several new preparations were made at 
the beginning of January, during the moot severe cold spell of tine winter, 
which happened also to be a " record ” one for Devonshire. Carrying oat the 
first of these preparations exactly os already described, the mixed eolation of 
ferrous selenate and potassium 'selenate, in os closely equal molecular 
proportions as possible, and in as eoucentrated a form as was judged suitable, 
was left to crystallise under reduced pressure over oil of vitriol one evening 
m the first week of January, when the temperature outside was well below 
that of the freezing point of water, and the temperature of the laboratory 
during the succeeding night fell to within a degree of the freezing point. 
Next morning the authoi was delighted to find a most satisfactory crop of 
clear transparent pale-green crystals of the salt, single individuals of quite 
suitable gomometncal and optical sizes, and obviously of the expected 
symmetry, the disposition of faces being exactly that characteristic of the 
potassium salts of the double sulphate and selenate series Work was earned 
out with them from the moment they were removed from the mother liquoi 
and superficially dned, and was able to pioceed for five to six hours, beyond 
which the obvious commencement of decomposition rendered it unwise to 
proceed further The laboratory was unwarmed, so as to prolong the tune 
available as much as possible On a watm day or in a warmed room, 
decomposition is much more rapid The next night was not quite so cold 
and the refiltered solution, again set to crystalline under the receiver of the 
au pump as before, gave no crystals at all. On a third night, which was 
still less cold, a crop of quite different very minute crystals, useless for 
gomometry, was obtained, which proved to be those of the dihydra ted salt 
K s Fe(Se 04 )*, 2 H > 0 , which are referred to by Tops0e as being deposited on 
waim days And as bemg of tnclimc symmetry 
Two da}s afterwards the very oold weather returned and a further entirely 
new preparation was made, next morning, after a night of a temperature again 
closely approaohiug freezing pout m the laboratory, another crop of the 
unmistakable hexahydrated monochnic crystals was obtained. Another 
satisfactory day’s work was then earned out on them, lasting about five boon 
before opacity supervened, after whioh the filtered solution was again 
set to crystallise, and, this night proving equally cold if not colder, 
a fine crop of even larger crystals was found next morning, this being the 
only occasion on which a second orop was obtained from any one preparation. 
These were used in further essential measurements aa long (about six home> 
as the transparency sufficed Warmer weather again returned, bat after 
nearly a week a final spell of exceedingly cold weather supervened, during 
wluoh a new preparation was made and a fourth orop of suitable end. 



Selenic Add and Iron. 


S61 


beautifully well-formed and transparent crystals of the desired salt were 
obtained on the night following, which proved to be the coldest night of 
the winter Again a full day of intensive work was pat in, and all the 
essential measurements and observations with the salt were, on this day, 
fortunately completed For the weather again became less severe, and no 
further crops of the salt have ever been obtained since, all succeeding crops 
being of the minute crystals of the dihydr&ted salt, with much ferric 
decomposition 

The intensive work on these four crops of potassium ferrous selenate 
•crystals has fortunately included the measurement of all the interfaoial angles 
on six excellent crystals, the determination of the density of a considerable 
number from two crops, and the determination of all the optical constants in 
triplicate with other crystals, so that a full description of the salt is possible 
The details of the special methods employed m the measurements, and the 
results, are given in the memoir of which the following communication is an 
abstract The crystals were in excellent condition when used, and were fine 
well-developed specimens, and perfectly transparent, so that the results ate 
eminently satisfactory 

The extreme instability of potassium ferrous selenate and the relatively 
high stability of caesium ferrous selenate, together with the moderate stability 
of the rubidium salt, afford an excellent example of the progression in 
stability which, like all the othei properties of the salts, follows the order 
■of progression of the atomic wnghts and atomic numbers of the alkali 
metals, which by their interchange form the isomorphous group For 
rubidium ferrous selenate is undoubtedly intermediate in stability between 
the potassium and rubidium salts, being readily formed at a moderately low 
temperature, whereas the ceesium salt may be obtained even during a warm 
night. On the other hand, as we have seen, the potassium salt is only formed 
on the very coldest nights of a specially hard winter, when the laboratory 
temperature is almost down to 0° C. 
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(Abstract) 

Iu this memoir are described the lesults of a complete investigation 
of .the crystals of the potassium, rubidium, caesium, and ammonium salts 
of the iron group of double selenates of the monoclimc seneB 

KaM ( g 0 0 tjj 6H a O It has been rendered possible by the success which 

has at length attended the author’s prolonged attempts to prepare ferrous 
selenate, and especially potassium ferrous selenate, as described in the 
preceding communication 

The outstanding result is to conhrm m every particular the conclusions 
drawn from the previous study of three other groups of double selenates 
(those containing zinc, magnesium, and nickel, as the M-metals), and of the 
complete set of eight groups of the double sulphates of this grand Benea 

The general law of progression of the crystallographic properties, with the 
atomio weight and atomic number of the interchangeable dominating alkali 
metals which form the group, is obeyed absolutely rigidly by the iron group. 
The change m the principal (monoclimc axial) angle, the mean of the 
changes m all the 38 different angles measured, and the maximum ohange of 
interfaeial angle, are all directly proportional to the change m atomic 
weight or number, to a degree of precision which is remarkable The 
change in the dimensions of the structural unit cell of the space-lattice, as 
indicated by the molecular volumes and topic axial ratios, and the principal 
measure of the optical refractive power, the molecular refraction, are all 
properties which show progression with acceleration, with the increase of 
utomic weight or number 

Ciystal Menu nit —The direct progression of the axial angle 0 will be 
dearly seen from the following Table, whioh also shows the anal ratios and 
the fact that those of the rubidium salt are intermediate, corresponding to 
the intermediate position of rubidium between potassium and caesium as 
regards both atomic weight and atomic number. For the atomio weight 
(849) and atomic uumbei (37) of rubidium are the mean of the corre¬ 
sponding potassium and caesium constants, $ (38 9 + 131D) =s 85’4, and 
4(19+55) *37 
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Axial angle 0 

Axial ratio*. 
a b e 

XFe aelenate 

o / 

108 fiO 

_ 

0 7490 i 1 O 6044 

RbFe Mlenate 

104 57 

0 7424 1 r 0*5000 

KH 4 Fe flelenate 

100 9 

0 7483 1 0 6019 

CaFe Mlenate 

106 2 

i 

0 7808 1 0 4979 

i 


The axial ratios of the ammonium salt are close to those of the rubidium 
salt, and ite axial angle is nearly identical with that of the otesium salt, both 
being facts agreeing with the supposition of true isomorphism of this salt 
with the other three salts of the group 

Habit —The three characteristic habits for the potassium, rubidium, and 
caesium salts of any group of the whole senes, especially marked m the 
progression in tfie relative sizeB of the faces of c {001} and ;{011}, are 
clearly displayed by the three alkali metallic salts of the lion group, while 
the ammonium salt shows every gradation of variety between the limits 
shown by the outer members of the series, the potassium and osesium salts. 

Interfaeml Angles —The mterfacial angles of the rubidium salt are inter¬ 
mediate in magnitude between those of the potassium and caesium Balts 
When all the changes in the 38 angles measured are summed and the mean 
taken, it is found that the average change of angle for the replacement of 
potassium by caesium is exactly twice os great os that for the replacement of 
potassium by rubidium, corresponding exactly to the double change of 
atomic weight and atomic number The maximum change of angle also 
follows the same rule The values for the replacement of potassium by 
ammonium are the same as those for the caesium interchange These values 
are set out in the Table which follows, and the relations of the atomic 
weights and numbers follow the Table 


Replacement. 

Avenge change 

Maximum change 

X fay Kb .. 
XbyO* 
KfayXH* . 

f 

27 

66 

64 

f 0 » 

69 « 1 9 
189-9 19 

189 - 2 19 


K, Rb-K. Bb. Cb-Bb. Cn. Cb-K 

Atomic weights... 8885 46 84 9 47 181*9 93 = 2 x466 

Atomic numbers 19 18 37 18 55 86 s 2x18 


The ammonium salt of the group is thus isomorphous, but not eutropic 





Dr. A. E. H. Tatton. 


m 

(does not follow the law of progression), with the alkali metallic salts, which 
are eutropic with one another, that is, lsomorphons in the strictest sense 
possible outside the cubic system 

Volume —The molecular volumes and topic axial ratios, representing the 
volumes and axial edge dimensions of the unit cells of the space-lattice, are 
given m the next Table 



Molecular volume 

Topu< axial ratios 

X + • 

XFe Retaliate 

210 39 

0 2230 8 3086 4 1808 

HbKe selenate 

290 29 

0 8100 8*6006 * 9608 

NHJFe Retaliate 

220 89 

<1 8212 8 6048 4 2684 

C»Fe Retaliate 

238 21 

b 8847 8 7886 > 4 8460 


They all show a regular progiession from the potassium* Balt, through the 
rubidium salt, to the caesium salt, and the ammonium salt is of almost 
exactly the same volume and of the same cell-edge dimensions as the 
rubidium salt. When potassium is replaced by rubidium, there u an 
increase of volume of 9 9 units, and, when rubidium is replaced by cffisium, 
of 12 9 units The progress is thus an accelerating one When potassium is 
replaced by the ammonium radicle NHt, the increase in volume is exactly 
10 units, only 1 per cent difierent from the increase caused by introducing 
rubidium in place of potassium 

This subject of the lsostructure and congruency of the ammonium and 
rubidium salts of any group was specially dealt with in the author's memoir 
on “ X-Ray Analysis and Topic Axes of the Alkali Sulphates, and their 
Bearing on the Theory of Valency Volumes "*, the further instance now 
presented by the iron gioup of double selenates is so much more evidence m 
substantiation of the view theie expressed that the theory is untenable For 
it was shown that, if it were founded on faot, in the case of the simple 
rhombic sulphates, the volume of the spaoe-latfcioe unit cell of the ammonium 
salt would be double that of the rubidium salt (24 valency volumes as 
against 12), whereas the volumes were proved to be almost absolutely 
identical, as in the case of the double salts now described 

The Optical Ellipsoid —The ellipsoid representing the optical properties 
has its £ axis identioai in direction with the crystal symmetry axis ft, and it 
rotates on this axis when one alkali metal is replaced by another so that the 
» axis, one of the two rectangular axes a and y which he m the fw motr y 
plane, Is molined to the vertical crystal axis c at the following angles t-* 

* ‘ R*y. ffec Proe.,' A, voL #8, p. 78 (49F7). 
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For the ammonium Balt . 5° 24' 

„ potassium salt . . 10 27 

„ rubidium salt * , 18 27 

„ c.TPRium salt 21 4 


The position of the ellipsoid for the rubidium salt is thus intermediate 
between the positions foi the potassium and ctusium salts, and the rotation is 
an accelerating one with the atomic weight and number 

Optic Arml Angles —These have been measured for six wave-lengths of 
light The true angles within the crystal 2V* for the three metallic salts 
progress almost exactly in direct piopoition to the change of atomic weight 
and number, and the value foi the ammonium salt is somewhat higher than 
that for the lulwlium salt These facts may be illustrated by the values 
for the potassium, rubidium ammonium, and ctesium salts for sodium light, 
which aie, respectively, 04° 18', 72° 82', 77° 44', and 82° 47' 
llejraitu'i Indices and IfouWt Jit Jr action —The refractive indices have been 
determined for seven wave-lengths, and show also a progression with atomic 
weight and lminhei of the alkali metal The mean index foi sodium light, 
1 / 8 ( 6 * 4 / 347 ), foi the potassium, inbulium, ammonium, and caesium salts 
respectively is —1 5207, 1 5220, 1 5292, and 1 5357 The double refraction 
(difterencc between u and 7 indices) ioi the foui salts is —0 0250,0 0195, 
0 0105, and 0 0108, the piogression with atomic weight being here a very 
eleai one, the diminution being at an acceleiating rate It is also tho cause 
of tho diffeionoe of the refractive indices for tho potassium and rubidium 
salts not being more than is shown, ioi the effect ot the progression of the 
indices, which is well marked in the case of the a values, is counteracted and 
slightly reversed in the 7 values by the opposite kind of progression (a 
diminution) of the double retraction, when the caesium salt is reached, 
however, the progress of all three of the indices, «, and 7 , has become 
clearly apparent m spite of tho effect of the double refraction change 

The ammonium salt stands between the rubidium and caesium salts with 
respect to both properties 

Molmdar Ophctd Constant* —Those have been calculated both foi tho 
Lorenz and for the Gladstone and Dale formulae. The moleculai refraction 
is the moat important of all tho optical constants, and the Gladstone* values 
are given below The Loren/ values indicate precisely tho same facta 
The true progression with atomic weight and atomic number is very 
clearly shown by these values for the molecular refraction, tho rubidium salt 
standing intermediate between the potassium and caesium Balts, and m a 
position somewhat closer to the former salt, so that the progression is 
VOL* xerv,—A. 2 I- 
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Molecular refraction 
a $ y 

Mean value 
i (a + 0 + y) 

KFe selenato , . 

100 54 108 88 111 74 

108 87 

RbFe ftolen&te 

118 44 118*80 lie 06 

114 88 

NH 4 Fe telenate 

114 21 115 62 117 87 

115 90 

CfFtt neleimta 

122 90 124 11 125 5)1 

t 

124 22 


dearly an accelerating one The ammonium Balt possesses almost the same 
molecular lefractive power os the rubidium salt, the value being only very 
slightly higher, a fact doubtless connected with the interesting volume 
result, that the ammonium and rubidium salts are almost precisely iho- 
stiuctural 


Concluding liemarla 

The key to the interesting crystallographic progression, which has been so 
strikingly confirmed by the results for this irou group of double selenates, 
has recently been afforded by the brilliant discoveiy of Moseley, that the 
atomic sequence number is the expression of the complexity of the atom, and 
is itself a fundamental constant, a direct measure of the positive electric 
charge on the atomic nucleus and of the number of negative electrons 
clustered around it in electrical equilibrium to form the atom Atoms so 
vigorous and dominating as those of the alkali metallic family group of 
maximum electro-positive character differing regularly by the number ot 
electrons corresponding to two whole horizontal lows of elements w the 
Periodic Table, must naturally exhibit a pronounced and similarly regular 
progressive influence on the structure and physical constants of the crystals 
of a senes of salts in which these elements are the interchangeable con¬ 
stituents The discovery of Moseley thus renders the results of the authors 
work ovei many years, so long without logical explanation, now clearly 
intelligible and explicable, and indeed only what could be expected from the 
progressive effect on the crystals of the operation of Moseley's law on the 
atoms composing them 







867 


On the Numerical Solution of Integral- Equations. 
By E. T Whittaker, FRS 
(Received December 27, 1917 ) 


§ 1 Introductory 

The present commumoation is concerned with integral-equations of Abel's 


type 


and of Poisson’s type 


(»)*(*-«)* »/(*). 

♦w+Ucw—>*=./ (•'■). 


a) 

( 2 ) 


where * (a:) is a given function called the nucleus, /(a) is also a given function, 
and <j> (x) is the unknown function which is to be determined Hie object of 
the work is to obtain solutions of these equations in forms which can be 
made the basis of numerical calculation 
Theoretical solutions of both these equations, in the form of infinite senes, 
are well known, and have been fully discussed by Yolterra* and others 
But m these solutions the nth terra of the series is a multiple integral 
involving (to—1 ) integrations with variable limits: and although such senes 
are valuable for the light they throw on the general properties of the 
solution, it is obvious that they cannot, except in very special cases, be used 
in order to compute values of the solution numerically. The only case, so 
far as I am aware, in which a solution of an equation of one of the above 
types has been obtained m a form adapted for practical ends is Abel’s 
original special form of equation (1). 

£!£$“/<•>• m -“>• 

tor which he gavef the solution 


* ‘ Torino Atti,’ voL 91, pp. 311, 400, 057, 693 (1896) For fuller references of 
S. Bateman, " Report on the Theory of Integral Equations,” ‘ Bnt. Assoc Report,’ 1910 
+ ‘(Euvres,’ (ed 1681), p. 11 (1883) and p. 97 (1888) The fundamental meaning of 
Abel’s result is most clearly seen if the integrals which occur in it are interpreted ee in 
the theory of generalised differentiation if f(x) is written for Abel’s 

fomula*rsduoes to the simple statement that it 

2 o 


TOU xmv.—A 
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When f(r) is given, the values of f\s) and of the integral last written may 
be obtained without difficulty by the ordinary processes of interpolation and 
numerical integration * 

Recently, two friends, one a seismologist and the other an actuary, have 
enquired of me whether the integral-equations (1) and (2), which had 
occurred m their researches, could be solved in such a way as to obtain 
nuznenoal results when the functions k (x) and /(.?) are known (tabulated) 
functions It was under the stimulus of these enquiries that the methods of 
solution which occupy the following pages were devised It will be seen 
that I have departed altogether from the customary methods of solution by 
infinite senes wIiobc terms are multiple integrals, and on this account the 
new solutions, which are formulated in Theorems 1-5 below, and by which 
the unknown function may be determined numerically, may perhaps be 
found to be not without interest from the standpoint of pure theory 

§ 2 Solution of Integral-Equations of Abel's Type 

Considering first the generalised Abel's integral-equation, 

£*(«)*(«-*)* =/<*), a) 

we need only consider the case when the nucleus te(x) becomes infinite at 
tr = 0, for in the simpler case when the nucleus is finite at a; = 0, the 
equation (1) may be reduced immediately, as we shall see later, to the 
type (2), and so may be dealt with by the methods which are given subse¬ 
quently m the paper 

We shall, then, suppose k (*) to be such that x?ic(x) is finite and not aero 
at x s= 0, where p lies between 0 and 1 v 

Now if the nucleus k(x), whioh is supposed to be given by a numerical 
Table, has this character, so that it becomes infinite like xT* ttisO, bnt is 
hmte for other values of # within the range of integration, we can m general 
(by use of Newton’s or some other interpolation-formula) represent the 
function Jt?ic(x) over the range in question by a polynomial in x, the degree 
of this polynomial will depend on the nature of *(«) and the order of 
accuracy to which the work is to be carried We may, then, assume for the 
nucleus «(.r) an analytical expression of the form 

«(a) as «‘s(a 0 +a l *+«^i*+ .+ajf), (0 <p < 1). t (3) 

* It u possible that the elegant solution in power-eenes which wae given by Sonine, 
1 Acts Mathvgl 4, p 171 (18MX far hie generalised form of Abel's integral-equation, 
way also be utilised for numerical calculation 
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Now assume* a solution of the form 

*(*) = JV(s)K(*-s)d», <4) 

where K(&) is called the solving function We have on eliminating <f>{x) 
between this equation and (1) 

f(x) m £*(*-.) *[ j>(<)K<*-f)<ft}rfs, 

or, mveiting the order of integration, 

JV<o* = J/'(o{ j] k ( x — s) K (s — t ) ds dt 

Since f (t) ih an arbitrary function, this gives 

Writing « = / + <*, this becomes 

ri-t 

I k(js— l — n)K(u)du — 1, 

Jo 


or 


| ic(a—n) K(u)dn = 1, 


where a is arbitrary From this equation the solving function K (*) is to be 
determined 

By (3) this may be written 

| (a—u)~'{ao+fti(a— w)+flr»(«-tf>'+ + a „(«—«)*) K(v)du = 1 (5) 

Now let j""K. (u) du be denoted by Kj(«), let J*Ki (u)du be denoted by 
K»(w), and so on Then mtegiating by parts we have 

| (<?—=s (1 —p) — u )~ p Kj(w) du, 

j%—M)* - 'Kw(rfw) ss (2 —/>) j%— m) 1 ** K, («) du, 

m (2—p)(l—p)uff S, (u) du 
and so on. Thus equation (6) may be written 
j^(rt-u)-*{a« K(m)+(1 -p) OiKj («)+(1 —p) (2—p) aJK, («)+ 

+(l-^)<2-p). = 1. (6) 

* The legitimacy of tins may be Inferred at once from VoHena’e theory 

* 2 r, 2 



870 


Mr. E. T. Whittaker. 


Now if —• u)“* A (w) dn = 1, where « u arbitrary and A(tt) does not 

involve a , we have by writing u = m 

a*-' = |‘(l-*)-'A(«w)A* I 

and, since a is arbitrary, this shows that A («) = C up~ 1 , where C is independent 
of u 

Substituting m the last equation, we have 

1 = C [ (1— s) - '’**’ -1 da as — 

Jo sinpw 

and therefore 

k(u) = SEC! . «i*-i 

IT 

Applying this result to equation (6), we have 

«o K (n)+(1 — p) ®iKi (u) +( 1 — p) (2 ~p) a* Kj (u) +.. 

+(1 —P) (2 -p)- •(» ~P) <*■K.(«) = — ^ up~\ 

7T 

or, writing y (u) for K. (it) 

+(l-p)(2- ? ) (n-pW = “"££. «r-i. (7) 

7T 

This is a linear differential equation in y, and K* (it) is that eolation of it 
whibh vanishes, together with its first (n—1) differential coefficients, when 
it vanishes 

Now let the polynomial 

« 0 a J, + (l—p)«iT"“ l +(l—j?)(2— jp)oji!" _ *+ +(1—J>)(2— p) (n-p)a, 

be denoted by F(a) and let its n roots (supposed for the present to be 
distinct) be *, 0, y, . , v. Then it is knowu from the general theory of 
linear differential equations that the solution of (7) which vanishes, together 
with its first (n— 1) differential coefficients, when u vanishes is 

K„(«) - f . tr ~ 1 . h(u—t)dt (8) 

Jo *r 

m m F^) + F&) + - + f%) (9) 


where 
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From (8) we have by successive differentiation 
K.-i (u) ss *HL£E. f* fp-i ft (u—t) <tt, since h (0) =» 8, 

7T Jo 

K„- a (it) =* 5*^ (V 1 *" ( u -t)dt, since h' (0) = 0. 

7T Jo 

Kj («) = [V-i fc0.-i) ( u -t) dt, since h<*~*> (0) » 0, 

7T Jo 

K <«) = 5i2fZLi*^ + [V»AWsince A<* -1 >(0) - -* 
w L «o Jo J «o 

Substituting for h(su) from (9) we have K (a:) = (l/ir)8wpirL(%), where 

rx On rx 

+rhi e ’\'r' 4 ~' d ‘ 

Now | tf'^c'^dt s= *r*j 

and thus if the function r* | 

(which is well known under the name of the Incomplete Gamma-Function) 
be denoted by y p (x), we have 

L ^ + F(7) F~(/3) + * • * + F^5 *» < "** 

Combining our results, we have 

THBOBEH 1 .—The solution 0 /the integral-equation 

j*$(«)*(r-a) <&=/(*) 

icAsrs the nucleus u(x) is supposed to be given numerically and to have been 
expressed by the ordinary methods of interpolation in the form 

*(«) ae *"*(<*0 + <»i« + a*» , + .. + <V!*), (0 < j>< 1) 

is $(x) m —j^/(«)L(a:— s)ds, (10> 

tehm 

!•(*) “ 7p(«»)+ ^jr^Vr{fa)+ ••• + p)^ 7>(**X (H) 

• For At*-» (0) » sum of residua* of <*-i/F(r) »t its siaguIaritMO «, & .,r 
>• - (residue of this function at ® ) «!/«%, 



Mr, E. T. Whittaker. 


37* 

and whsre *, , v f are the roots of the algebraic equation 

F(a) s a 0 -^4-(l“^)ai« n " I +(l--y)(2--p) agx?~*+.. 

+ ( 1 “^)(2—i?) (»— p)<*n=*Q, (12) 

and y p (x) denotes the incomplete Oamma-functwn 

7 P (*) = c* 

Jo 

This niay be regarded ae a direct extension of Abel's original formula, 
which may be derived from it by taking n = 0. It expresses the solution 
of the integral-equation %n a finite Jorm in terms of the incomplete 
P-funotion The incomplete IMunotions which occur m the solution all 
have the same parameter p t and are, therefore, really all the Bame function, 
with different values of the argument, its values may be tabulated from any 
of the expansions which were given for it by Legendre,* such as the 
absolutely convergent expansion 

r p £P +i T p +* 

yp M - j + i> ( p+ i) + P (p+i)(p+2 ) + 
or (for large positive values of x) the asymptotic expansion 

if (**) = r (p) i*-r >-» ( i+£~+ ..j. 

When this function has been tabulated, and tbe algebraic equation (12) 
solved,f the function L(%) may readily be tabulated from equation (11), and 
then the required function is given at once by quadrature from 
equation (10) In this way Theorem 1 yields a numerical solution of the 
generalised Abel's equation 

It is obvious that when the polynomial ¥{x) has a pair of equal roots 
certain modifications must be made in tbe above solution, but it does not 
seem necessary to set these forth in detail here 

It may lie remarked that by making tbe degree n of the polynomial in (3) 
increase indefinitely, we obtain in the limit tbe solvmg-fanotion of the 
integral equation, with an arbitrary function as nucleus, in the form of an 
infinite senes of incomplete IMunotions of the same parameter. In oon* 
neotion with such a solution it would be necessary to disouss convergence, 
ete, and it is not proposed to undertake this in the present paper, bat the 
matter seems worthy to be mentioned in passing, as senes of incomplete 
IMunotuma have not (so far as I know) presented themselves hitherto in 
* ‘Exerc. <fe Ode lnt,’ vol. I, pp 336-943 (1811) 

t Jler this Newton's method will probably be found in most eases the moeteehnenineb 
if »>8, or if eome of the roots are complex, the Lobseheveky-Grseffe method. 
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analysis. They may evidently be regarded as an extension of Dinchlet's 
series, % e>, senes of the type 

F(a?) s= <?*“** + }#-** + &-**+ , 

whiohiiave received muoh attention in reoent years 

§ 3 Solution of Equations of Poisson's Type 

When the nucleus k (x) of equation (IX instead of being infinite at x as 0 as 
we have supposed hitherto, possesses a finite differential coefficient over the 
range of integration, we have by differentiating equation (1) 

£(a?)*(0)+ j o <K«) *'(«—*)* =/'(•*) 

which is an integral equation included in Poisson's type (2)* We shall, 
therefore, now pass on to consider integral-equations of Poisson’s type, which 
wo shall take in the form 

$(■»■)+ [$(*)*(*■—»)* =/W * (2) 

Since the nuoleus k(x) is supposed to be specified by a table of finite 
numerical values ovei the range of values of it considered, we may apply 
Prony's method of interpolation by exponentials in order to represent it 
analytically in the form of a sum of ft exponentials 

k(j) * P W + Qr* T + Kr" + + Yc v *, (13) 

where (P, Q, E, , ., V, p, q, r , , v) are constants which are ohosen so as 

to give the closest possible representation of the given numerical values 

Although Prony’s method is more than a century old, it does not appeal to be widely 
known or to have found its way into any text book , and, as his original paper is perhaps 
not accessible to many readers, I may be justifaed in giving hero a brief notice of it 
Suppose that «(r) is given numerically for a certain range of values of x Take any 
set of values at x equally spaoed within this range, my x -■= 0, », 3*, 4*, , and let 

the corresponding values of *{x) be k,„ ** ** Now if k(x) could be represented 

eM&etly in the form of a sum of p exponentials, say, 

+V<?« 

then «(#) would satisfy a linear difference-equation of the form 

Aen+(ft+ , B*iH-M--i+0Kn+M-4 + ■+*^ ,6 a m 

where the roots of the algebraic equation 

A**+B»s- I +Ca?*-*+. +M*0 

would be 

rtw* n rm ,, . 


0 


* It need scarcely be said that if c(0) vanishes we differentiate again 
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Prony’s method, which is baaed on this fact, »to write down a set of linear equation** 

Ak t +Cv-a+ + M«|, ** 0 

A**+i+B«*+C*>i-:i+ +M*j» 0 
A^+a+B^+i+CJ** 4- +M* g «-0 
A^+a+Ba^+8+Ca#*+i+. + Mit a « 0 

where the quantities «to, *i, ** •, aie known, since «(&) is a known tabulated 

function, and by the oi (Unary method of Least Squares to find the Yalues of 
A, B, Q , M, which most nearly satisfy the equations, then with these values of 
A, B, C,. , M, to form the algebraic equation 

Ax* +B*h- 1 + C&* 4 ~ s + +M~0, 

and find its roots , these roots will be «*>•*, «*«*, and thus p t q t r, , v, are 

determined Knowing p y <j, r, , v f we have a set of linear equations to determine 
the coefficients P, Q, E, , V, and these also are to be solved by the method of Least 
Squares 

Taking then this form (13) for the nucleus. *(*<), we shall show that the 
integral-equation (2) may be satisfied by a solution of the form 

• 4>(*) = fix)- [ K(#-«)/(•) ds, (14) 

where the solving function K(z) is also a sum of n e\Donent u^ sa| 

K(a.) = A«“ + B«*+Ce»*+ + Ne« ^*$ 0 * (16) 

To prove this, we remaik first that the existence-theorems established by 
Volterra justify us in assuming for the solution the form (14), where K(*) is 
now the funotion to be determined 
In (14) put k (x) for/(a;): thus 

= *(*)- JjK (*-*)*(«)<&, 

which gives the value of $(x) corresponding to this value of/(«). 

Putting (x—a) for a in the integral, we have 

$(x) = k («)— j^K(s)*(®— a) da 

Comparing this with the integral-equation (2), after replacing f(z) by *(«) 
in the latter, we have 

^ (x) *s K (*), 

and therefore the pair of functions 

$(*)“*(*), /(*)«*(*), 

satisfy the integral-equation that is to say, 

K (*)+ | # K («)*(*— a)da m #(«) ( 16 ) 
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In this equation substitute the value (13) for « (x) and the value (15) for 
K(*). Thus we have 

A« t * + Be**+C0 x +.. +Ne« 

+ +N«"} + . + V«“-»}rf« 

= Tef* +Qtfff*+Re” + + Vc~ 


Equating coefficients of e•* on the two sides of this equation, we have 

—+-SL+. +JL + i = o 

«—p ot—v 

Similarly by equating coefficients of ^ 

J- +s 2_ + +JL+1-0. 

P—p P-q P-*> 

aud so on these equations show that a, 7 , , v, are the roots of the 


algebraic 



in x 


-JL+JL+JL+ +-5L+1 = 0 

x—p x—q x—i x—v 


(17) 


This enables us to determine «, ft, 7 , 

Next equating coefficients of t** on the two sides of the equation, we have 


and similarly 


-^-+£2_+-£-+ +-^-+1 = 0 

*~P P~P y-p *~P 

\ 

—• +JL+JL+ +JL+1-0 

«-« P-q i-q *—f 


♦ M > M« 


• <«ll 


^ +a 2-+- s -+-+ i +«-» 

«—v fi—v y-t? P~~v 


r 


(t»> 


Sinoe («, ft, 7 , v) and (p, q, r, , v) are known, these equations (18) 
enable us to determine A, B, C, ... N, and we see that if the constants 
(«, ft, % p) and (A, B, 0, .... N) are determined by equations (17) 
and (18), the equation (18) is satisfied by the value (15) of K(e> 

The value of K(e) may be obtained in a more explicit form in the 
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following manner If we eliminate A, B, 0, , N, determinant^ from 

the equations (15) and (18), we have 


1 1 1 


1 ^ 

i 

—t** 

JLi 

i_ 

et—p B—p v-p 


3 — p 



a—p 

/~jp 

1 1 1 



i 


— 1 
a-q 

i 

i CM 

i 

1 

CM 

1 

« 




*—f 

1 1 1 


1 l. 

1 


-Li 

i 

a —v ft—% i — 


\e-» 

V —V 


a— r 

v— r 


The determinants which occur in this equation are of the kind known as 
aUrmantx ; and raaj be factorised by known methods* Performing the 
factorisation, we have 

KM = - («-p(«-9)(a-r) («-<’) „ 

' ' (*-/3)<*-V> (*-v) 

(3—v)($—q)iB—i) (B—v)., 


(B-»)(B—y) (&—») 

(»-p)(r-g)(»>—«•),. (o-t>) 

(v-*)(v-B) ••(*'-/*) 

Combining our tesults w e have 

Theorem 2 —The solution of th intcgi al-equafton 


£(«•)+ *(•*-«)*> =/(a), 


where the nucleus k(z) m supposed to In given numeneally, and to have been 
expressed by Prong’s method of interpolation tn the form 

k{x) = Pe^+Qr **+ Vc vr , 


*(*) ■/(»)- j*K (x~e)f(s)d», 


K(*)=- 


. ip-*; ^ 

(«-/9)(«-y) («-*) (/3-.)(/9- 7 ) (/9-v)^ 


(V—»)(K—O) ..(*>— 1 ) 


(1®) 


and where a, 3, y,. v, air the roots of the algebraic equation mx 

, -2- + « + J- + .. + i + i_o 

, 1 «-P *-? tr—r x—v 

* The ev.lu.tiab of alMrnut. of thi« type u dm to OMiohy, ‘ Exorcice* d'A*.,' vdL % 
p 151 (1841). 1 
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It ia obvious from the last equation that if p, q, i ,.., v, are arranged in 
ascending order of magnitude, and, if P, Q, E, , V, are all positive, then the 
lowest root * is less than p, the next root /9 is between p and q, and bo on 
If the number of exponential terms in (13) is supposed to morease 
indefinite!}, the representation of the nucleus k (x) becomes a Dinchlet’s 
series, and by (19) the solving function K (x) is then also a Diriohlet’s 
series, formed with exponentials <■“, t**, ct*, , whose exponents «, /8, y, 
are the roots of equation (17), which now becomes a transcendental equation 
A rigorous examination of convergence, etc, m this limit-process would be 
necessary to establish the theorem which appears to be indicated, namely, that 
m tilt solution of a Poisson’s integral-equation whose nvtleus is expressible as a 
Pinch let’8 sei ics, the soivtng-functum is also expressible as a Pinchlet’s senes, but 
with a different set of exponents foi the erpomntials 


§ 4 An Alternative Solution of IiUei/i al-EquaUous of Poisson’s Typ> 

Theorem 2 above supplies what I think will be found to be in general the 
most convenient method of solving integral-equations of Poisson's type 
numerically But in certain cases the nucleus k{x) may be given as a 
polynomial, or it may happen, when * (j) is given m the form of a numerical 
table, that it is preferred for some reason to apply ordinary interpolation 
and express * (■>,) approximately as a polynomial, rather than to apply 
Prony’s method of interpolation and express u(x) as a sum of exponentials* 
We Bhall therefore now consider the ptoblem of integrating an integral- 
equation of Poisson’s type 


when the nuoleuB k (x) is expressed as a polynomial 
The solution of this problem may be deduced as a hunting case from that 
solved m § 3 For, m equation (13), suppose that p, q, r, v (being »in 
number), each tends to aero, while P, Q, R, , V, increase indefinitely m such 
a way that 

P+Q+K+ . +V = * I 


J^p + Qs + Rr-J- +Vi> = k\ 


« • • • • 


Pp" _1 + Qj"~ 1 + Itr* -1 4. 


+V®»-l ss Kn-l 




( 20 ) 


♦ One great advantage of Prony's method is that each exponential term invokes two 
disposable constants («.$., the term Pr involves P and whereas a term of a poly¬ 
nomial involves only one disposable constant (e.g , px* involves only p), and therefore 
It fa in general possible to obtain as high a degree of accuracy in approximating with n 
•exponential terms as with a polynomial of 9a terms 
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where tc 0 , «i, *%, , *»-i, are finite Then from equation (13) we have 

*(*) = p(l+pz+^+ .)+Q(l+ S *+£'!+ )+.. 


+ V ^1 + K®+ -g7 + 


) 


I M I I I ^ 

= #Co + «ia; + —-+ +■;-rrr, 

2 i (n —1)1 

the terms in higher powers of x vanishing 
Moreover, the equation (17), whose roots are «, ft 7 , >,«/, may be written 

which by (20) becomes 

~+^+^+ +^— + 1 = o, 

w or a? of 

the terms in higher powers of ( 1 /x) vanishing, so that *, ft, y, ., v, are now 
the roots of the algebraic equation 

X n + Ko&~ 1 +Kl>f , ~ a +... + *«-! * 0 

The equation (19) for the determination of the solving function K(») now 
becomes 


K(a) i 


(«-^)(*-7) («—*0 


09-«)(/9- 7 )-. {ft-v) 
v" 


<*— 


(„_*)(„_ 0 ) ..(*-/*) 

and thus, collecting our rasults, we have 

Theorem 3 —The solution of the integral-equation 

<t> <*) + (*) * (*-*) * * /(®). 

where the nucleus k (x) m supposed to be given numerically, and to have been 
expressed by the ordinary methods of interpolation in the form 


« W -* + «. + ff + 7T + .. 

*(«) »/<*)- j £(*-«)/(«)*, 


( 21 > 

(22> 


where 
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and where s, 0, y,.„, v, are the roots of the algebraic equation inx 

a5»+*oa*"~ l +*i**~*+.. +Kn-\ = o (24) 

If this equation (24) has a pair of equal roots, terms of the type ax** will 
ooour m K («), thus, if 

k ( x ) = —2p+jp^B, 

we find ~K.(x)*s —p(2+px)t** 

An interesting expansion is obtained by making n increase indefinitely m 
this theorem We then have the solving problem K(as) of the general 
Poisson’s integral-equation expressed in the fotm of a Dmchlet's series, or, 
at any rate, a series of exponentials with real or complex arguments This 
appears to indicate a new field of analysis, in whioh Dmchlet's series present 
themselves naturally. But a thorough investigation of convergence would 
be neoessary for the rigorous establishment of this result, and, indeed, we 
can show by simple examples that the expression obtained by making « tend 
to infinity will not neoessanly be a Dmchlet’s series, even though, for all 
finite values of n, it is a sum of exponentials For instance, if 

*(*> = ?+? A:+e ]T + ^+ + (*?T)!’ 

so that =_p, = v*, #s =p t , , *,-i = p", 

we see from (23) and (24) that K (x) is equal to the sum of the residues of 

j —p" +l /f* +1 

at its n poles, which are the (a+ l)th roots of unity other than unity itself 
This sum of residues is evidently a sum of exponentials in x, one corre¬ 
sponding to each pole, so long as n is finite, but, when n increases indefinitely, 
we have 

K(&) as coefficient of 1/t m —(l—pft)d* = p, 

so that when the nucleus is k (*) — pee*, the solving function is K («) =s p, 
whioh is not a series of exponentials 

j 5 A Further Alternative Solution of Integral-Equations of Poisson's Type 

Hitherto we have supposed the nuoleus of the integral-equation to be given 
by a numerical table, and to be represented, by use of the methods of the 
interpolation theory, as a sum of exponentials, <n aa a polynomial. If, 
however, in an equation of Poisson’s type 

* (*) + 0 («-«) $(«)<&* /(*) 

a JO 
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the expansion of the nucleus k(x) as a Taylor’s senes is known, say 

tc(r) s= * 0 +*ia , + *Jt+37+*"» (25) 

then ive shall show that the solving-function K(«) may be written down at 
once as a Taylor’s senes For, the solution of the integral-equation m terms 
of the solvmg-function being 

*C0 =/(*)- | K (x-8)f {s)ds, 

we have already in equation (16) shown that 

K (&) +1 K (s) k (x — s) ds = # (a;) 

Putting x m 6 m this, we have 

K 0 = mo, (26) 

where Ko, Ei, Kg, , are used in order to denote the values of K(&) and its 
successive differential coefficients at jr = 0 
Differentiating (16), we have 

K' (x) +* 0 K U)+ j'K (») k' (x-s) ds = *' {x) (27) 

Putting u. s= 0 in (27) 

K] + Ko Ko * k\ (28) 

Differentiating (27) 

K"(r)-MoK' (»•) + «, K(aO+J*K(a)«" (*-«)<& = *" (x) (29) 

Putting j; = 0m (29), 

Kji+«oKi+«iKo ® *s. (30) 

If now the linear equations (26), (28), (30),. be solved for Ko,Ki, K s , . , 
we obtain 

Ko as #o 


-1 

KO 

1 1 

1 

K\ 

ICO I 

*0 

1 

0 

K\ 

KO 

1 

*1 

K ) 

*0 


Let us now consider the convergence of the senes 
Ko + K»*+|!»»+|!«»+. .. 

This series will evidently be absolutely convergent for all finite values of se, 
provided the senes 


Kg+Ki x + +K*c* + • 
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converges within a circle of non-zero radius But the equations (26), (28), 
(30), may be comprehended m the Bingle formal equation ' 

(*# + *!# + **£* + )(l + *o*& + *l®* + **»* + ) == Ko+ KlJ! +■ KsfX? + 

or 

K„ + K., + K,«W + 

and the expresmon on the light-hand side o f tins equation represents a 
holomorphic funotion within a circle of non-zero radius having the origin as 
centre, provided the power-senes 

1 + * 1 ) 3 ’ + K V 1? 4 * + 

converges within a circle of non-/ero radius and so represents a function 
whose singularities and zeroes are all at a finite distance hom the origin 
Subject to this last condition, then (which is, as a matter of fact, unnecessarily 
stringent), the senes 

K 0 + Km+K*^+K 3 ^+ 

oonverges absolutely for all finite values of < We 9hall assume that it 
converges, since the computer will not make use of this method unless the 
convergence of this senes is so rapid as to be obvious. Then, combining our 
results, we have 

ThboRKM 4 —The solution of the inteyml-equahon 
<£(*)+ |^(«)*(x —*)di = f(w) 

where the nucleus * (x) w supposed to be expansible m a Taylor series 

*(*) ar + +~ + 

w 4>(x) “/(»)—J # K(a-«)/(«)<&, 

where 

*o 1 0 I «o 1 0 0 

*i *« 1 21 *i * 0 1 0 

*J *] *0 *» *1 «o 1 

*8 *a «i *o 



K(«) =» *o~| *° 1 *+ 

*1 *0 


Tor the benefit of those who may find it convenient to use this solution, it may be 
well to add some remarks on the computation of the determinants! coefficient* which 
Occur in it A numerical determinant should never, or scarcely ever, be evaluated by 
expanding it, it should be evaluated by reducing it successively to determinants of 
lower order, without expanding* To do this, we first notice whether any of the 
elements in the determinant is unity \ if not, we reduce one of the elements to unity 
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by dividing the row or column which contain! it by that element Having done thu, 
# to evaluate, e*g , the fifth-order determinant 

1 flj 

63 

Cl Of C3 <* 4 t ft 

d x dv d} rf* d 6 

C| fig fi# fift 

the rule is Strike out the row and column which contain the unit element, and 
subtract from each of the other elements the product of the elements which are 
situated at the feet of the perpendiculars from this element on the deleted row and 
column Thus the above determinant becomes 

b | *— B|^i ^4 - flgtj 

r t - 0^ c, - a# x c 4 - a K *, c 6 - a a Ct 

d% ~ d% — fljrfj </ 4 — | dfr - Qfdt 

Sj-fljjfii fig —Ugfil fig —« 4 fij fi6“*®6 f l 

and m the same way we may reduce this fourth-ordei determinant to a third-ordei 
determinant, and so on 

If the unit element is not the leading element, we must multiply the whole deter¬ 
minant by ±1, according as the sum of the row-number of the deleted row and the 
column-number of the deleted column is even or odd 


§6-4 Combination of the Solution of % 4 with that of § 5. 

A form of solution which in some eases proves useful is obtained by com¬ 
bining the solution of § 4 with that of § 5 This happens when the graph of 
the nucleus n(x) in the part of it over which the integration takes place, is 
not very different from that of a polynomial of low degree, so that the first 
few of the coefficients *J, «i, * a ,.... are of preponderant importance as com¬ 
pared with those that succeed them In this case it is advantageous to take 
out of the senes (31) the terms which depend solely on theee important 
coefficients, and, by summing them, to obtain a new form for K(x) which oan 
be more readily computed, this, as we shall now ebow, may be done, the 
extracted part of K(ir) being in the exponential form whioh was obtained 

in§4. , 

Suppose, ior instance, that * 0 and #1 are important, but the succeeding 
coefficients * 3 , are comparatively small The terms m (31) which 
depend only on ko and *1 are evidently 


* 0 " 


h ’U+ 

* 10 

of 

(,100 

1 *1 *0 1 

*1 *01 

2 ! 

#1 *0 1 0 


0 « t «Q 


0 *1 *0 1 




0 0 KI «• 


~+ 

8 ! T 


( 82 ) 



On the Numerical Solution of Integral-Equations. 888 


Now if Un denote the determinant 


<-)— 


*n 


1 

ica 


0 

1 


0 K\ *0 

0 0 *, 


0 0 
0 0 
1 0 
*0 1 


| I (n rows) 

we have by expanding in terms of the elements of the first row 


a, = — *o«n-, 

The solution of this difference-equation is 

u, = Aa’ + B/S* 

Where « and £ are the roots of the quadratic r“+*o*-f *, = 0, and Aand B 
are independent of n. Moreover, since 


and 

we see that 
and therefore 


m = *0 as —(*-f/3) = — -- 

*—p 

M* as — Ko'+Xl = — («* + «£ + £*) 


A SB 


•/S’ 


«*+l 


«*. -- 


B = - JL 
•H* 


V-ft 1 

«-/9* 


«-/S 

The expression (32) may thus be written 

ga-ff* « 4 —j8* /S 6 a 3 

a—/9 *—£f a—/9 21 a—/8 3! 


or 




Thus, we have 

TUGRIK 6 .—In Theorem 4 the Jormula (31) may V replaced by 

K(«)» -i^-^ + *.|j+(*3-2« # *,)^ I +. . 

wfarv a and 0 un the roots of the quadratic a4+*o*+*, s* 0. This form of 
K(») is preferable for purposes of computation when « e and *, are of pro- 
poodsmat importanoe as compared with k», «», ... 

We may in this way replsoe the terms of (81) to any extent by exponen¬ 
tials, and it is evident that when the terms thus replaced are those which 
involve ha, «i, ... *»-1 without involving ** *.+i>.., fee exponential terms 
whioh are obtained are precisely those which would bo obtained as the value 
of Kfc) in Theorem 8, if *(*) were the polynomial 

rvM 1 

*»+*i*+«s g-j+ ..4/111-1 ^^1 . 


2 H 


m, xcrv.—a. 
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The Parent of Actinium 

By Frkubbigk Soddy, F R.8, and John A Cranston, B Bo , Carnegie 
Research Scholar in the University of Aberdeen 

(Received December 28, 1917.) 

It has beuu recognised lor more tluui a decade that actinium cannot be a 
primary radio-element, but hitherto all attempts to obtain evidence of its 
continuous production, in the same way as has been established for polonium 
and for radium, have met with no miooeas As our knowledge of radioactive 
change has become precise, the conceivable modes in which actinium could 
originate have been narrowed down and, one by one, experimentally elimi¬ 
nated without the parent of actinium having been discovered Iu the 
present paper an aooount is given of experiments which have been Hucoessful 
iu separating from uranium minerals preparations initially free from actinium 
but producing that element in the course ot years. In 1913, a minute 
production of aotmium, almost too siu&ll to be confident of, waa recorded by 
one of us in the old preparations of uranittm-X separated from 60 kgrm of 
uianyl nitrate m 1909* The subsequent history of these preparations has 
confirmed this minute growth, and plaoed it beyond all doubt, although even 
now, after eight years, it is still very small in comparison with the growth in 
the later preparations separated from uranium minerals 

Before dealing with the newer experiments, the opportunity will be taken 
of giving a fairly full account of the long and involved history of the 
pioblem, and of oorrelating and bringing up to date the evidence that ean be 
derived from those old uranium-X preparations The experiments were 
undertaken when the course of the disintegration of uranium and its connec¬ 
tion with radium was quite obscure, but the experiments afford valuable data, 
which has never been properly discussed in the light of recent discoveries, on 
the possible modes of origin of actinium. With regard to the new work. In 
the absence of one of us on military service since 1915, the experiments were 
continued for a time by Miss Ada Hitohens, B Sc., Carnegie Research Scholar, 
until she also left to engage m war duties. Her valuable assistance has 
contributed very materially to the definiteness of the conclusions that it has 
been possible to arrive at 

Hvttory qf the Problem . 

Although discovered in 1899, by Debxeme, aotuuum still remains probably 
the least known of all the radio-elements. The statement does not apply to 
* F Soddy, ‘ Cham. Neva,’ vel. 107, p. 97 (1913). 
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its numerous family of disintegration products, which are quite as well known 
as those of radium and of thorium, and the existence of which established 
beyond all doubt the claim of actinium to be considered a new radio-element 
The earlier attempts at the chemical and radioactive characterisation of 
actinium are of little present significance, for the doubt remains as to how 
far they refer to actinium itself rather than to its products, nuUoaotuuum 
and aotmium-X, or even to ionium, with which the earlier preparations were 
undoubtedly admixed Nothing can be said definitely about its period, 
except that it must be at least of the order of a decade, but may be almost 
indefinitely longer The observations by Mme Oune as to a marked decay 
oooumng in the ^-radiation of an old preparation of actinium, to the extent 
of Borne 10 per cent m three years, have not unfortunately been completed 
or confirmed. They indicated a period of only some 30 years for this 
element, which it is difficult to accept, as in this oase one would have 
expected evidence of the production of actinium to have been obtained fairly 
easily 

The researches of Boltwood* on the relative proportions ol the total 
a-actmty of uranium minerals were the first to throw light on the genetic 
relations of actinium The proportionality between the quantities of uramnm 
and actinium which he found, and which has been confirmed by others, 
indicated that uranium must be the ultimate parent of actinium as well as 
of radiniu But of the totul a activity of the mineral only some 6 per cent 
was contributed by the whole actinium senes, whereas the radium senes 
contributes some 65 per cent, and the uranium and ionium the remaining 
29 per cent It was pointed out by .Rutherford in 1906f that on this aooount 
actinium could not be an intermediate* member of the uramum-radium- 
polomum disintegration senes, for in this case the proportion of the a-radia- 
tion contributed by its products would be somewhat greater than that 
contributed by the radium senes He concluded that it was not a lineal 
(lessendant of uranium in the same sense as radium is, but was derived from 
uranium m much less amount than the products of the radium senes. To 
account for the simultaneous production of two products m different propor¬ 
tions he suggested that, m the rearrangement of the parts of the atom after 
the expulsion of the «-portiole, more than one fairly stable arrangement may 
be possible, so that two or more products would result, which, though of 
equal atomic mass, would exhibit differences in chemical properties and be 
capable of separating from one another, but which would not necessarily be 
formed in equal amounts. 

* B Boltwood, ‘Amor J Sei,’ IV, vol, 96, p, 189 (IMS) 

+ ‘ Badioaotm Transformations,' 1906, pp. tTOjaud 176 

2 H 2 
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A slightly different explanation was offered somewhat later,* which 
ascribed the formation of the brauch aotinium senes to the simultaneous 
existence of two types of instabihty m the same atom at the same time, 
resulting in two inodes of disintegration prooeedmg simultaneously as if each 
alone were in progress according to the law of simple disintegration The 
ratio between the quantities of the two products resulting is, then, that 
between the periods of the two separate simultaneous ohanges, whereas the 
radiation resulting from both modes of disintegration decays exponentially 
according to the same penod, which is the sum of the two separate periods 
Definite cases of the branching of a disintegration senes were e stablished 
later by the work of Fnjans, and of Marsden and Darwin, for the cases of the 
C-members of the radium and the thonum series, and it has been proved that 
the C-member disintegrates dually in two ways In the one mode an 
a-partiole is expelled, followed by a /9-partiole m the next change, while m 
the other mode thd order is reversed All attempts to separate the C-member 
into two different substances responsible for the two modes of change have 
failed and both the at- and /9-rays expelled m the dual disintegration decay 
with the mme penod Hence, it is not sufficient to suppose that the 
C-member is a mixture of isotopes, but also that each must have the same 
period. This is tantamount in its expenmental consequences to regarding 
the C-member as homogeneous, disintegrating dually according to the theory 
of multiple disintegration 

The simple generalisation that in an «-ray change the element shifts its 
position in the Penodic Table by two places in the direction of diminishing 
mass, and in a /9-ray change by one place m the opposite direction, put the 
problem of the origin of aotimum in a very definite form In the first place, 
it showed that if two products were simultaneously produced in an «-my 
change, they would be isotopic and ohemioally inseparable, so that they would 
only he distinguishable by a difference of penod. On the other hand, the 
scheme of disintegration adopted lor the C-members, in agreement with the 
theory of multiple disintegration, was, so far as it could be tested, in eon- 
fortuity with the generalisation Fleck showed that the C-members are 
isotopic with bismuth, whereas thorium-D formed from thorium-C in the 
a-mode is isotopic with thallium, but radium-D, formed tram radium-0 in 
the /9-mode, followed by a subsequent«-change, is isotopic with lead. This 
confirmation made it possible to apply the theory of multiple disintegration 
to the problem of tbe origin of actinium with considerable confidence 

With regard to actinium itself, it had long been expected that it mould 
occupy tiie hitherto vacant {dace in the Penodic Table between radium and 
* F. Soddy, ‘PWL * t«3, vol 1«, p. 7» (18G®). 



887 


The Parent of Actinium. 

thorium, on account of its resemblance m chemical character to the rare-earth 
family of elements, and in particular, as tiiesel showed, to lanthanum 
Heck proved this by showing that mesothonum-II is isotopic with actinium 
As mesothonum-II is formed in a /8-ray change from mesothonum-I, an 
isotope of radium, it, and also actinium, must occupy the place indicated.* 
Being in Group Ill of the Periodic Table, the parent of actinium must be 
either an isotope of radium, if it is formed in a /8-ray change, or, if formed 
in an a-ray change, its parent must occupy the vacant plaoe m Group V 
between thorium and uranium The nearest analogue of this minafug 
element is tantalum, and hence bhe parent of actinium in this case must be a 
long-lived, a-ray-giving, “ oka-tantalum,” still undiscovered The generalisa¬ 
tion further showed that the place m question cannot be vacant, but must be 
occupied by the then unknown product of uramum-X, winch is an isotope of 
thorium giving /8-rays The first suggestion made is shown below. It was 
supposed that this unknown product m the YA family, like the C-members 
in the YB family, disintegrated dually, the main product being uramum-II in 
a /8-ray change, and the branch pioduct being aotinium m an a-r&y change f 
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The discovery soon after, by Fsjsns and Oohruig^ that uramum-X 
consisted of two successive products, uranium-Xi and uraiuum-X*, both 
giving /8-rays, aud that uramum-X, was a \ery short-liVed element, with 
period 1'66 minutes, responsible for the more penetrating /9-rays of 
■uranium-X, disproved this view Being the first ocoupant of the vaeant 
place between uranium and thorium to be discovered, uramum-X, was given 
the distinctive name “ Brevium.” 

The alternative suggestion that actinium was the product of radium, or an 
metope of radium, m a /8-ray change was then definitely disproved by the 
examination of a specimen of radium bromide, containing 132 mgrm. of 
radium element, prepared by Giesel 10 years before, and untouched 
chemically since preparation Not the leaet trace of radioaotimum could 
be detected m this preparation, though the isotopic radiothorium, present in 
minute amount because of the existence in Joeohimsthel pitch b le n de of an 

* JL Fleck, ‘Tnuu. Cheat, goo,,’ voL 108 , pp. 888 ud 1058 (IMS)* 
t F Boddy, ‘Gbem. New,,’ vol, 107 , p, 87 ( 1818 ), 

| Ikjsns and Ochnng, 1 Phyittal. Zaitscih,,’ vd. 14, p. 877 (181$). 
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infinitesimal amount of thorium, was clearly detected * This has been 
confirmed by Paneth and Fajans with a preparation containing 160 mgrm of 
radium, six years old t 

The remaining possibility that eke-tantahim was the direct parent of 
actinium was revived in a new form by Hahn and Meitner} Hitherto, it 
had been supposed that, as in the case of the C-members, the radiations 
accompanying the dual modes were different, being a-rays m the one case 
and ^8-rays in the other. Hahn and Meitner suggested that the change of 
uxamum-Xi might be dual, both modes giving ^8-rays, so that there would be 
two isotopes oi eka-tantalum produced, one the known uramum-X*, or 
brevium, the other giving actinium in an a-ray change This suggestion is 
shown below 
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This scheme still has to he regarded as a possible, if not the moat probable, 
mode of origin of actinium, always provided that the isotope of eka-tantalum 
producing it has a very extended period of life For, if true, there must be a 
growth of et-radiation accompanying the deoay of the /9-radiation of the 
uramum-X. A laborious investigation on this very point was earned out by 
one of us in 1909 § No such growth could be detected in the several 
preparations of uranium-X separated from 60 kgrm. of uranyl nitrate, so 
that, if it ocouned, it must be minute. The preparations always possessed 
an appreciable «-activity, which remained constant, while the /8-rays 
decayed, and subsequently during the eight years since preparation. 
Making allowance for the fact that only 8 per oent of the atoms of 
uramum-Xi produce this supposed parent of actinium, a re-examination 
of the data of these old experiments leads to the definite conclusion that, 
for Hahn and Meitner’s scheme to be in accordance with them, the period 
of average life of the supposed parent of actinium cannot be lew than 
10,000 years. The growth of «-radiation, durmg the deoay of tile /9-raya, 
would certainly have been detectable if the period had been less than this ae 
a minimum. 

* ¥ Buddy, ‘ Nature,’ voL 01, p. 684 (1818 X 

t Referred to by C GOhring,' PhyeikaL Zefteohr.,' voL 15, p. 648 (1814). 

1 Hahn and Meitner, * Fhynkal. Zetteohrvol. 14, p. 756 (1018). 

8 F. Soddy,' Phil Mag. 1 [6], voL 18, p. 668 (1800), voL *0, p. 881 (1810) 
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lima, if \i is the fraotion changing per year of nmnxnm-1, and X# that of 
the suppdae^ eka-tantalum, and if 0 92 of the atoms follow the radium and 
0*08 the aotimum mode of disintegration, the quantity of eka-tantalum 
produced per year is 008\i times that of the originating uranium Its 
a-radiation is X*/l 92 \ t x0*08\i, or 0045 X* tames that of the originating 
uranium The uramum-X in equilibrium with uranium is 35 5 days’ 
production, and the a-radiation of the eka-tantalum resulting is 
36*6/365 x 0 045 X*, or 0*0044X4 times that of the originating uranium. 
But the uramum-X preparation last separated m September, 1909, weighed 
78 mgrm, and initially contained the uramum-X m equilibrium with 
5*05 kgrm of uramum Its a-activity is one-third of that of a similar 
surface, of uranium oxide, and a change of 10 per cent, equal to the «-rays of 
2 3 mgrm of uranium, during the decay of the / 3 -rays, would have been with 
oertainty detected That is to say, 0 0044 Xj is less than 2 3/5050000, and 
therefore 1/Xj, the period of average life of the supposed eka-tantalum, 
is certainly greater than 10,000 years 

The subsequent growth of actinium by these preparations will be dealt 
with later 

The scheme which recommends itself as the most probable mode of 
origin oi actinium, and which has been the starting point of the present 
investigation, follows t^hat of Hahn and Meitner m regarding both modes of 
disintegration to be accompanied by the same type of radiation, but puts the 
branching-point still one membei further back, and the rays emitted as 
a- instead of /3-rays In 1911 Antonofl * found that certain preparations of 
uramum-X, separated from uranium by addition of an iron salt and pre¬ 
cipitating it by boiling, showed an abnormality m the soft / 8 -radiataon 
1 emitted, which decayed more rapidly than the penetrating / 9 -rays during the 
first week from preparation, whereas uramum-X, separated by adsorption 
with barium sulphate, did not show this peculiarity The effect he attributed 
to the existence of a new product of uramum, whioh he named uramum-Y, 
with a period of average life of 1 5 days, giving soft /3-rays on disintegration, 
whioh ate somewhat more penetrating tlian those given by uramum-Xi. He 
suggested that uramum-Y is probably the first member of the aotimum 
senes, the ratio between the radiations of uramum-X and uramum-Y being 
Of the expeoted order for members in the radium and actinium branches 
respectively Great difficulty was experienced in repeating these results, 
but tiny were subsequently confirmed, as regards the existence of uramum-Y 
«»d its probable connection with the actinium seneaf It was shown that 

*G8 AstOOCff, ‘Phil Mag.’ [8], vol, 82, p. 419 (1911); vol 96, p 1066 (1918) 
t F, Baddy, ‘PhiL Mag ’ [tfj, vol 97, p. «8 (19UX 
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the chemical method of separating the uramum-X from the uranium is of no 
significance, but that the essential oondition for the decay of m»nium-T to 
be observed ih that the time of reacoumulation of the uramum-X after 
separation from the uranium must be short Uramum-Y is isotopic with 
uranium Xi, and can only be detected by the difference m period To 
account for its relation to uranium on the one hand, and uramuiu-X on the 
othoi, the following schemes were suggested * 

UXr-2-* UXr&-* - 2 -> 

jsr' yr* w 2E jt 

UY-2-*UZ- e -+Ac -*—> 
jz e m 



'xIo-Z-tRa.-*—*** 

UI-Z-* UXr-&-+ UXj£-> UK 

m m t ieen^ 


UY-&-+ UZ-Z-*Ac - 2 -> * 
m ir m 


Fio 1 


The two schemes shown (fig 1), m which uramum-I m one case and 
ur&nium-II in the other are regarded as the parent of uranium-Y, are 
experimentally indistinguishable at present, and may therefore be regarded 
as one, but on general grounds the first seems the more probable The new 
member, termed uranium-Z in the diagram, to indicate that it is the product 
of uranium-Y, is the supposed missing direct parent of actinium, occupying 
the eka-tanlalum place m the Periodic Table, isotopic with uramum-X. or 
brevium, and distinguished from it by its long period and by its giving «- 
instead of /9-rays 

Aooordwg to this scheme no growth of «*rays during the deoay of the 
/9-rays of uramum-X is to be expected, foi the uramuiu-Y » so short lived 
that, m the experiments referred to, hardly any would survive the purifica¬ 
tion process, after the separation from the uranium, and before the flit 
measurements were made. On the other hand, the constant s-rediatica at 
the preparations, assuming initial «-ray-giving impurities to have been sB 
removed in former separations, would be due to the ionium formed between 
separations, since ionium is isotopic with uramum-X The detemunstkm 
* Compare alio 1 Chemioal Sodaty', Annual Baporta,’ ml, 10, p. 8M (MU), 
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at the period of ionium as 100,000 years* enables the a-radiation from 
this source to lie calculated If X» is the constant of ionium, 10 - ‘ (year) -1 , 
the *-rays due to the ionium, in comparison with those of the originating 
uranium, should lie (0 92/192)X*T, where T is the time of accumulation 
in'years This is ‘»xlO- # T For the preparation referred to T was 
025 year, and the found a-activity, that of 22 mgrm of uraninm, was 
11 x 10~ H of the originating uranium, 20 kgi’tu Hence Lite a-radiation is 
almost exactly of the magnitude to lie expected if it a as due to ionium alone 
But this exact agreement must be accidental, for all the ionium formed 
could not have been separated from the large quantity of uranium Indeed, 
siuce uranium-Xi is isotopic with ionium, it is )toasible to calculate fairly 
closely what proportion was separated, and this pio]x>rtiou amounts to oue- 
third of that present But the expeiiment indicates satisfactorily that the 
a-radiation of this uramum-X preparation from the fourth and last separation 
oarned out, is not much greater than can be accounted foi by the ionium 
alone, which somewhat limits the possibilities to be considered As Boon 
as the opportunity occurs, it is proposed to repeat these uranntm-X separa¬ 
tions, when it is to lie expected that more definite data as to the periods in 
the early part of the uranium disintegration senes will lie thus obtained 
Quite recently, a new suggestion has been mode as to the origin of 
actinium,f namely, that it is derived, through uranium-Y and eka-tantalum, 
from a third isotope of uranium, to which the name actino-uramum is given, 
which does not belong to the uramum-iadium family, but is a primary radio- 
element, of atomic weight greater than that of uranium, viz, 240, that ot 
uranium-I being 238 This explains tbe figure 23816, found for the atomic 
weight of uranium, sinoe 0 08 x 240 + 0"92 x 238 m 23816, and also the 
integral values of the atomic weight of radium, 226, and of uranium-lead, 
206, Assuming that there is constancy of proportionality between the 
uranium and actino-uramum m minerals, as the constancy of proportionality 
between uranium and actinium seems to indicate, the suggestion involves 
the further assumption, not considered by the author, that the periods of 
uranium-I and aotino-uranium must be the same, and a mixture of isotopes 
tn oonstsnt proportions, both having the same penod, bat giving different 
products, is indistinguishable experimentally from a single substance dis¬ 
integrating dually So far as the piesent problem w concerned, tbe suggestion 
may be regarded as a third possibility giving the same consequences os the 
taro shown in fig 1 At the same time, the atomic weight evidence and, also, 
as pointed out by the author, the difference m the value of the ooustants in 

* F. Buddy and Mias A Hitchms, ‘Phil. Mag.’ [6J, vot *0, p. 809 (1815) 

t A, Pwoard, ‘ Arch. Bet Phys Nat 1 [4], vol 44, p. 151 (1817) 
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the Geiger-Nuttall relation for the radium and aotmium family are In favour 
of this suggestion, that the actinium and radium families may be quite 
distinct * It is very desirable that the accepted conclusion as to die con¬ 
stancy between uranium and actinium in minerals should be more rigorously 
tested 

iii t rwth of Act hum in m Old lit amum-X Preparations 

As recorded,t actinium was present m the first urannun-X preparation 
separated in 1909 from r >(> kgim of uranyl nitrate in quite obvious and 
unmistakable quantity, and in the second preparation separated it could 
be detected, but it was only one-hfteenth as great as in the first, whereas 
none could be detected in separate tests on each of the three preparations of 
the third separation 01 in the single preparation of the fourth separation 
A year from preparation, a combined test, on the four latter together, 
showed a just detectable actinium active deposit This increased m amount, 
until at the end of 1912 it was clearly detectable, though very small, and it 
has since then rather more than doubled m amount, and now (December, 
1917) it causes an increase in the leak of the rather insensitive instrument 
at present used of about I 5 divisions pei minute, the natural leak being 
1 0 d p.m 

This was the first growth of actinium observed, and it is probably to be 
ascribed to a minute amount of the parent of actinium existing as an 
impurity in the uranium rather than to a growth of this element, since the 
preparation was separated from the uranium The earlier preparations also 
show a slight increase m the amount of actinium present, but the increase is 
not much, if any, greatei than m the later ones 

'flu Separatum of EkaAantalumfrom Pitchblende 

Early attempts to separate the supposed parent of actinium from 
pitchblende, based on its expeeted analogy m chemical charaoter to tantalum, 
led to no positive result, probably beoause only small quantities of 
pitchblende were available Solutions of the mineral in mtnc amd were 
shaken with small quantities of tanfeahe acid, and the latter then kept under 
observation foi the growth of aotmium Similar negative teeulte have been 
recorded by 0 GohnngJ in the same field A comparison of the properties 
of the compounds of niobium and tantalum, and the methods of separating 
these elements, led to the following process being tried, first on uranium-X, 

* F. Soddy, ‘ Chemistry of Radio-elements,' Part II, p, 99 (1916). 

t F Soddy, ‘Phil, Mag' [61 vol 90, p. 844 (1910), ‘Chem. New*,’ vol. 107, p.97 
(1918). 

X 0. GOhnng, ‘ Fhyukal Zeiteehvol. IS, p 648 (1914). 
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to ascertain whether it was capable of separating uranium-Xj, the isotope of 
eka-tantalum, from uranium-X^ the isotope of thorium When tins was 
found to be successful, the method was tried first on small and then on 
large amounts of pitchblende The specimen of pitchblende used was from a 
very fine block of practically pure Indian pitchblende, found to consist of 
86 per cent U*0«, 11 0 per cent PbO, 1*9 per cent ThO a , and 0 6 per cent 
SiO* The figure for the uranium may bo too high, and has still to be 
checked by a radium estimation . 

The material was heated in a quartz tube in a current of dried an, 
charged with the v&pourB of carbon tetrachloride by passing it through that 
liquid, kept a few degrees below its boiling-point It was expected that, 
under these circumstances, an element resembling tantalum would volatilise 
at a lower temperature than the other pre-emanation disintegration products 
in the mineral In a trial with uranium oxide and tantahc acid, placed side 
by side in two boats in the tube, it was found that, at a temperature m the 
neighbourhood of visible red-heat, at winch the tantahc acid volatilised 
freely, the uranium did not volatilise at all The oxide, in fact, gained 
weight through absorption of chlorine 
Using a preparation of uranium-X, it was found that, even at a tem¬ 
perature below a visible red-beat, a considerable part of the uramum-X* 
volatilised The boat containing the uiamuw-X preparation was removed 
from the furnace, and measurements of the penetrating £-rays started as 
rapidly as possible. The quartz boat was chilled externally by w&tei after 
removal from the furaaoe The curves shown m fig 2 indicate the growth of 
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the penetrating rays, due to ur&nium-Xt, after removal from the fnrnaoe 
For the ourve marked A the temperature was just visible red-heat, and for 
that marked B just lielow visible red-heat The results indicate that, even 
in the very short period of uramum-Xj, a large propoitum of it is removed 
by this treatment It follows, therefore, d fortvon, that the method should 
be capable of removing the predicted element, since it is isotopic with 
uramuin-Xy, and must have a very extended period of average life 

In the experiments with pitchblende, it was found that only a very small 
part of the material volatilised at temperatures m the neighbourhood of 
visible red-heat. The sublimate had a high «- and ^-activity, the formei 
being for the most pait due to polonium, as shown by its subsequent 
history, and the latter to radmm-E, as shown by its absorption coefficient 
But none of the known pre-etnanation members could be deteoted in the 
sublimate, so that there was nothing jnesent which would interfere with the 
aotive deposit test for the presence of actinium 
In the main experiment 470 gnu of finely powdered pitchblende were 
used. It was heated m the earbon tetrachloride stream just below visible 
led-heat for 22 hours, the boat containing the material being seveial times 
removed during the sublimation, and the contents well mixed before it waB 
replaced In this operation the material gamed 2b grin m weight through 
absorption of chlorine, and the sublimate Obtained weighed 5 grm The 
sublimate was put back in an empty boat, and re-sublimed, as before, for 
four hours The second snblimate weighed 0 28 grm It was washed into a 
platinum capsule with hydrochloric acid, and dned on the water-bath It 
will be termed Preparation f, the date of preparation being March 18,1915 
The part not sublimed in the two processes described was re-subhmed, as 
before, at the same temperature, but for a further period of 90 hours. The 
considerable amount that sublimed was re-sublimed as before, and a seoond 
preparation, weighing 2‘45 grm, obtained it was dried on a crucible ltd 
and mounted m a shallow lead tray, a platinum wire being fixed to make 
contact between the preparation and the lead tray It is termed Prepara¬ 
tion II, the date of preparation beiug May 10,1915. 

It was thought that Preparation I would contain most if not all, of the 
eka-tantalum if present in the mineral, and that Preparation II would give 
an indication whether the separation m the first operation had been complete 
or not. After the foregoing treatment, a third preparation wa* obtained by 
Miss Hitchins from the same material, by carrying out the sublimation at a 
much higher temperature, m order to make sure that all the eka-tantalum 
present was removed Heating was continued for six or seven bourn in all, 
and the temperature attained was a bright red heat. A considerable quantity 
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of bright yellow sublimate was so obtained, which, very surprisingly, was 
found to be free from uranium and to consist mainly of lead chloride The 
absence of uranium was surprising, as uranium oxide had been found to 
sublime at much lower temperature than here employed, and the point ih 
under turther investigation 

A small part of the sublimate could not be made to dissolve and was 
mounted separately on a copper tray It weighed 0 5 grm, and constitutes 
Preparation IIIC The lead from the solution was precipitated with 
sulphunc acid and the filtrate precipitated by ammonia m two fractions 
Both were dried on copper trays, the firet precipitate, III B, weighed 2 4, and 
the second. III A, weighed 04 grm, the date of preparation being 
Peoeinber 14,1916 

Thus from 470 grm. of Indian pitchblende three prepatations were obtained 
by sublimation m carbon tetrachloride vapour, the 1 and II at below visible 
red>heat for 22 and 90 hours respectively, and III at a very muoh highei 
temperature 


Method of Testing for the Presence of Actinium. 

The preparations were kept in a desiccator, and tests for the presence of 
actinium carried out at intervals Owing to the exigencies of the time, the 
intervals elapsing between the tests were rather irregular, and in one ease 
over a year elapsed between successive tests The preparation was covered 
with a metal plate, insulated by a rubber or mica washer and connected to 
the negative pole, the plate being connected with the positive pole of the 
220 V direct current mains Equilibrium for the actinium active deposit is 
attained practically in four*or five hours, and the exposure was usually over* 
night. In a few cases of shorter exposure the necessary correction was 
supplied from the table of the decay of the actinium active deposit given in 
Makower and Geiger’s ‘ Practical Measurements in Badioactivity,* p 147 
After exposure the plate was removed as quickly as possible to a simple «-ray 
electroscope, and readings commenced as soon as possible after the 
disturbance caused by the opening of the electroscope had subsided and 
continued for four and five hours. The decay curve over this penod was 
plotted and the constant determined from the curve. If the activity is 
due to actinium the activity decays exponentially,'—after an initial some¬ 
what slower rate of decay extending over the first tew minutes caused 
by aotiuum-C of penod 8*1 minutes,—with the period of aotinium-B, 01 
minutes. The character of ourve shows at once whether it is due to 
actinium, for although the period of radhun-B, 88*5 minutes, is not very 
greatly different from that of actmiura-B, the active deposit oould net possibly 
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be mistaken for that of radium, since the latter would show the large rapid 
initial decay due to radium-A 

Observations on the Growth of Actinium 
Preparations I and 11, when prepared, gave completely negative results 
when tested as described during the period covered by the first few Veeks 
from preparation Not the slightest detectable growth of aotmram has yet 
occurred in Preparation I, m which it was thought that the main quantity 
of eka-tantalum would be concentrated, though over 2 5 years have elapsed 
since preparation Neithei haB there been any growth in Preparation III, a 
minute initial activity in IIIC having, if anything, decreased But m 
Preparation II there has been a continuous growth of actinium, so that now, 
after 2‘6 years from preparation, the leak in the electroscope due to the 
active deposit of actinium amounts initially to over 10 divisions per minute 
This is 20 times as much as could be with certainty detected, and 10 times 
as much as could be with certainty characterised as due to actinium 



The decay ourve of a recent measurement of this preparation, 2 6 years 
from preparation, is shown m fig 3. The value of the period as calculated 
from the slope of the logarithmic decay ourve is 53*5 minutes, that of 
aotmium-B being 521 minutes, and the curve is that to be expected of a 
pure aotuuum active deposit. 

Fig 4 shows the growth of actinium with tune for this preparation. It 
indicates the expected initial period of retardation due to the members radio- 
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Mtudttm of period 28 dsys, and aotimum-X of period 16 4 days, and after 
that a regular increase with time The quantitative estimation of actinium 



is of course veiy much more uncertain and difficult than that of radium, and, 
indeed, there has been little or no work proctioally attempted yet in this 
Held, and it may be doubted whether a really accuiate method applicable to 
very minute quantities is yet possible No great consistency w to be 
expected from the method described, foi the solid preparation probably varies 
somewhat m emanating powei The moisture of the atmosphere on the day 
of testing is, as will be shown later, an important factor Foi this reason it 
would be premature to build much upon the preoise foim of the curve, and 
the indication that it gives of an increase in the rate of growth of actinium 
with the lapse of time, and an increase ot slope m the later measurements 
Not enough measurements have been taken, and the method is too uncertain 
to justify the aonclusiou that this indicates the existence of intermediate 
bodies between the eka-tantalum and the aotimum For we know, from the 
a- and /9-ray change rules, that three, if any, such intermediate bodies must 
intervene, and this is not very probable 
Xhus, contrary to expectation, instead of the main part of the parent of 
actinium being in the first sublimate obtained, it is, so far as can be seen, 
contained wholly in the seoond, and neither the first nor third preparations 
contain a detectable amount The second preparation was obtained bj 
merely continuing the process of sublimation at the same temperature as the 
first for a further 90 hours after an initial 22 hours, so that it is surprising 
that the whole of the eka-tantalum should appear to be iu the second 
preparation. The probable explanation is that the aka-tantalum does not 
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commence to volatilise until the material has become saturated to a eertahi 
pomt with chlorine In the case of the large mass of material need thw 
preliminary to the process would of necessity take a considerable time. 

A Srpaiatum of Eka-twniolnm, from Joaehvnsthal Pitchblende 

A similar growth of actinium to that in Preparation II has ooouned in 
another preparation obtained differently In 1903, a kilogramme of very 
fine selected Joachimsthal pitchblende, probably containing over 60 per cent 
of uranium, was dissolved in mtno acid, and the solution filtered The clear 
solution gradually deposited a small white precipitate, nnd subsequent 
examination showed tliat almost all the radium had precipitated from the 
solution This spoiled the matenal for the purpose for whioh it had been 
prepared, and the solution and precipitate were left together in the bottle 
till 1908 Probably sulphides in the mineral had been oxidised to sulphate 
by the nitric acid, accounting for the precipitation of the radium In May, 
1908, the precipitate was filtered off, the filtrate evaporated to dryness, 
rediSBolved m water and again filtered, and the total insoluble material, after 
thorough digestion with strong mtnc acid, was washed, dried, and preserved. 
It weiglied 8 grui, and its «-notivity was recorded as about five tunes as 
great as tliat of uranium oxide In May, 1914, about one-quarter of the 
material was subjected to the carbon tetrachloride sublimation, under similar 
conditions to those described for Preparations I and II. It was thought that 
any element in the pitchblende resembling tantalum in chemical properties 
would most probably be contained in this precipitate, and this view Was 
supported by the fact that m 1914 it contained an easily detootable quantity 
of actinium, which one would hardly have expected to have been present 
uutially, but which had probably grown since preparation 

The preparation obtained by sublimation gave an actinium active deposit 
initially (May, 1914) of 2 to 2'6 divisions per minute, whioh had increased in 
August, 1914, to rather more than 3 cLp.tn. At present (November, 1917) 
it gives an aotive deposit of about 12 dp.ro,, slightly greeter than that given 
by Preparation II In age it is about 100 days older. Some of the original 
material was spread as a film on a copper tray, and its a-aotivity compared 
with that of a similar film of uranium oxide. In May, 1914, the activity was 
about three tunes as great as the uranium, but, recently tested, the aetivity 
was found to have increased to about 5*6 antes. This is probably af net 
muoh present Bignifioanoe, as such an increase is to be expected if radium D 
u present, as it is almost certain to be. 

The results with this preparation are thus confirmatory to those described, 
but the history of the material is mote involved and the exact amount Of 
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mineral from which it was derived lew definite then in the former oaan 
There are certain lacuna to be filled up, end this cannot be done till after the 
war. 

. Theory of the Growth of Aet%n\vm from Eka-tantalvm. 

If the soheme assumed (fig. 1) is correct, and actinium is the direct 
product of oka-tantalum, it follows that the growth of actinium should 
proceed linearly with the time, if both substances are of long life in 
comparison with the time of observation. In this scheme let A, B, 0, D be 
the quantities respectively of ekA-tantalam, actinium, radioactinium and 
actumim-X, their radioactive constants being, Xi, X*, X* X*. Hie amount of 
active deposit obtained should vary as D if the emanating power of tha 
preparation remains constant. 

The growth of aotinmm being given by 

dB/dt as XjA-XgB, 

it follows, if both actinium and its parent are long-lived, that the first terra 
may be regarded as a oonstant and the second term neglected in comparison 
with it. Hence, if t is the time 

B — X|A t 

The growth of radioactimum, initially absent, is given by 

dO/dt * XaB—X*C, 

so that C ss (XiX,/X») A (t-l/Xa—(l/Xg) e-**} 

Similarly, the quantity of actminm-X is given by 
D » (XiXj/X*) A[f—1/Xi—1/Xs+ {X«/X»(Xi—X|)} ' 

-{X^(X«-X,)}«^]. (1) 
The last two terms withm the bracket become zero as t increases, and may 
be negleoted after the first six months, when what Rutherford terms 
“ transient ” equilibrium, of the active deposit products with the actinium, is 
attained. After that initial penod the growth of active deposit is given by a 
straight line catting the zero axis at a time 1/Xj+1/X», or 44*5 days, from 
the start. The curve in fig 4 represents a theoretical ourve according to 
expression (1) above, and the departure from this ourve is not sufficiently 
gnat to justify yet any conclusion that the production of actinium from 
eka-tantalum is not direct 

If eka-tantalum is the direct parent of actinium and both are long-lived, 
the growth of actinium is in every respect analogous to the growth of radium 
from ionium, studied by Boltwood. Just as Rutherford, and Boltwood were 
able to deduct from the rate of growth of radium the period of radium, 
faunnug nothing about the penod of ionium except that R wee very long so> 
it should be possible to find the* period of actinium fyom Us rate of growth 
WU xctnr.—a. 2 i 
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without knowing anything as to the period of eka-tantalum; this ora he 
done if Preparation II contains the whole of the eka-tantalum originally in the 
mineral, and as none can be detected in the other preparations from it, this may 
be provisionally assumed Then the Xi A of the above equations is equal to and 
may be replaced by X 4 D 4 , where D 0 is the equilibrium quantity of aotinium-X 
in 470 grm of the original mineral. After transient equilibrium is reached 
D/Do = \»(t- l/Xo-l/Xa) 

or 1/X« = Do/D (<—445 days) (2) 

The penod of actinium is thus given by the ratio between the aotinium-X 
present in .the 470 grm. of mineral, and that in the preparation separated 
from it, multiplied by the age of the preparation less 45 days 

Provisional Determination of the Penod of Actinium 

What is therefore needed is to oompare the actinium active deposit, now 
given by Preparation II, with that given by a known weight of the Indian 
pitchblende under the same conditions. The proportion of the emanation 
generated m the preparation contributing to the measurements of the active 
deposit in fig 3 was quite unknown, and, owing to the very short penod, 
cannot even be guessed. The problem to be solved » a difficult one, and 
although, in the following attempt, the estimate of the penod arrived at ia 
considered a probable one on the specified theoretical assumptions made, it 
must not be regarded as entirely free from the possibility of senous experi¬ 
mental error. But it seemed to be worth while making the attempt at the 
present stage, even at the nsk whioh, unfortunately, has aotually been 
incurred, of interrupting irrevocably the sequence of observations on the 
growth of actinium m this preparation, and possibly losing some of the 
eka-tantalum it contains 

The preparation was found, on chemical examination, to be, aa was to be 
expected, a very heterogeneous material It appeared to oonmst principally 
of lead and uranium ohlonde, and could not be got completely into solution 
in the small volume of water that had to be used for the test. In the first 
direct comparison with pitohblende, the material was transferred to a 
weighing bottle, in the stopper of whioh tubes for leading through a ouzvent 
of gas were fused The volume of the bottle was 17 e.c. A little pure 
nitric acid was added, rad most of it evaporated off, then water, making a 
final volume of 8 00 . Solution was only partial, and lead chloride 
crystallised out on cooling In the test these was a considerable amount 
of solid with the solution. For the comparison standard, 1 gnu. of the 
original pitohblende in nitric and solution was made up to the same volume 
in a precisely similar weighing bottle. 
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The apparatus rued for the companion is shown in %. 5. It was 
designed to secure as large a proportion of the active deposit of aotminm. 



whilst suppressing that due to radium and thorium in the mineral A 
constant stream of air, of 430 c c a minute, was sent through the solution, 
from a water-dropper delivering air into a reservoir under constant pressure, 
secured by causing aa excess of air always to escape through the water at 
the bottom of the reservoir. The air stream was led into a glass cylinder of 
290 o.e. volume, lined with wire gauze, connected with the positive main, 
and along the axis of the cylinder was hung a strip of aluminium fod 
connected with the negative mam The strip was doubled, and the two 
halves pressed together in close contact and clamped by a binding aetew 
attached to the cork The air stream was continued for an hour, the 
aluminium strip opened out, out m pieces, and introduced into the electro¬ 
scope active side uppermost, measurements being taken as usual. 

Under these circumstances, the actinium active deposit obtained torn 
Preparation II was only one-quarter of that obtained from the same 
preparation in the solid state, and it was equal to the* given by 0*26 gnn. 
of the original pitchblende in solution. In the caaa «f the latter, (he effect 

2 i 2 
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doe to the thorium present oould be detected, but it was small in the ease of 
an hour’s run, and could be very readily oorreoted for. The actinium nothm 
deposit given by the pitchblende solution was only from one-sixth to 
one-fourth of that which it was calculated it should have given, if all the 
actinium emanation generated had been effective. A delay of only 
8-10 seoonds between the tune of formation of the emanation by the 
disintegration of aetinium-X and its arrival in the testing vessel would 
aooount for this difference. The delay in the passage through the dead 
space above the liquid in the weighing bottle was only 17 seconds, so that 
it appears that, in solution, the greater part of the actinium emanation 
disintegrates before it can be swept out of the liquid phase. This is very 
unfortunate, as it means that, for accurate measurements by the solution 
method, some four to six tunes the quantity of raw material must be worked 
up, or four to six times the period waited for the effects than would 
theoretically be necessary The fact that Preparation II gave some four 
times as much active deposit in the solid state as in sedation indicates that 
the emanating power of the solid preparation was surprisingly high, and not 
much short of the maximum possible. This conclusion ib consistent with all 
the subsequent results obtained with it 

Further attempts were then made to get the whole of Preparation II in 
solution. The chlonne was first removed, by dissolving as muoh as possible 
in boiling water, adding ammonium carbonate to oonvert the lead into 
carbonate, filtering and washing the precipitate, and re-dissolving it in 
mtnc acid. The filtrate, which deposited ammonium uranate on evapora¬ 
tion, was cautiously ignited, to expel ammonium chloride, and the residue 
re-dissolved m the mtnc acid solution of the precipitate. A small insoluble 
residue, weighing rather less than 01 grm, was filtered off, and the filtrate 
got back in the weighing bottle as a clear solution. Comparison of this with 
a new 0*26 grm. pitchblende standard nearly confirmed the previous result 
with the partial solution, and showed the amount of aotinmm-X to he that 
in 0 20 grm. of pitohblende. 

The small insoluble residue was treated with hydrofluoric acid, when very 
nearly all went into solution without effervescence, leaving a jelly on evapo¬ 
ration. To remove hydrofloono acid, the material was treated with ^nmnnim, 
evaporated, and, thoughtlessly, ignited to expel ammonium fluoride, over¬ 
looking the possibility that this procedure might cause some of on element 
resembling tantalum in properties to volatilise. The ignited residue weighed 
only 0*0176 grm. The loss may have been entirely silica, but it is feared, 
some of the eka-tantalum may also have been volatilised. The 
residue, however, was extremely active, giving «n a-rediatiou corresponding 
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with that of some 60 on.* surface of uranium oxide Bat in this state an 
active deposit test faded to show the presence of actinium So far as oan 
be guessed from its expected ohemioai analogy with tantalum, this small 
insoluble residue is likely to contain the eka-tantslum, but only its future 
history oan disclose this. 

It thus appears from the foregoing comparison that the amount of 
aotimum-X grown in Preparation II from 470 grm. of pitchblende, in 
2*55 years+45 days is equal to the amount of actimum-X in about 0 25 grm. 
of the original material. The period of average life of actinium is thus 
about 6000 years on the assumptions made, viz.* (1) that actinium is the 
direct product of the element producing it in the preparation, (2) that the 
preparation contained all of this direct parent that was present in the 
mineral; (3) that the comparison with pitchblende did not involve any 
senous error, owing to the chemioal dissimilarity of the two materials. 

The Effect of Moisture on the Emanating Power of Preparations containing 

Actinium. 

After the comparisons recorded, the solution of Preparation II was 
evaporated to dryness on a crucible lid, ignited for an hour m an air-bath 
at 250° and an active deposit test carried out in the ordinary way, after the 
preparation had been exposed for soma hours to the air of the laboratory. 
Under these conditions the amount obtained was the same as that given by 
the solution, only about a fourth of that originally given. The preparation 
was then put in a dosed vessel containing water, and after some hours’ 
exposure to the humid atmosphere, an active deposit test was made within 
the vessel in air saturated with moisture Now the active deposit given was 
increased three times, and was very nearly equal to that originally given 
before the chemical treatment Similarly it was found that the minute 
insoluble residue, m whioh no aotimum could be detected dry, after exposure 
in the humid atmosphere, gave an active deposit nearly a third as great as 
that given by the preparation in the test last described. The whole senes of 
tests is consistent with the view that the emanating power of the original 
preparation was near the maximum, and the actinium was that whioh 
corresponds with about 0'25 grm. of the original pitohblende. On further 
exposure to moisture the emanating power of the insoluble part diminished, 
and notable deliquesoenoe was found to have oocurred. The emanating 
power of the preparation from Joaohimsthal pitchblende wee increased 18 
times by moisture, but further exposure also in this case oaused a diminution. 
Evidently the problem of finding a quantitative radiometric method far the 
estimation of actinium, whioh shall be suited for these minute quantities, 



404 


The Parent of Actinium. 

and the long term of years over which the measurement* must be conducted, 
will not prove an easy one to solve, but, nntil it is solved, it wiU not be 
possible to determine with absolute certainty the exact tern of the growth- 
curve, and to settle the question whether the growth is linear with the time, 
and therefore direct 

Summary 

(1) In a full historical introduction, the data obtained in 1909 relative to 
the rays and products of uramum-X are discussed m so fu as they throw light 
on the various possible modes of origin of actinium 

(2) The mmute growth of actinium previously put on record in 1918 as 
having been observed m the old uramum-X preparations has been confirmed 
by their later history and is now established beyond doubt. 

(8) Uranmm-Xs can be separated from urawum-Xi by sublimation in a 
current of air charged with vapours of carbon tetrachloride at a temperature 
below visible red-heat 

(4) 470 grm. of a very pure Indian pitchblende were similarly treated, in 
the expectation of removing eka-tantalum, isotopic with uramum-Xi and 
giving actinium in an a-ray change of long period. 

(5) The preparations so obtained were initially free from actinium, but one 
of them has produced it continuously with the lapse of time. 

(6) A direct comparison of the amount of actinium in this preparation 
after the lapse of 2 5 years with that in the original pitchblende showed that 
it was equal to that in about 0 25 grm. 

(7) On the assumptions that eka-tantalum and actinium are both long- 
lived, that no intermediate members intervene between them, and that the 
preparation contained the whole of the parent of actinium in the original 
mineral, the period of average life of actinium is calculated to be 6000 yearn. 
Nothing can yet be said definitely aa to the period of the parent. 

(8) A seoond preparation separated from Joacbimsthal pitchblende, the 
treatment of which commenced in 1909 and ended in 1914 with the carbon 
tetrachloride snbhmation, baa given a similar growth of actinium. 

(9) The work was undertaken to test and confirms the view that the 
parent of actinium occupies the eka-tantalum place in the Periodic Table, 

-and gives actinium in an «-ray change of long period, iteelf bring formed as 
the product of uranium-Y, discovered by Antonoff, who suggested that 14 
was the first member of the actinium series. But this mode of origin af 
actinium, though at present the moot probable, has not yet bean conclusively 
established to the exclusion of all the other possible modes of origin, dmeua aad 
in the historical introduction. 
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Critical Loading of Struts and Structures. 

By W L. Cowley, A.R.C So, DIC, Wh Sc., and H Levy, 

MA, BSo, F.K.S.E. 

(Communicated by Sir Bichard Glasebrook, F.B.S. Received January 2,1918 ) 

Die main points of practical importance in the following paper are:— 

(a) Discussion of stability of a prismatic homogeneous strut on simple 
supports, loaded laterally and longitudinally—criterion for failure. 

(b) Equation of three moments generalised to include the ease where the 
central axis is constrained to pass through n+1 non-collinear points, and 
where lateral loading and longitudinal end thrusts exist 

(«) Application to the case of n bays, and the calculation of the moments, 
reactions, etc 

(<£) Case where one or more bays of Euler’s critical length are present in 
the system It is here shown that in general failure does not result. 

(«) Failure will not in general take place if n— 1 bays are of Euler's critical 
length, and the remaining one less 

(/) Case where one or more bays are twice Euler's critical length 

(gr) General condition of failure for a structure of n bays. 

( h ) Conditions of strengthening or weakening by the addition of an extra 
bay to a structure critically loaded 

(k) Extension of the previous work to include the external loading due to 
wires in tension attached to the beam m the region of the supports. 

(Z) Clamped supports —Determination of bending moments, etc, and con¬ 
dition of failure 

(m) Strengthening effect of damped supports 

Failure in the above is understood to imply instability of geometnoal con¬ 
figuration of the structure, under the critical loading. 

11. Many interesting questions of considerable practical importance 
relating to the failure of a structure under compression have been brought 
to light by a study of the problems of the strength of aeroplane frame¬ 
works. Unfortunately, however, very little advance has been made in this 
question on tho theoretical aide in its direct application to aeronautics, 
although a large number of investigations exist dealing with tho general 
theory of elastic stability. It is extremely difficult to translate snob 
results to make them directly useful in dealing with aeroplane frameworks, 
and, in fact, the general theory as ordinarily presented does not appear to 



406 Messrs. W. L. Gowley sad H. Levy. 

contain within it certain particular forms of failure that erne in this con* 
neotioo 

The present paper is an attempt to solve, as far as possible, problems 
relating to the strength of suoh a construction as a beam under end thrusts, 
and supported at intermediate points. 

In a sense there are two types of failure of a structure On the one hand, 
the material of a member may rupture on account of the yield stress having 
been exceeded during the oourse of the loading, while, on the other, the 
loading may be suoh that the geometrical configuration previously existing 
can no longer be maintained, even approximately It is the seoond type of 
failure to which attention in this paper will be ohiefly directed. 

§ 2 The ground will be cleared initially by a simple disenssion of an 
elementary case that may arise, such as, for example, when a prismatic, 
homogeneous, rectilinear uniform strut with simple supports at the ends is 
loaded both laterally and longitudinally 


H- 1 



Let AB be the stmt, simply supported at the ends A and B, and let w lb. 
per unit length be the intensity of lateral loading at P, of co-ordinates x and y 
Let Mi and M> be externally applied bending moments at the ends. Taking 
the origin at A, and AB as the axis of x, consider the equilibrium of the beam. 
The bending moment at P is given by 

F , y—*)//+H(<c), 

where H (z) is the bending moment at P due to the lateral loading alone 
Equating this to the resisting moment, vis., —El (curvature) and assuming 
the deflections small, we find 

-Elg-F. y-Mi+(Mi-M,)*//+HH (1) 

where H (a) does not involve Mi and M» 

This equation may be written 

|jj +\*y m Mi\*/F+«X*(Mi—Mi)/FJ—X*H( as)/F, 

X* ® F/EI 


where 


( 2 ) 

<*> 
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Integrating, we obtain 

y * C»ooeta+Di8mXa:+Mi/F+ar(Mj—Mi)/F/— j . (4) 

where the operator 1/(D*+X*) has its usual significance, and the expression 
■—\*/F . H(*)/(D'+X*) is easily evaluated in general by expanding H(<r) m 
a Fourier senes For oonvemenoe, represent this as a known function, X(c), 
independent of Mi and M» In the two special oases, firstly, in which there 
is no lateral loading, and, secondly, in whioh this loading ib uniform, X(x) 
becomes zero and W/X*F respectively 
To determine Ci and Di we note that 

y = 0, t s 0, 

y*0,a = /, 

therefrom from (4) 

0 « Ci+M,/F+X(0), 

and 0 * CioosXf+DisinX/+M»/F+X(f) 

Hence 

Ci * —Mi/F—X(0). (6) 

Di = (Mi cos XZ—M*)/F Bin XZ+[X(0) cos X/-X(/)]/ sm X.Z (6) 

The bending moment at any point is 

da? L L sm X/ J L sm XZ J J 

— {Mi+FX(0)}cosXaj+H(a<)+FX(A) (7) 

Since all the terms on the right-hand side of this equation in general must 
be finite, with the exception of that involving sm X/, the bending moment at 
any point can only become infinite when 

smXZ =» 0, (8) 

unless at the same time 

M 1 eosXf-M.+F{X(0)cosXf-X(/)}—-0 (») 

Equation (8) indicates that when the length of the strut is given by 

XZ m W, 

it. I m *V(EI/F), (10) 

<1 

bending moments and deflections become excessively large compared with 
those allowable by the analysis. Equation (10) is the commonly recognised 
expression for u Euler's strut ” 

It should be particularly noted that under these conditions equation (9), 
reducing to 


Mi+M.« —F{X(0)+X(/)}, 


(II) 
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furnishes a relation between the externally applied bending momenta which 
may prevent the strut failing in the Eulerum sense, but this will be returned 
to later For the moment it suffices to suggest that, in a structure in which 
Mi and Ms are determined by the loading and configuration of the system, it 
may be possible to have present a strut of Euler’s length without failure 
resulting Such eases will shortly be discussed 

§ 3 It appears, then, that in the Bimple oase here treated, a critical 
loading of the beam is essentially associated with the production, at all points, 
of bending moments and defieotions excessively large in comparison with 
those allowable by the assumptions upon which the analysis is based Thu 
immediately suggests that failure in a corresponding sense may take place m 
a more complicated structure, and that these cnticals will be fumuhed from 
the expressions determining the bending moments, on the assumption of 
small deflection, by inserting the condition that the former become infinite. 

In the case of the simple strut, as treated by Euler, it has been shown 
that, up to the first critical loading given by 

F * -irEL/P, 

the straight position of equilibrium is stable to small duturhanoes, but that, 
for loadings above this, the system deflects from this position to a new 
position of equilibrium, where the avia takes up the form of an elastica, 
the geometry of the struoture being unstable. It will be assumed in the 
present discussion that, m the more complicated structures here to be treated, 
the lowest critical position furnished by the criterion already stated u one 
of instability with respect to the geometrical configuration, that, in fact, 
a loading greater than that stated here as critical will involve snob 
deflections as would destroy the shape of the structure 
§ 4 Case of a Uniform, Beam under End Thrusts where the Central Amt tt 

constrained to pass through w+1 Fixed Points —Let 0, 1, 2, 3.a, he the 

»+l supports whose positions are given, and let their distances from the 
datnm line On be small compared with the lengths of the n bays 01,12, 23, 



etc., and suppose EiL, E>I», E,I„ are the flexural rigidities of the 
corresponding bays 01,12,.... (w-l)n. Let Si, St, $* etc., be the distapp* 
of 1, 2,3, etc, from 02, 13, 24, etc., then Si, St, etc., will be termed the 
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deflections At the supports It is dear that, as long as the beam is not 
otherwise constrained by wires inclined to the datum line On, at any 
intermediate points the longitudinal force F will be constant mid equal to F 
along each bay as far as quantities of the second order Modifications 
resulting from the attachment of such wires will receive special treatment 
later. It is proposed, in the first place, to find an expression for the 
bending moment at eaoh point of the beam. 

§ 5 Consider the rtli and (r+l)th bays, ABC (fig. 3), laterally loaded 
according to some given law, and of lengths l r and lr+i respectively. The 



remainder of the beam to the left of the (r—l)th support, togethei with the 
support itself, may be replaced, since the deflections are supposed small, by 
forces F and /,-j, parallel and perpendicular respectively to AC, and a 
bending moment M P -i Similarly, the beam to the right of C and the 
(r+ l)th support itself may be replaced by F,/V+i, and M r +i 
Taking the origin of co-ordinates at 0, the bending moment at any point 
P (*, y) is 


where ^r,(«) is the moment about P of the lateral loading. Equating this to 
the restoring moment —’E r l r <Pyfdx?, y being small, it is found on investiga¬ 
tion that 


where 

and 


Or cos Xf« + D r sm Xr«- {Mr-1—/r-i(fr—*)}/F+Xr(«), 
X, = V^F/Erlr) 

Xr* y(r,(x) 

’T-TF+x? 


Xr* — 


( 12 ) 

(13) 


similar to the simple case already treated C r and D, are to he obtained 
from the end conditions, vis, 

* * 0, if « fir, 

xm l n y *x 0. 


* -fvC*) is new the moment of tbs lateral force only on the portion of AB to the left 
of P, about the point P {cf equation (1)}. 
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In addition it ia to be remembered that 

M r *= bending moment at B 

* Mr-j + Ffir-Zr-i/r+^O). (14) 

Accordingly 

C, «Mr/F-{*r(0) + F X ,(0)}/F, (15) 

D, = {(Mr- 1 —M,oosX, 4 ) + oo 8 Vr^rCOl + FxrWl/FmnXA—F^(i;x 

(16) 

If B r be the inclination of the strut at the rth support to AO, then 


where 



= X^)r + Xr'(0)- {M,_, -M r + FS, + *,(0) }/Flr, 



(17) 

■ i 

/ W jT 

“EC 

(18) 

U * Xr V * 

IsinX^r J 

: 1 . 

fl *1 

“Er,- A '“ r - 

(19) 

Ur * X r V 

l 1 tanVrJ 


{^(OJOOSXrfr-Xr^r)}. 

(20) 


In the same way, for the portion BC between the rth and (r-f l)th 
supports, still maintaining the origin at 0, similar equations are easily 
derived, giving as the gradient of the beem at the rth support 

—tan#,* Ar+iM r+ i+B,+iM r —8 r // r +1+K r +/.* (21) 

This is easily obtained from equation (17) by remembering that the 
(r+l)th support now replaces the (r—l)th, the rth support remaining the 
same, aud the (r+l)th bay takes the place of the rth 

By addition of equations (17) and (21) we find 
A r M r -i+(B r +B r +i) M r +A r +iM r +i ■ ^(l/t+l/lr+^lKf+Kf+i 1 ) (22) 
A,, Br, etc, are defined in terms of the dimensions of the bays, their flexural 
rigidities, and the longitudinal loading as shown by equations (18) and (19), 
and K r and K r +i'm addition by the lateral loading. This is the extended 
form for the equation of three moments, or Clapeyron’s theorem when the 
axis of the beam is constrained to pass through given points, and when both 

* The dashes on the K’s indicate that these refer to the lateral bad on the bey 
to the right of the point considered, so that Kr' has the earns form ae X,, hat the 
appropriate ^e, ate., must be used. If the loading in a bay is uniform, Kr ~ Kr for 
that bay* 
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lateral and longitudinal loading exist. A slightly more general lorn of the 
equation will shortly be obtained to inolude the ease where external loading 
of tiie nature of wires in tension and inclined to the axis exists. 

18. If there is no lateral loading, K, = 0 . If the beam be uniformly 
loaded with intensity w lb per unit length, then it oan easily be verified that 


K r SB 


W^T* 1 

2lX' W 



V>4r* 4 


• 7 n say 


(23) 


When there are no end thrusts, F*0, and consequently «—>-1/6, 
fi —> 1 / 3 , 7 — rl/12, and equation ( 22 ) becomes a ample extension of 
Olapeyron’s theorem for the case where the supports are not collinear. 

The non-dimensional functions «, /3, and 7 will be found very convenient 
for actual calculation in practical applications, and they are easily plotted far 
variations of the non-dimensional expression $ where 

^ 3 * \l = / v /(F/EI) 

Equation (22) oan now be applied directly to the solution of the problem 
under disoussion where there are n +1 supports. 

§ 7. Cate o/n Bays. —Let there be n+ 1 supports, figured 0,1, 2,. .,», and 
spaced as in the diagram, so that the rth bay appears to the left of the 
support numbered r. Let the bending moments at these supports be 


2/1/ 

1 h , 

»k 

. h , 

Ejla 

i _s 

* 

t _vJ 


"n, 

2* I» 

t In 

1--- 

O 

I' * » -- 

f z 3 i 

f i 

wr n 


M* 


S, 

H, 


6z 

Ma 


Fie. 4, 


M* 


Miw 


M„ 


Mg, Mi,..., M„ the deflection as already defined 8 i, 8 *,..., 8 .- 1 , and suppose 
the lateral loading considered uniform along each bay, h, is 

tsti .... E 1 I 1 , Etla,..., E.L., are as before the flexural rigidities of the 

various bays. 

Applying the generalised form of the equation of three moments derived 
shove, ( 22 ), to the three supports of every pair of contiguous bays, we obtain 
the following system of equations 
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Central 
support 
of tno 
1 

2 


M 0 A i + M,(B 1 + B,)+M > A, * 8,(l/J l + l//,)-(K 1 +K,). 
M 1 A,+M s (B,+B,)+M a Aa = 8^1/^+l//,)-(K,+K,), 


(24,) 

(24») 


** M r -iA r + Mr(Br + B r +i) + M r +lA r +i 

*8 r (l// r+ l// r+1 )-(K r +K r+1 ), (24*) 

n—1 + M.-i (B,-i+B») + M.A* 

- S.-i (!//»-!+ l//«)-(K._ 1 +K <l ) > (24.-0 

where A„ B*, and K r have the significance already attached to them in 
equations (18), (19), and (20) 

These constitute n—1 equations from which, if the bending moments at 
any two supports, usually 0 and n, be known, the remaining bending 
moments in general are uniquely determined The equations are fortunately 
in a simple form for rapid solution, m sharp contrast to the method of steam 
energy, where generally all the variables appear in all the equations. Ones 
the bending moments at all the supports have been evaluated, the determi¬ 
nation of the bending moment at any point m each bay is a simple matter. 

From equation (12), by differentiating twice, it is easily found that the 
bending moment at any point in the bay to the left of the rth support at 
distance x from that support is given by 

BM “ 

= E*I r X r , {CrOoe>^B+D,sinX r a)}— Erlr#r"(a) 

— F{C r oosX,®+D r sinX^j} -{*,(*)-F%,(*)}, (25) 

where C, and D, are furnished by equations (15) and (16) 

For this case where each bay is uniformly loaded 

4v(«) * t«V. (4-*)*, (26) 


therefore 

Xr(*)=- F 



- —^,(»)/F+uv/X,F, 

<»> 

therefore 

fr(x)-Fxr( x ) * 

(28) 

therefore 

Cr - Mr/F-«v/*rF, 

m 

Dr- 

{Mr-i-M,coe XA-(1 +008 AAWVJ/Feiaja. 

(80) 
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The reaction* at the supports are likewise easily evaluated, as follow:— 

iRt- 



Fiq 5. 


Consider a portion ABCD of the beam, enolosing the rth support, and let 
the reaction of the support upon it be R, acting downwards, while /, and/,' 
are the shearing forces to the right and left respectively of the support, then 

R, =/,+// 

From equation (14) 

fr m M r —M r+1 + Ffif+i + W’ r +l^r+l*/2 

By taking moments about the (r-l)th support for forces to the right of 
that point we find 

fr ~ + 

From these R, is at once derived Using the notation given in fig 4, and 
measuring 8 as in fig 3, the bending moments when positive will tend to 
make the beam concave on the under surface, and the reaction of the support 
upon the beam will be positive when directed downwards 

18 In general, equations (24i), (24*), , (24,- 1 ), will suffice to determine 

the values of the bending moments at the supports, and consequently also at 
any point of the beam, according to the method outlined above It has 
already been seen that the type of critical failure here investigated is 
associated with the production of infinite bending moments, but before 
proceeding to the general treatment of this question, it will be worth while 
to enquire into the suggestion already thrown out, that the presence of a bay 
of Ruler’s oritioal length would not of itself involve failure of the type here 
considered. In common engineering practioe failure is often assumed to be 
theoase. 

$ 9. Gate where One or More of the Bays are of JMer'e Cntteal Length .— 
Suppose Mr a w, 

it. F * *%!,//,» 

Such a bay, unassodated with the remainder of the structure, would 




414 


Messrs, W. L. Cowley end H. Levy. 

collapse under the load. It is proposed to enquire whether or not the prasenoe 
of the remainder of the structure can exert a strengthening effect. The 
expression for the shape of the rth hay is given by equation (12) in the form 

y = C r cos Ve+D, Bin Vc+X, (*)—{ M r -1 (4—*) } /F. (12) 

where/,-] satisfies equation (14), viz, 

/r-I = (Mr- 1 —M,)/f, + FS,//, + (0)/f^ (14) 

Remembering that 

* * 0, y = S r> 

a = y = 0, 

and X/, = ir, 

and inserting these in (12) modified by (14) we find 

0 _ C,-3l,/F+*,(0)/F + x ,(0), 

0 = —C,—M,_ i / F+ x , (4). 


Therefore C, = -M,-,/F+ X ,(/,) (81) 

and M r +M r -] = ''f',(0)+F{ Xr (0)+ x , (4)}. (82) 

For no lateral load (32) takes the simplified form 

M,+31,-1« 0, (83) 

and for uniform load 

= 2w r j\* m 2 «>/,*/** (84) 


The constant D, can at once be determined in terms of the M's by the 
statement that the gradient at the (r—l)th support for the rth bay is equal’ 
to the gradient at the same point for the (r—l)th bay, the expression for the 
latter involving no indeterminateness if it is not itself of Baler's length. If, 
however, the (r—l)tli bay is also of Euler’s length, then that bay must be 
treated m the same way as the rth above, with reference to the (r—2)th. 
It follows that all the coefficients are determinate, provided that one bay is 
not of Euler's length. Corresponding with eaoh Euler's bay, there will, of 
course, exist a condition of the form given in (34), and under these dream- 
stances the structure will not fail provided it can be shown that none of the 
bending moments beoome infinite for any value of the longitudinal load F up 
to that here considered. Hus will come out from a discussion of the equations 
for bending moments. 

It will be necessary to investigate the limiting forms which the coefficients 
A, and B, assume in this case. It is dear, of course, that both thaae qnantitMB 
beoome in the limit infinitely great, but 
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Lim (A,—B,) = 

Mr 5* It 



1 / \rl r Xr4 

V V ' Rin Xrlr *** tan \rl r f J 

1 + 008 Mr _2 \\ 1 

Bin Xr/ r \rf r ' J Xf^r 


Lim 

^ - IT 



2l r 

7T a E r l r 


JL ( ™L. . 1 U 

Xr/r't an^Vr XrJr'J 


(36) 


Equations (24 x ) to (24„~i) determine the bending moments, but (24r-i) and 
(24 r ) require special treatment on account of the limiting forms of A r , B r , and 
Kr. Setting out these two equations we obtain 

M r -iA,-i + M r - ,B r -, + (Mr iB r 4- Mr A r + Kr) 

= S r -i(l// r ~i4-l// r )—Kr-I, (36) 
(M r -iA r -f M r B r 4-K r ) + M r B r +| 4* M r +iA r 4 i =5= 8 r (1 /l r -4 1 // r + l ) — K r+ i (37) 

The groups of terms enclosed in the brackets to the left-hand side of these 
equations cleaxly require modification The following relations have been 
found to hold for uniform loading — 

Lull (Mr , + M r ) = ^3 (38) 


and Lim(A,-B,)= -^ f( . (39) 

Subtracting (36) from (37) we find 

(M r -»A r -i + M,-iB r -i)—(M r IL+i + M,+i A, + i)+(M r -i—M,)(B r —A r ) 

= Sr-l(l/L-.+ l//r)-Sr(l/L+l/L + .)-K r - l +K r+ , 

The only term which adopts an indeterminate form is 

lam (M,-i—M,)(B,—A,)—► -®T t (M,-i—M,) 

Equations (24*-i) and (24,) must now be replaced by 

Mf-. + M, = 2 ^, (40) 


and Mf-sAr-j+M,-, (B,- 1 + i ^ r j-M r (B, +1 +-^ i -j-Mf +l A, +l 

* 8r-l(l/li , -l + l/M“8f(l/lf+l/lr+i)”’K f -i+K,ti (41) 
The two equations (24,-i) and (24,), containing coefficients which become 
infinite or indeterminate, can now, therefore, be replaced by (40) and (41), m 
which all the bending moments occurring m the previous two are still present, 
but the coefficients are all finite and known It follows that in general the 
VOL. XCIV. — A. 2 K 
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9ystem of equations (24*), (24a), (24 f -a), (40), (41), . , (24*- 1 ), will 

determine finite bending moments for all the supports, and, consequently, also 
for every point in the beam Only under special conditions about to be 
treated will failure ocour due to buckling 

Summing up, then, a beam supported at any number of simple supports will 
not fail, in general through the bending moments becoming excessive, even 
if some ot the bays are of Euler's oritical length, piovided at least one bay is 
not of this length Whether or not this will correspond with a stable loading 
of the sti ucture will depend on whether or not the actual longitudinal load, 
if any, that would produce infinite bending moments is greater or less than 
Euler’s load for the bays m question It appears then that the presence of 
bays of Euler’s length is not in itself either a necessary or Bufhoient criterion 
for instability An accurate investigation of the conditions under which 
failure will take place will be given and a comparison between the cuppling 
load, thus determined, and Euler’s load will decide whether instability exists 
at the lattei position 

§ 10 Cmc* v'hrrr Ont oj the Bays vt twv,c Eulei \ Length —The equation for 
the rt h bay is 

V = C r C 08 Apt + l) r sin Xri— (M r _ 1 —J,-i(l,—x)}/¥—Xt(a ), (12> 

when r m 0, >/ = $ T , 

jr as /„ if — 0, 

and, remembering that 2ir = = X,/ ri we hud 

i T = (V - (M r - j -/ r _ )/,)/F + X r (0), 

0 = U r -(M r -d/F+ Xr (l r ), 

therefore B r m 6rA+fc(0)-#(/ r ) 

Now F = $,+(M r -i— M r )/F+Xr(0)/F, (14) 

therefore M,_i—M, ra F{jf f (f r )—#(0)}—yr r (0) (42) 

Thu is the rnodi&od equation for this case corresponding with that given in 
equation (32) 

Proceeding by the same method adopted there the equations that ought to 
furnish the bending moments for the rth bay are 

M r -sA r ~i + M f _i (B r _i + B,)+M f A r +K, — (j——+8 r _i—-K r -i, (48) 
M,+iA r+ i + M r _iA,+M r (B r +B r+1 )+K r « S r r+1 (44) 
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In thege equations, howevei, when <f> r ~ 2w, A r and B r become infinite It 
remains to show that the bending moments under these circumstances must 
also become infinite From the last two equations, bj subtraction, we find 

M r +iA r +i -f M r (B r + B r +i—A r )+M r -i(A P —M^ a A r -j 

= M/; + 7^)" Kr+1 “Mi^ + rJ +K '- 1 * (45) 

therefore 

(M r —M r - 1 ) (B,—Ar)—M r - ,A r - \ — M r -1 B r -1 + M f B P+ 1 + M,+i A r + x = etc. 

(46) 

Now M r — M r -\ is already found in terms of the loading and m general is not 
zero, while 

Lmi (B T —A r )- -> oo 

^ - jit 

Hence this equation, giving a ldation between the beuding moments 
M r - 3 , M r -a, M r , and M r +i, contains an infinite term, and since the coefficients 
of these bending moments and the remaining terms are all finite, it follows 
that one at least of the bending moments must beoome infinite, and the 
structure must fail ThiB is, howuvni, not the lowest critical loading 

§ 11. Condition* of Failure of a Supported System —The criterion of failure 
which will be utilised m the present discussion is, as already explained, the 
production of infinite binding moments at the supports Associated with this 
will be the assumption already known to be valid in the oaae of a single strut, 
that for values of the longitudinal force greater than the least that will 
produce these infinite bending moments, the geometry of the structure will 
not be maintained, the failure, m this sense, thus corresponding with 
instability It remains, therefore, to write down the mathematical expression 
which must be satisfied when the bending moments are infinite and to 
determine the least root, regarding it as an equation in F, the longitudinal 
foroe 

§ 12 Condition of Failure for the Case of n Bays, i&, n+1 Supports (hg 4) 
—The equations (24j),.. , (24„-j) are sufficient in general to determine the 
bending moments at the supports. These equations being linear, each of the 
bending momeuts may be expressed as the ratio between two determinants 
whose constituents are funotions of the lengths of t^e bays, deflections, and 
the lateral and longitudinal loading. The bending moments will become 
infinite when, and only when, the denominator vanishes. This condition, 
assuming the bending moments at the end supports aero, expressed in deter¬ 
minants! form is — 


2 K 2 
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0 = 


1 Bi-f 

A*, 

0, 

0, . 


0. 

0 

1 A^Ba + Bg, 

A*, 

0, 


0, 

0 

0, 

A,, 

B,+B 4i 

At, 


0, 

0 

0, 

0, 

Ai, B| + Bfc 


0, 

0 

0, 

0. 

0, 

A 8 i 


0, 

0 

• 

• 




A,- 8, 

0. 

« 

0 

0, 

0, 

0, 

A„ 

-a, B«-s + B b _s, 

A*-a. 

0 

0, 

0, 

o, 


0, A* -a, 

B»-s+B»-,, 

0 

0, 

0, 

0, 


0, 0, 

A.-,, B.- 

i+B» 

since 



Mi = 0, 

M,+i — 0 


(47) 

A 

_ In 

1 / 


r, _ in 

B * “ e; i. 

1 /l ** \ 

(48) 

As 

~EJ„ 

*/ 

4>n\ tan^,' 


where <f>n •* Kk 

§13 For any particular case this symmetrical determinant can be very 
easily evaluated by the following scheme 
Writing the value of this determinant for the case bays of Nos 1, 2, etc, 


as Ai, As, etc, we obtain— 

1 

(Bi + Bs) Ai 
(B*+Bj) As—As*Ai 
(B 8 +B*)A,-As»A, 
(B 4 +B 6 ) A«—Ai*Aa 


No of l»ya 


= Ai 1 

s As 2 

= As 3 

sa At 4 

= A* < 5 


(B»-l + B») A,- 1 —Aa-^An-s « An » 

(49) 

When the value of <f> for any bay reaches it, A and B become ^infinite and 
aooordingly the determinant in general also becomes mfimte To avoid this it 
would be oonvement to divide throughout by the product of the A’s, so that 
instead of taking A« 0 as the determinants! equation the condition 


may be used 


D. 




(60) 
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Two special cases need comment corresponding with any one ot the A's 
becoming either zero or infinite In the former this oan only happen when / 
is made indefinitely small, but, as can be seen, m neither case is any real 
difficulty involved in the calculations It is interesting to note that 
Dj = 1/Ai ss 0, the criterion of failure for one bay, gives the result obtained 
by Euler 

§ 14 The determnmnlal condition (S3) involves <f> i, fa, fa, which aie all 
known functions of F, the end thrust, and is independent of the lateral loading 

Thus <M « } r *F/E r Ir, 

and a solution of the problem is obtained immediately the smallest value of 
F satisfying the condition (53) is found It has been assumed that this 
longitudinal thrust is practically constant along the whole length of the beam, 
since the reactions at the joints acting perpendicular to the central axis can 
only modify F by second-order quantities The analysis, however, can be 
applied more generally, with very Blight modification, to the more practical 
case—as far as aetoplaue frameworks are concerned—by supposing wires 
undei tension fixed to the beam at the supports with a component force 
directed along the central axis A simple resolution of forces suffices to 
show that the bays are now under end thrusts, not necessarily all equal The 
rth bay may then be i ©presented as being under a longitudinal force F r , 
expressible of course m terms ot the force in one particular fa, fa, etc, now 
take the more generalised form 

♦•“V it’ * " lr y/: et/ eto 

and the analysis proceeds as before The detemunantal condition (47), being 
an expression containing all the 0’s, can then be easily expressed as a function 
of the <f> for any particular bay When the point of attachment of the wires is 
not on the neutral axis, a bending moment of known magnitude is introduced 
at the corresponding support, and the appropriate modification must then be 
inserted in the equations for three moments 

§ 15 Clamped Supports —Suppose at any point in the beam the central 
axis besides being oonstramed to pass through a particular point is, by means 
of a clamp,of some nature, compelled to have its central axis in a given 
direction at the point Such a support will be termed a damped support 
It is proposed to consider what effect the introduction of each constraints 
has upon the strength of the structure by the determination of the positions 
of the ontioals in comparison with those produced when the same support is 
undamped. For the present purpose, a damped support is in effect equiva¬ 
lent to two simple supports infinitely dose together, and the discussion 
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consequently centres round the bunting forms of the conditions already 
obtained when one or more of the terms /* tends to aero. 



Let 0,1, , ?t-f 1 be a beam supported at n 4*1 points by simple supports, 

and at QQ' by two neighbouring supports, to constitute a clamped support 
Consider a email section, PQQ'K, and let the heights ot Q and Q' above the 
datum line PX be d q and d q respectively, then 

ss the distance of Q above PQ' 

= d q ~<t,' approx 

= + /,'//,)'» = d,-d,'(l-/,'//,) 

Hence 6(1//,+1//,') * {d, - rf/(l-/,'//,) }(l//,+l//,') 

In the limit, wheu Q and Q' coincide, 

Lim 5/ (1//,' +1 //,) as 0,-'P r , (51) 

< r 'aO 

where 'P, is tlie inclination of PQ to the datum lute and 0 q the inclination of 
the tangent to the same line, measuring angles in an anti-olookwwe direction 

Similarly, 8,' ss distance of Q' from QK, and henoe 

Lim 8,' (1 //,'+ 1/Z,) = 0,-'Pr (52) 

(»'« o 

In the light of these, the equations of three moments become modified by the 
substitution of the expression found m (66) and (57) for the deflection terns, 
and the analysis proceeds as before It is evident, of course, both physically 
and mathematically, that the system of equations is separated at the point* 
of double support into senes of self-inclusive sets so that eaoh portion of the 
beam between the clamped supports may be treated separately It remains, 
therefore, to discuss only the oases where the beam is clamped at either or at 
both ends 
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116 Beam, Supported atn —1 Intermediate Point* and Clamped at Both Ends 


o o' / z 

I— I-1-1- 

Fig 7 


n. 

-X- 


n' 

* 


Let 0, O', 1, . , n', n be the beam supported simply at 1, 2, (n— 1), and 

clamped at 0'0 and n'n Let 0'0 and n'n be l* and l» respectively, where 
these limit to zero Then if V — deflection at O' and S H = deflection at a, 

S 9 '{l + rJ ss0Q -' 91 

and So' (-L+i.) = -0 n +V n 

^n-1 In / 

Remembering that 

Ao = 0, B 0 = 0, A* = 0 and B„' = 0, 
the system of equations for the moments at the supports takes the form 

MoBi + MjAi = Ki, 

M 0 A 1 + Mi (Bj f Bjj)-hMiAa — Si ( - -+*7 -)-“(Kj + K.a) t 

\«i V 

Mn-jAn-a + M,,-. i (B»-3+M*A n -j = S n -i(r^—-f (K„-i + K w ), 

M,-iA„_i + m — dn+'F.—K„ (63) 

These provide « + l equations foi the n+1 bending moments which now 
include M 0 and M. as unknowns 

The determinantal condition corresponding with critical loading is of 
course 


B„ Ai, 0 , 0 , 

Ai, Bi + Bs, Aj, 0 , 


0 

0 


* 0 (64) 


0, 

0, 


A»-», B„_i+B,_i, A,-i 
0, Ab-i, B»-i 


117 The case where the double support is at one end only may likewise 
be simply treated 

The effect upon the strength of the structure of the introduction of the 
double support may, qualitatively^ least, be seen from simple considerations 
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without reference to the determinant of failure It has already been 
shown that if a structure of any number of simple supports be so spaced as 
to be critical under the loading, then the addition of one more bay at the end 
will have a strengthening effect, provided that the length of the b&$ is not 
greater than the length of Euler's strut Remembering that the substitution 
of a clamped for a simple support is ultimately merely the addition oi 
another bay of infinitely small length, it follows that clamping one or both 
ends in equivalent to a direct addition of strength The exact determination 
of the magnitude of this increased safety is, of course, to be obtained by 
finding the smallest root of the determinant regarded as an equation in F 
In fact, the whole problem of the most efficient disposition of the supports to 
provide the strongest structure, in the sense that the critical longitudinal 
force is a maximum among those for all possible dispositions, can be treated 
with comparative simplicity by a discussion of the determinants already set 
down 

The authors are indebted to Prof Love lor his helpful criticisms and 
valuable suggestions regarding the notation 


The Electromagnetic Inertia of the Lorentz Electron. 

By G A Schott, B A, D Sc, Professor of Applied Mathematics, University 
College of Wales, Aberystwyth 

(Communicated by Prof J W Nicholson, F R.S Received January 18, 1918 ) 

l In a recent paper 0 on 11 The Effective Inertia of Electrified Systems 
moving with High Speed * G W Walker extends his previous investigation 
to the case of a perfectly conductiug oblate spheroid, whose axis lies in the 
direction uf motion, tor the time being, of its centre, and whose eccentricity 
is equal to h , where k denotes the ratio of the speed of the centre to that 
of light, also for the instant under consideration He fiuds (Note 1) that the 
longitudinal aud transverse masses are equal respectively to 

2^(1 -**»)/*«* (1 -*■)** and 2^(1+*F)/3«c 8 (l (1) 

instead of 2r i f'Aac?(l-k*f/» and 2fi a /3ac*(l-jfc®) J ^ (2) 

the values given by the mass foraulee of Lorentz and Tequired by fcbe 
Principle of Relativity 


* • Roy. Soc. Free ,* A, yoI 93, p. 448 (1917) 
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The method used by Walker obviates the objections raised to the assump¬ 
tion of quaai-stationary motion, which is necessary m the ordinary energy 
method of calculating the masses, but it requires special assumptions 
to be made at the outset both as to the constitution of the eleotron and 
as to the boundary conditions at its surface whenever definite information 
is needed These assumptions obviously limit the generality of the investiga¬ 
tion, so that it is open to the objection that Walker's model of the electron 
is not a suitable one, precisely because it does not agree with the Principle 
of Kelalmty 

2 About teu years ago 1 developed a method of calculating the electro¬ 
magnetic masses of an electron from the fundamental equations of the 
Electron Theory, without making any assumptions lespecting either ihe 
structure of the electron oi the nature of its motion, whether quasi-stationary 
or otherwise, until the conclusion of the general part of the investigation 
This formed the basis oi Chaptei XI of my Adams Prize Essay, and was 
published in full m my book on * Electromagnetic lladiation/ Appendices C 
and D (Note 2) 

In this method the usual retarded potentials due to an element of charge 
moving in any assigned manner are developed in seues, of which the first 
terms are the potentials of the element due to uniform motion with the 
velocity at the instant considered, whilst the succeeding twins are derived 
from them by definitely assigned operations, and involve the accelerations of 
various orders The eleotnc, maguotic, and mechanical forces on a second 
element of charge are derived by the usual operations, and the resultant 
mechanical force on the electron is obtained by a double integration over all 
the pairs of elements of charge in the form of a seues proceeding according 
to ascending powers of a length «, which measures the lineal dimensions oi 
the electron—the radius for the Abraham electron, the transverse radius for 
the Lorentz electron The first two terms of this senes for the internal 
electromagnetic force F on the electron are of the form 

G may be identified with the electromagnetic momentum of the eleotron, 
it u of the order a" 1 , and depends only on the configuration of the eleotron, 
on the relative motion of its parts, and on the velocity of its centre, all for 
the instant under consideration. It gives rise to the pnnmpal terra m the 
expression for the "resultant internal electromagnetic force, the only term 
iound in the ordinary energy method. 

* Lw, at , p £46, equation (S41) 
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K represents the reaction due to radiation, it does not depend on the 
configuration of the electron, nor on the relative motion of its parts, but 
onl) on the velocity, acceleration, and acceleration of the second order of its 
centre It is of ordei zero in a, and is very small compared with the 
principal tonn, except when the speed is nearly equal to that of light and 
the accelerations are very large On p 183 of my book I have estimated 
the error arising from neglecting it in the case of a /3-particle moving in an 
electrostatic held of 1,000,000 volts pei centimetre With a imnnmun 
speed of 0 999 of that of light 1 find it to be less than two parts in 
10,000,000,000 For an election moving in an orbit of atomic dimensions, 
the error would be much greatei, but still quite unimportant, unless the 
speed were very nearly equal to that of light 

The next term of the senes is of order a and depends on the velocity and 
the accelerations of the first, second, and third orders, and so on These 
Ingher terms could be calculated if it were worth while, but in all piactical 
oases we can obtain a sufficient idea of the rate of convergence of the series 
from its first two terms It is important to notice that, according to my 
results, the erroi made in assuming quasi-atationary motion arises from 
neglecting K and the higher terms, but cannot affect the principal term 

3 By applying this method to the Lorentz electron* I obtain precisely the 
two Lorentz muss formulae, in full agreement with the ordinary energy 
method, but differing from Walker's result The discrepancy is all the moie 
serious in that it occurs in the principal term, and for this reason oasts grave 
doubts on the aocuracy of the most fundamental investigations of the Electron 
Theoiy 

In looking for the cause of this discrepancy one is struck at once by the 
fact that W&lkei assumes k (his symbol for the ratio of the speed of the 
electron to that of light, usually denoted by £) to be constant On p 452 of 
his paper he writes “ It might be argued that I ought to have supposed that 
the contracted electron should alter in shape as the acceleration proceeds 
But the difficulty is to know how it alters There is no correspondence 
between accelerated motions at different speeds such as can be proved for 
uniform speeds, foi the transformation entirely breaks down if the velocity is 
not constant One might, as a pure hypothesis which lias no a priori 
justification, assume that the surface is deformed according to the same law 
&b holds for uniform vetooity This could be worked out, and might lead to 
a first order term (in acceleration) for longitudinal inertly but clearly would 
lead to only seoond order terms for transverse inertia But this appears to 
me too speculative to be of any value at present/' 

* Loi > p. 167 
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4 It appears to me that it is of the very essence of the Lorentz electron 
that its shape should alter as its acceleration proceeds, and that in such a 
manner as to correspond to its speed at each instant, at any rate, that is the 
assumption tacitly made in my own investigation and, I believe, in all others 
except Walker’s At the same time, I have thought it worth while to follow 
out the consequences of Walker’s assumption of a constant k by tny own 
method, as I had the material for such an investigation ready to hand On 
p 260 of 'Electromagnetic Radiation' I have given expressions for the 
electromagnetic masses of a deformed Lorentz electron, which can be utilised 
for this purpose The deformation there contemplated is supposed to be 
small and constant, whilst that of Walker's eleotron increases m proportion 
to the time t measured from the instant at which the speed ib kc But t is 
to be made zero ultimately, so that the smallneA creates no difficulty The 
eleotiomagnetic momentum Q, on the other hand, depeuds on the relative 
velocities of the parts of the electron, so that the variability of the deforma¬ 
tion of Walker’s electron from Lorentz’s form might be expected to cause 
difficulty This, however, is not so, for I have shown on p 247 of my book 
that the relative motion term in the electromagnetic momentum vanishes 
identically for an electron which, like Lorentz’s electron, is symmetrical with 
respect to the centre 

5 In using the expiessions in question ue must beai in mind that the 
actual electron at tune t, whioli is approximately of Lorentz’s form, is for 
convenience of calculation transformed by stretching in the direction of 
motion in the ratio ^/(l—/8*) l ( where & denotes the ratio ot the speed of 
the eleotron at tune t to that of light, a process winch changes the Lorentz 
eleotron with axes u{y/(l — 0*), 1,1} into a sphere of radius a The electron 
thus transformed is assumed to be given by the equation of its surface 

r sss + (4) 

The quantity e is so small that its square and highei powers can be 
neglected, the axis of the spherical harmonic is supposed to make an angle 
it with the direction of motion of the electron measured in the osculating 
plane of its orbit towards the principal normal The co-ordinates £,f, of 
an element of the transformed electron are referred to the tangent, principal 
normal, and bi-uormal of the orbit as axes. The tangential and normal 
components of the electromagnetic momentum are given by the equations 

" A<*af\-P) l 1 + lfc( 3 0081 *~ 1 )} ’ 

e*vi 


(5) 
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Here v » c/3 and denotes the speed ot the electron at the tune t, and the 
expreseionfl apply to a auiface charge, of uniform density on the transformed 
Lorentz electron, but of density proportional to the perpendicular from 
the centre on the tangent plane of the actual Lorentz electron before 
deformation 

6 We shall first apply these expressions to Walkei’s first case of an 
electron moving in a straight line with acceleration p (m his notation) At 
time t the speed is given by £ = k+frijc, while is zero From (4) we 
find that the tangential and transverse radu of the transformed electron are 
equal to and «—Je respectively, hence those of the actual electron 
are equal to (a+e)v/0 —/S 3 ) ^d a—respectively But the same values 
for Walkers electron are a flv /(l —&*) and respectively, where the suffix 
is used for the moment to distinguish the two electrons Equating corre¬ 
sponding values we find to the first order in p, 

ax /(l-/3*) = «/“ = 2A^/3(1-P)c. 

Substituting these values m (5) we find, putting ifr = 0, and a for «o, 

g ' = 3 + 


while G, obviously vanishes Using (3) and differentiating on the supposition 
that k is constant wo obtain foi the resultant internal electiomognetic force 
on the electron 


l ~ dt :w«( b-wft* 


(7) 


whilst F, vanishes. 


The coefficient of the acceleration ft in (7) is the longitudinal electro* 
magnetic mass and agrees with the first of Walker’s expressions (X) 

7 Walker's Becoud case is more difficult to investigate So far as I under¬ 
stand his procedure from the very brief description given in his paper, he 
seems to treat the electron as a rigid perfeot conductor, which coincides at 
the instant t = 0 with the Lorents electron as before, but moves without 
rotation, so that at the time t its axiB deviates from that of the Lorents 
electron by the small angle at, measured in the osculating plane towards the 
outside of the orbit Here t» denotes the angular velocity of the electron in 
its orbit, so that the acceleration /* is equal to a>v, where v is constantly equal 
to ek Thus the equation of the surfaoe of Walker’s electron referred to the 
tangent, principal normal, and binormal of the orbit at time t as axes 
becomes on this supposition 

+{y +** = eH or — ** 
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to the first order in the small angle at. Applying the inverse Lorentz trans¬ 
formation x — &*), y as if, x so f, we find that the equation of the 

transformed Walker’s electron is 

Two principal axoa lie in the osculating plane and make angles ■= 45° 
and ss 135° with the tangent, whilst the lengths of the corresponding 
semi-axes are equal to a{ l±P®i/2 ft 8 )} respectively 

On the other hand we may wnte the equation m the form 

r =s a 4- €iPa (/^i) + ejV? (ft a) (8) 

analogous to (4), where /xi is measured from the axis yfn and ^ from 
Putting fii = 1, /Ay = 0, and = 0, p# = 1, alternately we find that the two 
principal semi-axes are a + «! — and i-fe* respectively Comparing 
the two pairs of values we obtain 

€l = - €J = aPvtf ( 9 ) 

Owing to the smallness of a and e 3 , the principle of superposition holds 
and (5) and (6) each contain two terms corresponding to «i and e* In the 
first the two terms clearly cancel each other, in the second they are equal 
Bearing m mind that, in the present case, f3 and Tc are identical, we find 

_ 2 e*v n _ (PkPv&t 


In using (3) we must bear in mind that the axes are rotating with the 
angular velocity ®, hence we find that the resultant internal electromagnetic 
force on the electron at the time t = 0 is given by 


F t » -^f+»G n *0, 



2e>0+^)vto 

3c i a v /( 1 -*•*) 


( 10 ) 


The value of I’, differs from that found by Walker by having a term 
1 ^%* inside the bracket in the numerator m plaoe of ^4*. 

8 One difficulty remains whioh requires examination In the three 
preceding sections we have assumed the surface density of the transformed 
electron to be uniform, or, what amounts to the same thing, that of the 
actual electron to be proportional to p, the perpendicular from the centre on 
the tangent plane. But the eurfaoe density of Walker's electron is not 
proportional tosimply, m the first case it involves a small term, of the 
first order in the acceleration, proportional to px, and, in the second case, 
MmiUr small terms proportional to py, as we see from his expressions for a 
given on p. 460 and on p. 451 respectively. I shall now prove that these 
email additional terms in the surfaoe density do not affect the expressions 
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( 7 ) and ( 10 ) so long as we coniine our investigation to terms of the first 
order The proof depends upon the following propositions, which are stated 
ub briefly as possible — 

( 1 ) Suppose that a slightly deformed Lorentz electron of uniform volume 

density is transformed by the Loren tz transformation x = (1 —yS 3 ), 

y = i) t z ss f, so that the equation of the bounding surface of the tiana- 
formed electron beoomca of the form r =s a + 2 ePi(/i) 

Then the only terms which influence the electromagnetic masses are those 
for which is 2 

This proposition is proved on p 260 of' Electromagnetic Radiation * 

( 2 ) Let the equation of the transtoi med surface be of the form 

/(ft *0* i-zf-S.2,-0, (11) 

where Z. is a homogeneous function of f, i) f £ of degree i, for instance, the 
solid harmonic associated with 1 \, and £ is a small coefficient as befoie 

Then the perpendicular from the origin on the tangent plane nr is equal to 
the radius r, squares and products of the c’s being neglected. 

In fact, if the direction cosines ot as be X, /*, v , we have m succession, 


■—*4- 

as = + {r— %eiZ t } «£l + 2* =» r +terms of older e 8 


(i) Consider a homccoid of uniform volume density A, bounded by the 
surfaces with radii r' and (l + *)r' t where 

i' ~ t {l+<yS(,} * a + + wySn (12) 

A is infinitely large and « infinitely small, bat so that A« is finite and equal 
to r/4ira’ ultimately S. is a homogeneous funotion of J, t), f of degree », 
for instance, a spherical harmonic of order m, and 7 m a small coefficient of 
the ordei of e 

Then the hommoid is equivalent to a surface distribution of density r on 
the surface ( 11 ), where 

r = er { 1 + 78 .) / W = em { 1 + 7 S,} / W (13) 

In fact, the thickness of the homceoid is equal to ur\ and the surface 
density to the limit of A«n‘, whilst r ss ■ to the first order by propo- 
ution ( 2 ) 

(4) Let us regard (11) as a transformed electron, to which corresponds an 
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actual electron with surface density <r, and perpendicular on the tenant 
plane p Then the surface densities a and t are conneoted by the equation 

•r^rp/n (14) 

Apply tlie Lorentz transfomuition, beanug in mind that it leaves 
elements of charge unaltered, but changes elements of volume in the ratio 
v/(l--£*) 1 If corresponding tun face eloments be </S and then corre¬ 
sponding elements of charge are trdS and rdS, while corresponding elements 
of volume are pdS and m</!£ Hence we have 

*(tS = nil, ,#/S = mrfSv/d-/3 a ). 
whence the result follows 

(5) Replacing Z, and S„ m (11), (12), and (13) by /"‘P, and r“P, respec¬ 
tively, where the P’s denote zonal harmonics as usual, we may write a in 
place of r in the small terms hence it follows that the total charge of the 
homoeoid in (3) is equal to < 

Then we may express the lesult of the last section as follows — 

Let the uniform honueoid, with total charge t , whose inner surface is given 
by (12), where Z, and S* now denote Bpherical harmonics, be transformed by 
the Lorentz transformation appropriate to the motion foi the time being of 
its centre, viz, £ = r/ v '(l—/8*), v — V £ = £ Then the transformed 
homoeoid is equivalent to a charge of density a distributed over the surface 
whose equation is (11), where 

, a s= + (15) 

9 In order to apply this result to Walker's electrons, foi which a includes 
terms proportional to x and y respectively, we need only take Z, proportional 
to the zonal harmonics P, used in (4) and (8) respectively, and S* propor¬ 
tional to x and y respectively, so that n is unity in each cane 

Then the corresponding transformed electrons are equivalent to uniform 
homceoids, whose inner boundaries are given by equations of the type (12) 
with n * l, and t a* 2 as before 

By proposition (1) the first small deviation from the Lorentz electron does 
not influence the electromagnetic masses, whilst the second gives the 
expressions (7) and (10) respectively as before 

10 It has been already stated m Section 4 that the electromagnetic 
momentum G depends on the relative motion of the parts of the electron, 
as well as on its configuration, and it might be thought that the relative 
motion term might account for the discrepancy between (10) and Walker’s 
expression for the transverse mass, but this is not so 

The relative motion term in question is given by (343) on p 247 of 
' fiteotromagnetac Radiation ’, it is of order zero m a, but even if it were 
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of ordei —1, it would disappear For in the Lorentz eleotrqn there u» 
rotation, but there is also symmetry with respect to the oentre, on the 
other haud, m Walker’s eleotron there is no symmetry with respect to the 
oentre, but, if I understand Walker aright, there is no rotation and therefore 
no relative motion 

A clue is afforded by the presence of the last term, -+-fBAr* (1—A*) -1 vpa~*, 
m the expression for 4 t t<t on p 451 of Walker’s paper, for thiB term when 
multiplied by the principal term m Q and integrated over the electron 
accounts for the discrepancy, but 1 have not been able to trace it to its 
source from the very bnef indications given (Notes 1 and 3 ) 

Be that as it may, the general agreement (apart fiom this discrepancy) 
lietween the results obtained by such widely different methods muBt be 
regarded as a weloome confirmation of the accuracy of the calculations, 
and in my opinion leaves little doubt that the differences between Walker’s 
and Lorentz’s electromagnetic masses are after all due to Walker’s assumption 
of a contracted electron, which does not alter in shape as the acceleration 
proceeds (Note 4) Hence his results do not appear to me to constitute an 
argument against the Lorentz mass formula, oi the Principle of Relativity, 
at any rate so long as his resulting mass formulae do not afford an agreement 
with experiment so decidedly superior as to outweigh theoretical considera¬ 
tions 

I think that it will be pretty generally admitted that the mass formulae of 
Lorentz have the advantage of all others from the point of view of pure 
theoiy, m so far as they are consistent with the Principle of Relativity and in 
addition admit of the possibility of a mechanical explanation of the electron, 
as shown in ‘ Electromagnetic Radiation,’ Appendices D and E, whatever tins 
possibility may lie worth in the future But, what is perhaps more important 
from the practical point of view, they afford the basis for a comparatively 
simple and workable mechamos of the electron, as I have shown m' Electro¬ 
magnetic Radiation,' Appendices F and G This advantage of simplicity, 
which is almost osseutial from the point of view of eoonomy of thought, is not 
shared by the more oomphoated formula, such as those of Abraham and 
Walker Thus the superiority of any one of the latter over the formula of 
Lorentz in respect of agreement with experiment would require to be 
extremely marked before it could be adopted in preference. 

11. When the experimental evidenoe is examined no marked difference is 
observed between the two formula for the transverse mass, and indeed all 
that Walker claims is that his formula is as good as that of Lorentz in thli 
respect, and that the experiments so far performed cannot distinguish between 
them Walker does not appear to be acquainted with the very careful and 
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extensive Beries of experiments of Neumann.* These were made by 
Buoherer’s method and confirmed his results tally In all 55 plates were 
obtained, including all preliminary attempts, of which 26 were good enough 
to be measured Of these 22, taken between 0 = 0*4 and 0 « M, gave an 
agreement with the Lorentz formula with a probable error in the specific 
charge, e/m* of 0*15 per cent , the remaining 4, taken between j8 = 0*7 and 
0 m 0*8, indicated that the speoifio charge, e/wio, increased faster than it 
should aooording to the Lorentz formula, fay perhaps 2 per cent. The last 
result IB regarded as doubtful by Neumann on aooount of the small number 
of experiments and the large experimental errors to whioh measurements at 
such high speeds are liable, he proposes to extend bus experiments in this 
direction. If the result should be confirmed it would hardly be likely to 
make much difference in the relative performances of the two fonnulm, 
although it might require the addition of some proportion of nonelectro- 
magnetic mass to the formula of Lorentz. This is a possibility that T also 
have had in mind for some years in oonneofion with the effect due to the 
second order terms m the internal electromagnetic force, those included 
m the radiation pressure K, this investigation, however, is not yet com¬ 
pleted Nevertheless, the results obtained so far indicate that further 
experiments on the specific mass of the electron for speeds from 0 ss 07 
upwards are very urgently needed For my own part I doubt whether 
experiments at these high speeds on the old lines oan be expeoted to yield 
very good results, owing to the smallness of the deflections to be measured 
and the comparatively great width and diffuse character of the trace 
obtained on the photographic plate. In 'Electromagnetic Radiation,’ p 800, 
a method is giyen which would appear to have some advantages, but it 
could only be performed on a scale beyond the resources of most laboratories 
and possibly only m institutions possessing an equipment such as that of 
the National Physical Laboratory, 


Note* added Apnl 24, 1918. 

(1) On repeating Walker's calculations for the transverse acceleration, f 
find that the, sign of the discrepant term in the expressions for (X, T, Z) 
and 4*w on p. 451 of his paper should be positive In oonsequenoe, the 
factor 1m the expression for the transverse inertia on p. 452 must be 
replaced by 1+*•&**. 

(2) My expression for the internal electromagnetic force on the electron is 
based on three assumptions: (a) the retarded potentials of a point charge, 

* ‘Ana. <L Fhy.,' fctg» 4, Bud40,& M0 (1914)i 

WL tear. —A. 2 h 
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according to Lienard and Wiechert, (b) the usual expression for the 
mechanical force on a moving electric charge, together with the usual rule 
of composition of forces, and (c) the assumed convergence of my expansions 
foz the potentials and electric, magnetic, and mechanical forces. Few will 
cavil at (a) and ( b) t but (c) has not been, and I doubt whether it ever will be, 
proved for the most general type oi motion In certain oases the con¬ 
vergence of the series can be demonstrated, rb I have proved elsewhere, foi 
.1 uniform longitudinal acceleration ,* they converge almost certainly w all 
cases where the acceleration is not too great, and the speed of the electron 
not too close to that of light With this proviso, my expression for the 
electromagnetic momentum can be applied to any electron, whatever its 
constitution, form, state of strain or internal motion, and motion as a whole 
may be, piovided that the relative velocities of its parts are small enough 

(3) I have now succeeded m tracing the causes of the discrepancy referred 
to m the text by applying Walker's method, but on the basis of the principles 
used by Loren U and myself Consistently with his assumption of a perfectly 
conducting electron and consequent zero force inside it, Walker calculates 
the total mechanical force on it by means of his expressions £J<rPtfS and 
JJaQrfS m the two cases respectively Lores tz and myself, on the other 
hand, postulate the truth of the electromagnetic equations inside the charge 
as well os outside, and consequently admit the possibility of force inside the 
electron, so tliat on our assumptions the correct expressions for the total 
force on it are 4J«r(P+P f )'fS and iJ<r(Q+Q t )dS respectively, where P f and 
Q t denote the forces just inside For the longitudinal acceleration of 
Walker’s rigid electron P t vanishes, but for the transverse acceleration 
differs from iero 

In order to obtain a convenient formula for calculating the inside force we 
proceed as follows. With the usual notation the electromagnetic equations 
written in vector form are 

C curl h w ^ +4irpV = — (w)d+4wpV, div h = 0, 

0 curl d ~ ^ +(VV)h, div d = 4trp, 

where D/Dt denotes* differentiation following the motion of the element of 
charge, whose volume density is p and velocity V Apply these equations to 
an infinitesimal element of the infinitely thin sarfaoe layer of surface 
density a, which constitutes the moving electron. Sinoe the surface discon¬ 
tinuity travels with the element, the differential coefficients Dd/Df and 

* 'Ann <1 J*hy«„’vol 8b,p. 77, $9(1908). 
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Dh/Df ipmain finite, whilst the others are generally infinite Integrating 
throughout the volume of the surface element, we obtain in the usual way 

C{[Nh]} - 4w<rV—(Nv){d}> {(Nil)} = 0, 

C{[Nd]} = (Nv){h}, {(Nd)} = 4wo, 

where N denotes a unit normal vector drawn from the inside to the outside 
of the surface, and biackets { } indicate that the excess of the value outside 
above that uiBide the surface is to be taken for the quantity enclosed in the 
brackets Solving these equations we find 

(C»-(Nv)»){d} = 4 w«t<0»N-(Nv)v). (C*—(Nv)*){h} = -4™C[Nv] 

(16) 

Hence we find for the mechanical force f on unit charge 

(C*—(Nv)*){f} = (C a - (N v)*){d+{vh]/C} = 4ww(C*—v*)N (17) 

Knowing the surface density a, thi velocity v, normal N and the value of f, 
components (P, Q, R), just outside the surface, we can use this formula to 
calculate the values of (P„ Q„ It,) just inside We shall apply it to each of 
Walker’s cases m turn, neglecting squares of /it throughout 

(a) Walker's Longitudinal Case —Denoting the components of N, the 
direction cosmos of the outward normal at (c, y, z) by (l, m, n), we have 

(l, m, n) = (eg-*, y, z)pa~*. where g* = 1 — A*, 

V = (0 k+pt, 0, 0), (V-w* = (V(i-2MC-V 1 ), 

C*-(SvY = -PP-WkfitC- 1 ) 

Hence we find by means of (17) 

{P} = 4nog*l(l-k*P)-'(l-2k / M}- 1 g-*(l-P)(l-k*P)- 1 ) 

= 4iroup' *(l-2A:/i<C- 1 </ _ *(l-r*jr^~*)) (18) 

This is identical qnth the value of P given by Walker on p 460, when his 
value of o is inserted, hence P, is zero, and Walker's calculation of Hie force 
on the electron is correct It >is easy to verify, by (16), that fX ( +mY,+nZf 
vanishes at the surface, so that Walker’s a is correct 

(b) Walker’s Transverse Case —Here we have, using (17), 

V * (C*. fit, 0), C s -V* = C y, l.'*-(Nv)* = C*(l-k*P-2lmkfitC-'), 
{Q} = (1 + 2k^tVrHm(\-k*P)~ l ) 

as ivofyp- 1 !! + 2kfitieyC- l g-*a-*) 

= Ayo - *(jii 3 +2&/ata!yC - hr*—2 j*(1h 1 > tr l^yC“*+||i**yC -, ) 1 
by inserting the value of 4v<r given by Walker on p 461 with the sign of the 
discrepant last term corrected. Comparing with his value of Q we obtain 
Q, = Q-{Q} = -\AfikVC-**-* 


2 l 2 
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Thus Q< differs from zero inside the electron owing to the presence of the 
discrepant term, and lienee we must add to Walker's value for the force on 
the electron a correction, whieh amounts to 

jJtrQ^S = — (1 / 24 tt) A*/iFC ~*a~ ®|py*dS = 

Adding this to the corrected value of Walker’s force on p 452, we obtain 

-Mi+A^c-vy*. 

which is precisely the value obtained in the text, § 7, equation (10). 

Hence the discrepancy is completely accounted for 

Here also it is easy to verify that fX,+»iY,+nZ, vanishes at the surface 
on account of (16), so that Walker’s <r is correct. 

(4) Longitudinal Acceleration of the Lorentz Electron —I have now succeeded 
m verifying the supposition m the text for the longitudinal acceleration by 
adapting Walker’s solution to the case of the continually deformed electron, 
due account being taken both of the relative motion and of the internal force 

At time t the eocentncity is k+ ptC~ x == ft, as in § 6 Putting 

* = f v /(l-/9 , ) > 

we notice that £ ib constant for the Lorentz electron, so that there is a 
relative velocity <e = —/3/3jc( 1—/3*) -1 = —fJc?C~ l g~ 3 to the first order. By 
interaction with the external magnetic force Aka~ 3 (0, —z, y) at the surface 
this produces an additional external mechanical foroe Apk?C~ a g~ a a~ 3 (0,xy, xe) 
To neutralise its tangential component we may add to Walker's % on p 460 
a term 

% — |A/iWiWV'V'V -a*p-*+%a s a?g-*p - 4 ) 

This gives nse to an additional surface density a', given by 
4iro / = Apk?pxG~*g~*a~ 3 (\--%a?g~ % a‘~ a ) 

Altogether we obtain an additional external normal mechanical foroe 
(P' t Q', R'), suoh that at the surface we have 
P' a 

These quantities, o', P', are to be added to o, P, given by Walker on p. 460, 
but in using the latter we must bear in mind that they refer to an electron 
moving with speed Ck+pt and of the shape appropriate to this speed; hence, 
m the principal terms, the quantities A and p must be taken for the 
eocentncity /9 In other words, if A and p are still to refer to eocentncity k 
as before, we must, in the principal terms, replace diem by 

A+ptC-idAfdk m A{1+kptQ-'g-*), 
and p+ptC- l dp/dk « p{l +**)/»}, 

where l as p xg-*<r* in the small term. 
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With these changes m Walker’s solution we obtain 
P+P'== Ajm-*{l-kntG- x g-\l-Zi*g-*a-*) 

-2pcc- y\i - a**+ 

4ir(ff + <r') = Apa-*{l + jfc^C-^- s (l~(l+**)^) 

In order to find {P+P'f, we must use (16) with 

V * (CZ: +fd—fJcxC~ l ff~*, 0, 0) 

Thus, we may use (18), provided that we replace t by t—kxC~'g~ 3 , a by «•+«■', 
and p by the value belonging to eccentricity /3 Hence we find 
{P + P'} — Aa.« -, {1—A;/*ZC -1 y a (l— 2T?g~ 3 a~ 3 ) 

Thus we obtain 

P,+P,' = P + P'~{P+P'} = -afy-V) 

Hence the mechanical force just inside the electron differs from zero, and 
the total force on it is given by 

*J(,r + <r')<P+P' + r<+P.>*S 
= —(l/2w)/*A*C-ty“ 

all other terms being odd functions of j. and disappearing by symmetry 
This is precisely the expression of Lorentz 

As before, we must verify that the density is unaltered by the presence of 
internal force. The same process gives for p ** a 

{d+d'} * 

Ao“»{l+MC-V“*(l + 2ic»r*« _ *)-2/^C-V 4 (l“^+^r*«‘*)>(*. V, *) 
-A*^»C-^- a a-»(2f-2Aa:C-V- , )(l, 0 , 0 ), 

d+d' = 

Aa"*{l +ApfO~Hr > (l +2*V- , 0-2/ia<J-»^-*(l-|^+i«^r-*a-»)}(«,y,*) 
-AJb/i»0-»y-»a-*<2f-lbC- 1 y-»)(l, 0, 0) 

Henoe we find 

di+di' * A/aWiTO“V“*a" 4 (®. y> *)—A#*He*C“^“*rt“ a (l, 0, 0) 

Multiplying the components of dj+d/ by (l, m, n) or to the first order by 
(pgT % , y, *)pa~ 3 respectively and adding, we see that the normal component 
of the eleotno force vanishes just inside the surface, no that the surface 
density is given oorreotly by the expression for <r+<r' 

I think that the analysis given in Notes 3 and 4 proves definitely that 
die differences between the results obtained by Walker on the one hand, and 
by Lorentz and myself on the other, cannot be attributed to the use of the 
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quaei-ntationary assumption or of the energy method by Lorents, neither of 
which is used by myself, but are due to the differences iu the fundamental 
assumptions made by us, both as to the constitution of the electron and as to 
the character of its motion In view of these results, it seems to me that 
the two electron models ought to be regarded as essentially distinct, and that 
the relative merits of the two sets of mass formulae should be assessed in the 
light of their agreement with the results of experiment and of their adapt¬ 
ability to the purposes of theory 


On an Expansion of the Point-Potential. 

By Arthur W Conway, F R.S 

(Received February 11, 1918) 

Introduction 

By point-potential in this paper is meant the potential scalar or vector 
of a point-charge whioh is moving m any manner without any restnotian 
except that the speed is less tlian that of light Its general form u 
/( T )/ r (l— C -1 3r/3r), wheie r is the distance of the point-charge at a time t 
from the field-point, C the speed of light, and/(T) an arbitrary function of r, 
r being given by the equation 0 (<—t) = r The solution for uniform 
reotihnear motion of the point-charge was given by Sir J J. Thomson* and 
Heaviside f The solution for a general motion of the point-charge was given 
by Li4nard£ and Wiechert § A method of deducing the result by complex 
integration was given by the writer,|| and this method is the basis of the 
present paper The subsequent literature is extensive and falls, for the most 
part, under two heads First, oaloulationa of electromagnetic inertia include, 
for uniform motion, many papers by Heaviside, Searle, Morton, Abraham and 
others For variable motion a typical paper is Sominerield.f A Lagrangian 
expansion appears to have been given first by Herglotz,** by Schott,ff and 

* ‘ Phil MagApril 1881 

+ ‘Phil Mag,'April, 1889. 

t ‘L'&lairage £lectnqua,’ 1898. 

$ 1 Archive* N6erlandaiMs,’190Q, p 549 

II ‘ Proc Loudon Math. Hoc,’ Serie* 8, vol 1. 

* ' CKrtt Nach1904, pp 107-110 
** ‘ GOtt Nash.,' 1903, p 856 

ft ‘Ann A Phyrik/ vol 95, p. 69 (1906). 
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in two papers by the author* The seoond head contains calculations of 
the radiation and of the forces at a considerable distanoe from the origin 
Many results were given by Heaviside, principally m letters to * Nature' His 
work appears to have escaped notice by most wnters on the subject Radiation 
from circular and elliptic orbits was given by him m * Nature/ October 30 
and Novembei 16,1908 Similai subjects were treated by Schott f Reference 
should be made for fuller treatment to Vol III of Heaviside's 1 Electromagnetic 
Papers/ and to Schott's 1 Electromagnetic Radiation ’ The latter work 
contains many references to this part of the subject 

In this paper a new type of expansion is studied Let O lie any ongiu 
of axes having fixed directions m Hpace, and let E be the position ot 
the point-charge, P being the field-point Then the point-potential ik 
expanded in a senes SY^U*, when* Y„ is a spherical harmonic of the 
angles made by OP with the axes and U„ is a function depending on 
the positions of () and E and the distanoe OP It is thus analogous 
to the well-known harmonic expansions of r~ l oi of the more general 
potential e“* r r “ 1 It is, howevci, of a more general type, tor the origin 
is unrestricted as to its motion, it may be at rest or it may move with 
the point-charge or m any other manner whatever As, m addition, the 
point-charge is unrestricted in motion except that its speed is less than that 
oi light, it is clear that the investigation ot the functions U w is a very wide 
one In this papei the convergence of the series is investigated and methods 
given for calculating them As an example a foimal solution of the problem 
of the motion of a pomt-chaige outside a fixed spherical conductor is given 
In the last sectiou the connection with the Lagrangian expansion is given 

The Point-Potentials 

The electric force (X, Y, Z) and the magnetic force («, ft 7 ) are given m 
terms of 4 scalai potential and a vector potential (F, G, H) by means of 
the equations 

(X, Y, Z) = -(3/a®, B/dy, 3/a*) *-(r' (F, G, U), 

(«. fit 7 ) * cur l (F. G, H) 

Let *,(«), y,(t), s,(t), be the co-ordinates of the pomt-oharge at the tune t 
The equation in u 

0•(<-«)* * {*-«,(«)}*+ {y-y ,(«)}*+{*—*.(«)}* 
has one and only one real root lying between 0 and t, provided that the velocity 

* ‘Preo. Boy Irish Academy,’ vol*. 87 and 28, the formei paper being read November SO, 
1807 

t 1 Ann. d Phyeik,' vol 84, p 887 (1907). 
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of the point-charge is less than C, the velocity of radiation, and dial 
0V>{«—a*(0)}*+ {y-y^0)} # + {z— ay(0)}* We shall oall this zero r. 

The complex integral 

taken round a closed contour which contains only one zero, t, of the 
denominator and no pole of the numerator is a solution of the equation 
7 *—= 0 The functions F, G, H are then obtained by putting, 
respectively, %eQir~ l t «y/(»)ar" l # wz/CmJtt - 1 instead of f(u) where 

? is the charge associated with the pomt-charge. The proofs of these 
statements will be found m the paper by the author.* 

The Harmonic Expansion 

If the position of the origin instead of being fixed has for co-ordinates 
jtft), yo(0» *o(0> the typical potential ¥ now becomes 

J f(u)du 

Writing ( — p sin e cos w =s x, (u )—(<), 

V — P sin esm <u = y, (u)—y 0 (t), 

K—p oos e as a, («)—*o (0» 

p = oos ^ = oosdcos e+sin 0sm e cos(^>—<o), (1) 

where (r, 0, <f>), are the polar co-ordinates of the field-point P referred to axes 
through the new origin having fixed directions, 

v — {C*($— uf—pP—r*}/2rp, 

we get V = lf(u)du/2rp(v+p) (2) 

Whenever we wish to put in evidence the dependence of £, v, £ p, etc, on the 
variable u we can wnte them £(«), {(«), p(u), etc 

We shall now consider the real zeros of the four functioned—«)±r±p(w). 
We first distinguish between two oases. If we conceive a sphere drawn 
with its centre at the origin at time t and radius equal to the distance from 
this point to the position of the pomt-oharge at time t, the field-point P may 
be outside or mnde this sphere The former case will be called the external 
case and the latter the internal ease We shall always suppose that the 
sphere of radius r, the centre being the origin at time t, it completely inside 
the sphere of radius CM having its centre at the initial position of the point- 
charge This condition makes C*±r±p(0) positive. 

The differential coefficients, —C±p'(u), are negative, lor p'(u), the velocity 

* ‘Proc. London Hath Boo.,’ Senas S, vol. I. 
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of the point-charge resolved along p, is less than G The four functions thus 
are all positive when u = 0, and go on decreasing as u increases. They each 
therefore possess a unique zero for the range of positive values of » Taking 
them in turn we hnd that . 

C (t—u)—r—p is negative when u = t and hence possesses a real zero ti 
between 0 and t 

0(<—«)—r + p is negative when u—t provided that r > p(t), t.e , the external 
case, and hence possesses in this case a real zero tj between 0 and t In 
the internal case its zero r 3 > t 

0 (t—u)+r—p is negative when u — t provided that r < p(t), and henoe 
has a zero t 3 m this case (the mternal) between 0 and f In the external 
case the zero r 8 is greater than t 

C(t—u)+r+p has no zero lying betweeu 0 and t 

The zero r is the zero of 

' 2rp(y+p) = €*(<—«)*—r*—p*+2rp cos^ 

E C a (t — nY—(r+pY+4rp cos* $ £ 

E (? (t—uy—(r—pf—4rp Bin* fa 

From these identities we see that r» (or t 3 ) > r > n, and that v—1 is zero 
whenu = n and is negative between ti and t» (or tj), and also that v+1 is 
positive in the same range and zero where u — 7 3 (or r») 

The seneB Si = 2 (—)“ (2« +1) P* (p) Q„ (v) is known to be absolutely and 
o 

uniformly convergent on the following conditions if we represent p And v as 
points m a plane of complex variables then the point v must lie outside the 
ellipse having the points +1 and —1 as foci, and passing through the point 
I* Q«(v) * JP.(v) log (i/+l)/(*-l) + Z,(v), where Z,(v> is a senes of 
positive integral powers of v Q a (r) has thus two loganthmic poles at — 1, 
or «»t» (or rj), and v = 1 or w = r t If 1 *p * — 1 the senes Si is con¬ 
vergent provided that v is complex This will be the oase if u is complex 
Thus we have 

2 ( -)" (2«+1) J P. 0*) Q» (*0/(«) du/2rp 

convergent under these circumstance, the integral being taken around the 
poles ri and r 8 (or ts), and the contour containing no other poles of the 
integrand. If m particular we put p = 1/^/2 we have the senes 

S, - %(— )P(2»+1)J P„ (l/v^2) Qr (v)f(u)du/2rp 
convergent. Converting this to a real integral taken from u « ti to it as t* 
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for the external case (the reasoning for the internal case will be exactly 
similar) we get 

0 Jr, 

Since Sj is absolutely convergent we have 

7T 5 <2« +1) I pP. (1 /v/2) P„ du/2rp , 

« I Jr, 

the sum of the moduli, convergent 

We now consider the case in which p. is, as is generally the case, a funotion 
of v and let uh consider the Benes 

»*=-«£(-)" (2« +1) P. (ji) P„ (v)/(u) dv/2rp 

*> Jr, 

= -wt £( - r(2n+1)£ p » < V\/2)/(*W2»d, 

| S, Is IT £ (9 k +1) £ | I I p - (1 / v/2)./W«/2rp | 

We have the kuown result that, for large values of n, P* (ji) tends to the 
value x /(2/mrginx) eos[(«+ })d—Jw] and thus 

P.(M> 1 

P„(l/v/2) v /(2ain^irsinxi) 

sxu xi is the least value of sin x inside the range, it being supposed that \ w 
not near 0 oi ir Comparing with S a , we thus see that S 8 is absolutely 
convergent Fiom this fact, together with the identity 

S(-)»(2m+l)P w ( > t)P,(v) 

U 

We get finally 

¥ 5 |/(w)d«/2rp(v+M) * 5(-y , (2»+l)JP«(M)P,(»')/(»)<ftt/2rp 

♦ 

Since fi = cos x — cos d cos e+Bind sine cos (^—o») we obtam the expan¬ 
sion of ¥ m spheucal harmonics as follows 

jf(u)dul2r P (v+ri = £ (—)»(2n +1) P* (cos d) A„ 

+ 2 £ (—V (2n+1) 2 P„*(oosd)ooe 

+£ "£"(—)«(2n +1)2 (coed) sin (S) 

0 m.l (* + »)' 
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on making-use of the identity 
P. (p) = P. (cob 6) P„ (oos e) 

+ 2 ll] (Sf! P »" t 008 V ~<"* •)*»»{+—), 

the coefficients being given by the expressions 

An = J P. (cos e) Qn (v)/(u) dnfirp, 

B„ m = | P*,” (oos e) cos mm i) n (v)f(u) dv/2rp f 

C w m = J P» m (cos e) sin mm Q„ (v)f(u) dn/2rp (4) 

The proof of convergence breaks down if at any point of the Tange of 
integration siu^ = 0 or is small I^et () be the origin at the time /, Ei 
and Eg the positions of the point-charge for u — tj and u = r% respectively, 
and E any position oi the point-charge for a value of tt lying between 
ti and Tg, P being the field-point The angle x M l'* 1611 the angle between 
OP and OE It is zero if 0, P, and E arc colhneai The cone formed by 
the lines OE lying between OEi and OEg will meet the sphere of radius i 
and centre 0 in two curves, and the expansion (3) has been proved con¬ 
vergent for all points ot this sphere except near these curves Rut the 
function provided that /(«) is finite lietween r x and T a , is finite and 

continuous over this sphere Hence it possesses a harmonic expansion 
convergent everywhere on the sphere, which must, from the unique propeity 
of such expansions, be coincident with (3) Hence (3) is everywhere 
convergent, the conditions being that the velocity of the pomt-charge is less 
than C, and that the sphere of radius C t having its centre at the initial 
position-of the point-charge encloses completely the sphere having 0 as centre 
and OP as radius All the above results bold also for the mternal expansion 
It is possible to differentiate the expression 'P any number of times 
with respect to a * % y, z and t, and still leave the expansion in the same 
harmonics. This property will be of use to us. This is effected as follows 
The result of putting x+dx for x in ¥ is the same as £—dx for £ Thus 

^ b —2 (—)"(2 n+3) Pn(oos tf)^~ + etc, (5) 

where means J ^ P. (oos «) Q„ (i »)/ (u)/2rp , etc 

Again if t becomes t+dt the co-ordinates x, y, t, £, % fc become x—d^dt, 
y—fodt, z—iodt, f— ibodt, r)—y<t dt, i 0 dt , and thus these co-ordinates may 
be treated as constants and 

= 2(—)*(2n + l)P,(oos 0)^S+eto 


(5) 
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. fiA, 
where means 


P, cos e Q,(r)/(«)/2rp, eta., the differentiation referring 

• . t f /j A* * iA.. 


only to where t ooours explicitly, i.e in v = {C* (<—u)*—r*—p*}/2rp 


Methods of Calculating the Coefficients 
It will be noticed that the functions A., B», C, are all of the one type 
I = lf(u)Q*(v)du/2rp 

for the quantities e and ay are functions of u Three methods have been 
found for calculating the coefficients. 

First Method .—If we put A s= C{t—u)—r we have 

g.(v) = iP.(v)iog^±£+z.(v) 

where tj is a root of \+/> = 0 and tj ib a root of X —p = 0 
being any quantities, we have the identity 

a" / 8 \*1 a _«i. W\ 


a, b, and c 


therefore 


and 


5sSvtsT: - l M i= a £ ) 


(9) 


2*n 


has no pole, logarithmic or otherwise, inside the oontour of integration 
Hence we have 


2"n! 


(M 1 ,oe <*> *> <io> 

<u> 


For the mterasll case, making use of the identity (9) and putting 
Ai = C (t—u)+r we get 


where t a is any convenient lower limit which does not involve r. 

Second Method .—Under the conditions laid down in § 3, the zeros n and r» 
(in the external case) are unique, and are thus given by Lagrange’s 
expansion In other words, a oontour enclosing the points n and r* sad 
no other zero of the functions \±p, can be drawn m the u-plane, auoh that 
on it | p | < | X | We have, therefore, 
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la this expansion it is only negative powers of X that will contribute to 
the integral and these terms are 


2*»i: 




r 7(2s+l)(2«+3)...(2»+2*+l)X* +1 
Performing the integration with respect to « we get 

a 


"IS - 

C \rSr) r 1 




3 5 (2*+l)l 

where, m the square bracket, u = t—rj C 
Defining the functions of Bessel type E„ (z) and S* (z) in the following 
manner 


and 






a \* smh * 




2* l+ * 

-1-f. 

2(2»+3) 


}■ 


t 1.8 .(2»+l) 

and denoting by p the operation 3/3« followed by putting u = t , then we 
have the following symbolical form 

I = (_ )-« C-» P E, ( -pr/G) 8, (pp/C)f(u) (13) 

In like manner for the internal case we get 

I = (-y'mC-*pK H (-pp/C)S n (prfC)f(u) (14) 

Third Method —Taking a fixed origin so that x^u) = it) = zrfu) = 0, we 
may now put in the preceding expression (13) u = t and p =3/3 1 In the 
case of penodio motion we may require to separate the coefficients into their 
different penodio parts. This can be effected as follows 

S.(pp/C) = ij + 'e-^P.(0«« 

e~PUO '/(«) = 2 Ae* (1 > l > -1) 

we get I = (-)"JwtC-*2(»i!:)E 11 (-»AT/C)««*‘J + A*P B (f)««, (15) 

where the summation extends to the coefficients A 
For the internal case we can m like manner make use of the theorem 

E»(-^/C)= JV^P.(/)d/, 

provided that e-&i° = S A****, (oo > l > 1) This is only possible if through* 
out the motion p > r 
la the oontrary case we can write 

C) - R»(—Pf»/C)+ j‘«-^P.(f)df (1«) 


We have 
If 
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* 

The second term can be treated as m(16) The term Bn (—pp/G) will oon- 
turn only negative powers of p and must be treated differently The expansion 
can be made from the formula P«(3/3tt)a~ l « Bn(0 


Examples of Expan&um of the Point-Potential 
We shall hei e, for brevity, give examples of the potentials only Examples 
of calculating the forceB will be given latei 

1 Let the pomfc-charge have a uniform velocity along the 3-axis and let 
the origin be taken at the point-charge. There is thus in this case no internal 
expansion Then 

®o (0 = *(0 = Vq (0 = y .(0 = 0, zq (t) = (0 *= ot t 


We have 


> * f = *0(w)-~ZQ(t) = V(V-t), f SB 1/ = 0 


from (3), (4), and (II) 

The integral becomes on introducing a variable 


tea (C (t—u)—r}/v(t—u), 


i( —)"j* (1 —w*y(('/t >—— (—y t 2^i*~ l i>~ x Q n (Cfv), 


and thus 


a result which can be verified by expanding the known explicit value of yfr 
for this case, «{(1—v*/C*) (a?+y*)+«*}“* 

2 In the same case let the origin be fixed Then 

*#(0 * yo(0 * *6(0 * ®.(0 * y.(0 = o, p = w 

On tntroduouig a variable w = (r—C(<— v)}jvu we get the integral 


X,*)* dn/2rp*+ l 


2f t v~ l r~ l (Ct—r'fQ m (C/v) 


Using the formula 



(Of-rV 

r 



we get t = Oei-V 1 2 (2n+1) P„(cos 6 ) P. (Cf/r)Q.(C/e). (18) 

For the internal case it is most inconvenient to use the symbolical formula 
(15) We have to evaluate 


ir * -«C“ l 2 (2n+1)pK, (-pp/C) S» (prf C) P, (cos 6). (18) 
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We get, on expansion, 

- C" ( -pp/C) S, (pr/O) 

=_£_ri+._J 

13 6 2ft + lL 2(2» 


=_£_fi +_1_ tll+ _1_££+ I 

1 3 6 2tt + lL 2(2» + 3) C* 2 4 (2n+3)(2»+5) G* J 

xf 1 3 (2/i l 1) I 1 — — _- P 8 | _ P* _ \ 

L 1 ’ lp" + ' 2 >(2n—1) 0*p B “ 1 * • (2«—1)(2n —3)CV“* "J 

(-y f pV , 1 ■ 1 I 

1 3 6 (2« + l)\ O fc 2 (2 m+»)’ C fc+ * 'J I 

Since p = /;i< we have //V" =s 0 if m > /< and 

(n~l) _ —l)p"^ i ’ l >l’* 1 

rs (w + — 1) (ti — 2)p~ { * +l ht 

Thus the second square bracket yields 

„-(*+» I 1— H(n-l) r* |_ p - t .+i)- *1 -£p /9\ 

P I 2;(2*-l)U a 1 9 H5 (2n — 1)C* H \vj 

and the hnal lesull becomes 

_£i_££p„/2)jj + _ l _ t p £‘+ Ip-e+u 

l 3 5 ,(2« — 1) 0» •'*/ l 2 (2n+t) C* J p 

-c »' / c \//j_\ ,,+ ' + ( w +i)( n + 2 )/j_Y + *4. \ 

rrlH (2w—1) "Wl'C t> 2(2m+3) \C tj J 


rv 1*5 (2ro—1) \?;/ 

-< 2 . + i,£p.(?)«.(2), 


no that 


* = Of! >tT> 2 (2n+1) P B (cos<?)Q,(C</r) P„(0/e) (20) 

o 


Companng with (18) we notice that when r is- vl the two expressions are, as 
they ought to be, equal 

3 In the case of simple harmonic rectilinear motion let us take 
■*#(<) * yo(t) « a#(0 = 4,(0 = y,(t) - 0, *«(<) = p (0 = asm to 

Making use of the equations 


we get 


1 = S H (x\ 

J-i -» 

S ,(pa sinA tmC - 1 ) = £ '“‘"if •!* (skapC~ x ) P. (p)dp 
»* — • J —1 

—pO~‘E*( —p C' l )S .(pa sin kuQ~ l ), 

= -»s*C-*'V t ««»E.(-wto*0- l H f +, J.(«to^O-»)P.0»)rfM. 

J-I 
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and the Bcalar potential ^r 

= -tske C" 1 2*(2« + l)e“»*E 1 .(-Mfe‘C- 1 )P 1 .(eoBfl) 

It « 0 « «■ • jp 

x £ J + J. («fa* M C-») P.(a*) <*/*, (22) 

which can thus easily be written down m a senes consisting of sin skt and oos skt 

The vector-potential can, in like manner, be calculated by operating with 
(21) on p\u)fC , i e , — ka cos Aw/C or what is more convenient —AaC" 1 ^ 1 **, and 
taking the real part. We get that H is the real part of 

weoA^C-* (2n + 1) (—«Ar C~ J ) P*(cos 8) 

i ■ —* 

xif + J,- 1 (afe* M O- 1 )P 1 .0»)<fw. 

The field at a great distance from the origin has been calculated by Schott* 
When r is great — MArC -1 E»(—wArC -1 ) becomes t~ uirC ~' and thus we get 

= £ + 2 ooasA(f—rC*' l )(2«.+l)P,(cos<?) 

xiJJ f (afa^O-»)P B 0*)^* 

= S cos«A(<~rC _1 ) J,(*Aa./*C -1 ), (28) 

and H= oossA^-rC- 1 ) J.^mC" 1 ) (24) 

^ IK -IO 

These expressions agree with Schott’s results 

For the internal case the motion is not periodic and we oannot expand it 
m the same form Thus we oannot expand £.( —pa sin kuC~ l ) m a senes of 
penodio time terms In a slightly different case £(w) = p(u) m a+6 sin Aw we 
can get a penodio time-expansion if r<a—6 We easily get, in foot, for this 
case 

—pC -, E„ {p («*+6 sin Aw) C” 1 } 

= mAC- 1 *-* Pp. W r—^ £ 3,(-pMcG-')dp. 

Ji -• 

4 For the case of uniform mroular motion m which for the sake of 
generality we take the ongin on the axis of the circular orbit, pat 
f * a sm e cos flu, t] m a sine sm Ilf, f ® a cose, so that pm a and 
008 X *n 008 0 cos e+sin $ sin «00S (4>—Ht). 

Wntrng 

* = *S(2»+1) P,(oos6)A a +«S2(2ft+l)P."(cos0) 

x(B„*ooem^+C,*sinm4), 

* 1 Electromagnetic Radiation,’ p. 190 
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then 

A„ m —pG~ i 'E„ (-prC-') S. (paC~ l ) P. (e<« e) = P.(ooa e) 

and 

(26) 

= ^~ll(-»uftC- 1 )E.(-mnIi( , -»)6.(»»«inC- 1 ) P„* (cob «)«"•«« 

For the internal case we interchange the letters a and r m the above 
equations 

5 We can employ our foimulee to verify the remarkable expression 
obtained by Schott* for the potential of a polypenodic motion at a distant 
point At a great distance —pC 1 E* (—prC - * 1 ) becomes ?p-p**" 1 and thus 


yjt = ei~ x 2 (2 n + 1) S B (ppG~ l ) P w (cos %) = r~ r p-P 1 ^' 

If p cos x = 2 ^ sin (12, + «,), 

then epo-'p cc *x = 2 ,T,(—ta^pC" 1 ) 2 JV( —uvpC* 1 ) 
where 12 = *f2, + s'ft* + ami a = s«,+ #'<*, + 

and so the result follows at once 

6 As an example of aperiodic motion consider the rectilinear case £ «= 0 # 
^ = 0, £ ss Am* We have 

* = cS(27i+l)(-)*/"^)‘c-' wC -V->S.( ?> fU-»)P.(co8tf) 


The coefficient of (2»+1) P, (cos 0) 


m ' mm ' 1 *\r5r) 1 3. (2m + 1).~o2 4 2 m (2a+3) ,(2»+2* 


(2n-f 1) i»*o 2 4 2m (2a+3) .(2»+2m+l) 


where 

In* 

We have 

r" (- 

Vr 


3 (2« + 1 I m m 0 

_ (» + 2w) a I C-fr***)* _ 

2 4 2m (2w+3) (2n+2m+l) (»+ 2/w) ’ 


m which if «— a is negative, the Legendre function is defined as follows 
(Hobeon), 

r.-*w - ” +1 ' 1+ "> -«-l» 

( 

> 


2 u 


VOL. XOIV—A 


* ‘ Eteetromagnetic Radiation,' p. 114 
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and so the coefficient becomes, 

(-)* "s" (n + 2m)s\ 

13 (2n+l)*t 0 2 4 2w 2»~+3 (2w + »,i + l“) 

A similar expansion can be found for the internal case 
7. Let an electrified sphere move without rotation m any manner, and let 
us take the origin at the centre. Put £ = (n)— jr£t) 

£ as where x* and s, are the co-ordinates of the centre of the 

sphere Let the co-ordinates of any point on the sphere (of radius a) be 
$>; Vo, £), and let the surface density be given by the solid harmonic Yj(£o>4o>£q) 
The potential of the sphere at an external point is given by 

V m JrfSo' Y,(£ 0 , Vo, to) 

where ifr is the potential of unit charge at the centre of the sphere Per¬ 
forming the surface integration, and noticing that by (5) we have 
&/d?+9fk,'+?fdp - V* = p'C~*, we get 

V = 4M*R,(jMrO- 1 )Y«(B/af v a/a* d/dr,)^ 

We have by a well known theorem of Hobson that, if / (p) is a function 
of P, Y.(3/3£ 3/3,, a/3?)/(p)=* Y.(£ ,, t)p*(3/p3^/( p ), 
and therefore ^ = 4wa*S, ( paC' 1 ) (j>‘ (d/pdp? yjt Y, (£ ,, f) 

For instanoe the ooeffioient of (2n+l)P.(coa 0) is 

4«t*8,(paC->){ —pC~ l En( —prC ' 1 )} P ‘J 8 n (ppC-')Y,(t 0 

Inside the Bphere the soalar potential is 

4wa’&(-j»Cr 1 )T.(d/ar, 3/3,, 3/30* 
where * = —pC _l S(2»+1) S, (pr/O) S, (/>/>/ C) P„ (ooe %) 

In like manner the soalar potential of a solid sphere of uniform density 
and unit charge is, for outside points 3 Sx(jm»/ 0)* and for inside points 
3 (r»/«») Sx (prfC) ++3 (r»/«») Ex ( -pr/C) *-3B, ( -yw/C) *. 

The Polar Components of the Fortes 

Taking a fixed origin so tliat u = t, p = 3/3 1, and (£,,, 0 and (p,«, •) are 
now respectively the Cartesian and polar co-ordinates of the point-chaige at 
the time t We have then for the external case 

^ sc —eC _l 2(2n+l)pE«( -pr/ C)S. (pp/C) P,(ooeX), 

0 

F sc —eC“* 2 (2n+l)pE«(—pr/C)8,(pp/C)P,(coex)£ etc 
0 

For the internal oase we interchange r and p. 
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la the solution of spherical boundary problems the forces resulting from 
the above potentials must be put into the well known forms of two types 
analogous to those used in discussing the vibrations of a sphere and allied 
problems 0 In our notation the forces are the real parts of the following, 
the directions being dr, i'd$ % r sin 0d$ 

Type I 

Electric Force 


8Y £ - ~^ <V (27) 

i dfi rdr sin fkfy rdr 

Magnetic Force 


Type II 
Electno Force 




p i ay 


»• -rv h w v -''' m 

Magnetic Force 

d -^ i v, <^o> 

r da rdr sin 0d6 ?dr 


where Y,“ denotes 2 (‘2n +1) ^P*” (a) e xm +, when m is not zero and Y,' 

(» + «)» 


or Y* denotes (2»+ l)P n m (p), E« is E»(—/v/C). The functions G,* IV* are 
arbitrary functions of t, and might be termed the characteristic functions of 
these solutions For the internal case we interchange r and p 
After some reduction we find for the external case of motion of a point- 
charge, the normal electric force 


-V O’ 1 2 fr+iMfo+l? P„(co8 X )E,< -pr/C){a K ( PP /V)+fiC-' 8 m+i (pp/C)} 

V 


+<&-* X &±ll£ K(-p^/C) S,(pp/C)i P.(coe x ) (31) 

and for the normal magnetic lorce 

-epC"* t 1 )P E n (-pr/C)S n (pp/C) 

{-wsin«|+i 5 ^ gs ].P.(ooi X ), (32) 

where, since coe x m ooa0oofle+8in0sinfOOB($—»), (2n+l)P„(oos x ) is 
the real part of Y«P„(oo8e)+2 Y^P,,"(cos*)«-*"• 

By oompanson with the expressions (27) to (30) we can at once infer that 
the moving point-charge is equivalent to a charge e at the origin, together 
* Cf Bateman, ‘Electneel and Optical Wave-Motion,’ Chapter III 
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with two trains of vibrators, the charactenstio functions of which 6 a m , P,*, 
are given by the equations 

(V = _ (S,(^/C)+pU-> S B+lPP /C} IV(cos«=)<—- 

r -' = ~ J^fT )" s *<w/«) ' ™ * i +e 55is} 1 ’’' (0 “ e) ''“ 

(.14) 

For the internal case we hnd 

GV = }I‘-“(ooB€)e-—, 

+ ^TT)(35) 

- -{——s + *^ac} p -"«—>*— 

(3«) 

As an example, let us take a point-charge moving in a general manner 
outside a perfect spherical conductor, and let G*"» IV", denote the functions 
(35) and (36), and let the effect of the sphere be represented by the 
characteristic functions I**, A* m of first and second types respectively as 
given by (27) and. (28) The boundaiy condition is that the resultant 
tangential electno foroe vanishes Hence it follows that when r as a 

~ {rE.(-pr/C)}I«*+£{r8 m (j*/0)}Q m " = 0 


and E* (-pr/C) A,” + S*(pv /0) IV = 0, 

and thus symbolically 



1 (aSa(pa/C)} 

LV m --f- - G." 

£{«E.(-pa/C))} 

(37) 

and 

a *n — S.QWC) r . 

- u-Aic) r “ 

(38) 


If we take the case of uniform motion in a straight line f * 0, ij ** Q, 
p s £ ss vt. We have for this case G„* = 0, and IV as 0 unless when «t la 
aero 
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^ ^ {-PPtC)+pC- l K,-i(-pp/C)} 
To calculate the numerator of (37) we find that 


and 



S„(jw/ 0) cr(-+D/(»+D- 


a 


L» = 



^Q.(Ct/«) 


We can put this symbolical expression into the form of a definite integral by 
the aid of the equation 


QnW= r 

Jo 


-**S H (Jl)iM 


and we get 


Ln = r(^-l) P/ (-) j- f - S ” - ( - ) 


In the case of periodic motion the symbolical expiessions (37) and (38) 
can be easily evaluated Take the case of a circular orbit, p and e being 
oonstants, and to = Sit We get in this case 


J.(«E.<-WO| "<" + 1 > 

*•' - -*Et^)<rffl E - < - w/0) “ n 'l 

where * —mill 


Connection with the Lagrangmn Expansion 

If R a (u) =s {*—«,(«)}*+{y—^,(w)} 3 + {a—«*(«)*}, then the zeros of R(tt), 
regarded as a function of u, ate even in number, and all imaginary We oau 
then oonstruot a two-sheeted Riemann surface, having connections along the 
lines joining pairs of these zeros such that no connection meets the real axis 
between 0 and t. The equation 0*(<— vf as R*(«) has one real root v 
between 0 and t. It is a zero of 0(<—«)—R(«), but not of C(t —«)+R(«) 
Let t be situated in the upper sheet of the Riemann surface Taking a 
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m 

closed coutour in this sheet, enclosing t end no other zero, we have, 
integrating about this contour, 

¥ = J/ («)<*«/{ C» (<-«)»-- R* (w)) 

= J/(m) duf 2R («) {C (f - u) -R (u) } - J/< w) du/2R («) {C(<-it)+R(«)} 
= $f(u)du/2R(u){G(t—n)— R(m)} 

which ib the Lflgrangian Expansion 

This expression may be written symbolically — ~ - where p = dfdt 

v K (f) 

This symbolical expression has been termed the Pan-potential by Heaviside * 
We can pass from this expression to the Harmonic Expansion as follows 
We have 

R*(0 = S[r— {x,(l )—*»(«)}] = i s> +p a —2rp(mx, 
where i a = 2 {*— 

p* = S 

and coax — S{a,—{*,(0—r 0 («)}/rp 

and u ib any variable We have then 

,-pHW/O p-v< ra+p- 1 »r p<! o.*)4/C 

R(0 (r 1 +p a —2rp cos x)* 

= —pC~ l 2(2w+l) K*( —pr/ C) S, (jpp/C) P, (cos y) 

As thiB senes is identically independent ot u, we may treat u as a constant, 
and, after the differentiations, put u = t 


* ‘Natuie,’January 1 , 1908 . 
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Scattering of Light by Dust- free Air, with Artificial Reproduction 
of the Blue Sky.—Preliminary Note 

By the Hon II. J Strutt, F R S, Professor ot Physics, Imperial College, 

South Kensington 

(Received February 12, 1918 ) 

[Plats 4 ] 

It is now well established* that the luminosity and blue colour of the sky 
on very dear days and at considerable altitudes above the sea-level can 
almost be accounted for by the scattering of light by the moleoules of air, 
without postulating suspended particles of foreign matter, such as were 
thought necessary by the earliei writers 

This conclusion depends on the measured opacity ot the atmosphere, 
deduced from observations such as those of Abbot and Fowlef of the sun’s 
radiation at vanous zenith distances The opacities measured at Mount 
Wilson for different wave-lengths are found to be nearly m agreement with 
what would be expected if scattering by the molecules were alone operative, 
leaving little room for the action of larger particles 

I have not been able to find any reference in the later literature to the 
possibility of observing in the laboratory the scatteung of light by pure air, 
filtered free from dust Tyndall, who devoted more attention to such 
questions than any other experimental of his day, states that nothing of the 
kind can be observed He says “ I, at that time (1872), found that London 
air, which is always thick with motes, and also with matter too fine to be 
described as motes, after it had been filtered by passing through densely 
paoked cotton wool showed, when examined by a • concentrated 

luminous beam, no trace of mechanically suspended matter The particulai 
portion of spaoe occupied by suoh a beam was not to be distinguished from 
adjacent space.” " The purely gaseous portion of our atmosphere was thus 
shown to be incompetent to scatter light,”J and as far as I have been able to 
learn it has generally been supposed, perhaps in view of Tyndall’s statement 
just quoted, that very great thicknesses of air would have to be illuminated 
before the scattered light would be appreciable Certainly suoh was my own 
notion 

* 8 m Lord Rayleigh, * Phil Mag,' vol 47, p. 876 (1899), Schuster, ‘Natuie,’ vol 81, 
p 97 (1909), or Schuster’s * Optica,’ 9ud ad., p 888 (1909). 

♦ 'Annals of the Astrophysics! Observatory of the Smithsonian Institution,' vol 2 , 
1999. 

$ ‘PhilTrans., 1 vol 166, p 87 (1676). 
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I was first led to question this by noticing that the searchlights used for 
anti-aircraft purposes, both m town and country, always exhibit a distinct 
scattering along their track, even on the clearest nightB, and high above the 
ground level When the air is very clear, the track of the beam is 
comparatively faint, and of a bluish colour But it is always perfectly easy 
to see ThiB, though suggestive, does not, of course, definitely prove that the 
observed scattering is independent of dust 
The following simple considerations show, however, that the scattering of 
light by pure air should be within the range of laboratory experiment 
The brightness of the dear sky in sunlight may be estimated at 550,000 
times its value m full moonlight, since that is the comparative photometric 
value of the sun and the moon If, instead of 5 miles “of homogeneous 
atmosphere ” illuminated by the sun, we substitute a layer l/550000th part 
of this, or 0 58 inch thick, the intensity should be equal to that of the 
moonlit sky It is easy to arrange conditions at least as good as this in the 
laboratory, whether sunlight or arc-light is used, and, therefore, the scattered 
light, like the light of the moonlit sky, should be quite bright enough for 
obseivation 

In arranging an experiment for this purpose, the chief essential was to 
avoid as far as possible stray light diffused from the wall of the vessel used,, 
and to observe the beam transversely against the blackest possible 
background 

The source of light was a hand-regulated carbon arc, taking about 
12 amperes A quartz condenser (used on account of its transparency to 
blue and violet light) was adjusted to give a convergent beam This passed 
through a quartz water-cell to take out heat rays, then into the experimental 
vessel The latter was in the form of a cross, constituted of brass tubing 
inch diameter, as shown in the figure (drawn to half size) The interior 
was dead black. The light entered by the quartz window A and passed on 
through the rectangular diaphragm B to the far end, where it was stopped 
by the closed end of the tube The beam was observed through the glass* 
window I) The side piece E constituted a black cave, and the mouth of it 
afforded the neoessary background against which a feeble transverse 
luminosity of the beam would stand out well* In spite of all precautions* 
enough light was diffused by the walls of the tube to enclose this black back¬ 
ground m a luminous ring, which, however, was not bright enough to cause 

* The vessel used by Tyndall—a cylindrical glass tube of 3 indies diameter with the 
beam passing axially along it—would not, I feel sure, give a black enough background 
to make it possible to detect the scattering of dust-free air In saying this it xs not 
intended to depreciate his work, which at the time marked an important advance 
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inconvenience The beam passed diametrically across this luminous ring, 
whioh is seen in all the photographs 

For photography, the lens F, of 6 cm. local length, was arranged to 
form an image on a sensitive plate held in an ordinary camera. For visual 
observation, the plate holder was removed, and the image viewed with an 
eyepiece of S om focal length This moderate magnification was found to be 
of considerable advantage, though, of course, it does not increase the intrinsic 
brightness of the scattered light 



PLATE 

With ordinary untreated air in the apparatus, a very bright traok due to 
scattering by the dust partioles was observed Passing a current of air dried 
by phosphorus pentoxide, and filtered by cotton wool, the dust particles 
became fewer It took a little time to get rid of them, because the Bhape of 
the vessel was unfavourable for a wash through of air After a few minutes, 
however, the dust particles beoame so scarce that they could only be seen 
occasionally orosswg the traok, and they soon vanished entirely 
At this stage there was a blue traok along the beam, whioh, though much 
fainter than the original dusty track, urns viable without difficulty when the 
▼ 01 * xoiv.—a. 2 x 
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eyes had been rested m the dark. It was much bluer than the original duet 
track, which latter was about the same colour as the arc, and elan much 
bluer than the ring of light scattered by the walls of the ▼essel, which has 
been mentioned above This faint blue track could be well photographed 
in 1 minute on a rapid plate with aperture about // 2* Photograph No. 1 
(Plate 4) was taken on an ordinary plate, using a filter transparent only to 
the ultra-violet (mtrosodimethylamline with cobalt glass) No 2 was taken 
with an isochromatic plate and yellow screen It will be observed how much 
stronger the image is relative to the walls of the vessel in the former case 
This pair of photographs shows objectively what was seen visually in the 
blue colour of the beam contrasting with the yellow colour of the surrounding 
ring of light due to the vessel 

At this point it is important to concentrate attention on the question of 
whethei dust had really been got rid of, and whether the effects described 
were not feally due to very fine dust Special attention was paid to this 
question 

In the first plaoe, no loss of brightness m the scattered light could be 
observed when the air was more elaborately filtered A tube 2 inches wide 
and 4 feet long, tightly packed with cotton-wool, was used But this gave 
exactly the same result as a much smaller and shorter filtering tube. It 
made no difference whether the air current was slow or fast, nor did passage 
of the current of filtered air for several hours induce any further change 
The ail current was driven by pressure, not by suction 

If there was any slight leak m the apparatus, filtered air may have passed 
out, but duBty air could not pass in It did not matter whether the air was 
dried or not As an additional precaution to remove duet, Aitken's method 
was resorted to The experimental vessel above desonbed containing filtered 
air, with some water on the bottom, was connected with a gasholder, also 
containing filtered air under a pressure of 15 inches of water The connec¬ 
tion was closed, and the experimental vessel opened for a moment to the 
atmosphere At first, a somewhat sparse olond was observed when this was 
done, showing that some dust particles had escaped the filter, or had lurked 
m one of the blind alleys of the apparatus After repeated expansion the 
water drops viBible in the beam were reduoed to a very small number, five or 
ten, and, finally, they were got rid of altogether But this additional purifi¬ 
cation was not observed to reduce the scattered light 

When the vessel was exhausted, the blue track disappeared, nothing 

* The aberrations of a single lens working at that aperture are great, but the images 
were good enough for the present purpose 
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remaimug except the above-mentioned ring of light diffused by the vessel 
Be-admitting filtered air, the blue track re-appeared exactly as before 

These various tests and precautions seem to prove beyond doubt that the 
observed scattering was not due to dust surviving imperfect filtration, or to 
any false light, but that it is a property of pure air Its intensity is of the 
order of magnitude to be expected # 

The bare possibility remained, however, that what had been observed was 
a fluorescence of the air rather than the anticipated scattering The most 
direct test of this would be a spectroscopic examination of the scattered 
light, and a two hours' exposure brought out faintly the great cyanogen band 
at X 388, which is photographically the most conspicuous feature of the 
carbon arc spectrum 

It was not convenient to give longer exposures with the carbon arc, which 
requires constant attention, and a special arrangement was set up, using a 
powerful quartz-mercury lamp made by the Westinghouse-Cooper-Hewitt 
Company The beam from the Lamp broadside on was concentrated to a 
quartz condenser, which latter was set air-tight in the entrance # to a special 
chamber made of cardboard, and m essential design similar to the much 
smaller brass apparatus of the figure The cardboard vessel was made as 
dust-proof as possible, and Tyndall's devioe of oovenng the bottom with 
glycerine served in the course of a day or two to catch and remove the 
dust The spectrograph was connected air-tight to the vessel, without any 
intervening window, and it was pointed to the focus with its collimator tube 
parallel to the length of the lamp, and therefore looking through the greatest 
depth of luminous an In three days’ exposure the photograph No^ 8, 
Plate 4, was obtained The spectrum below, No 4, is that of the lamp itself, 
with the exposure adjusted to give about the same intensity m the middle of 
the speotinm It will be notioed that the upper spectrum shows no signs of 
any constituent except the known mercury lines Thus the lateral emission 
is scattered light, not fluorescent light Secondly, it will be seen how fai the 
intensity of the spectrum is shifted to the ultra-violet The visual lines of 
the lamp do not appear in the upper photograph at all, and the far ultra¬ 
violet lines are absent from the lower one f This effect is of the same type 
as the blue colour of the sky, and is fully accounted for by the accepted 
theory 

Returning to the experiments with the carbon arc, the scattered beam m 
oxygen was indistinguishable m colour and intensity from that m air This 

* I have further evidence that dust has nothing to do with the observed effects, but 
thb will beet be given with the quantitative measurement to be published later 

* They would of oourse come out with longer exposure 
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circumstance alone is almost enough to show that the light is nut fluorescent 
The same colour was obtained from carbon dioxide, but the intensity was 
greater, perhaps double In hydrogen the Mattered light was much famtei 
and difficult to see distinctly, unless the eye was very well Mated in the 
dark beforehand Photographically, it came out plainly with five minutes’ 
exposure, and the intensity was not apparently inconsistent with a value 
i that for air 

Finally, the test of polarisation has been applied, both visually and photo* 
graphically Visual examination with a Nicol showed that the beam was 
invisible when the prism was held with its short diagonal horizontal Thns 
the vibrations were transverse to the direction of propagation, as in all ooms 
of scattering by particles small compared with the wave-length For 
photography, a double image prism was mounted over the photographic lens 
The result is shown in photograph No 5, Plate 4 The approximately com¬ 
plete extinction of the beam in the lower image will be noticed Hus is the 
image m which the vibrations (if any) would be parallel to the length of the 
beam 

The intensity of the beam should not be compared with that of the nag of 
light scattered by the walls of the vessel, which is itself partly polarised and 
suffers something of the same changes as the beam when the prism u rotated. 
The proper comparison is between the two images of the beam, or rather 
between the image and the absence of an image 

No. 6, Plate 4, corresponds to No 5 just deeonbed, but was taken with the 
ordinary (dusty) air of the room, and the exposure was shorter. In this oaae 
the soattered beam is much more intense, and is far indeed from being 
perfectly polarised 

Whether the polarisation m pure air and other gases is absolutely com¬ 
plete is an important question, which will be examined in a future paper 

All the results here described are in qualitative agreement with the 
received theory of scattering Quantitative measurements are in progress. 


Btmrmry, 

(1) By proper arrangement of the experimental conditions it is possible to 
observe the scattering of light by pure air, free of dust, in a small-wale 
laboratory experiment 

(2) Similar results can be obtained with other gases. Hydrogen gives 
much less scattering than air, oxygen about the same, carbon dioxide 
decidedly mom. 

(8) The soattered light in air and in all the other gaeee is bine—the blue 
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of the eky,^J|ttfltratmg very directly the theory that attributes rite blue of 
the shy to sqattenng^by the molecules of air.* 

(4) The scattered light is almost completely polarised 

[Note added Apnt 19,1918 —In examining the literature, I regret that 1 
overlooked the importance of a paper by Cabannes (‘ Comptes Rendus,’ vol 160, 
p. 62, January 11,1915), though I had consulted a somewhat meagre abstract 
of it He detected the scattering by pure air, and made approximate 
measurements of its amount This paper has, however, been allowed to 
stand unaltered, as the method of treatment ib independent, and several 
important points, such as the polarisation of the scattered light and the effect 
of different gases, are not mentioned by Cabannes. 

DESCRIPTION OP PLATE 

1 Beam in dust-free air viewed transversely Ultra-violet iilter The oval outline 
is light diffused by walla of vessel. The beam is seen passing across this oval 
8 Similar conditions, except that a yellow filter is substituted Beam very much 
fainter relative to light diffused by walls of vessel 

3 Spectrum of light from mercury lamp scattered by dust-free air and showing ultra¬ 

violet lines 8CB6 and 8654, but not the yellow and green lines 

4 Spectrum of mercury lamp direct, showing yellow line 6890 and green line 5460, 

but not the far ultra-violet lines 

5 Beam m pure air through a double image pnsni Vibrations in uppei image 

vertical, in lower horizontal. The beam is invisible in the lower image, showing 
that polarisation of the scattered light is nearly complete 
6. Similar photograph with dusty air The beams are very strong, and comparable in 
intensity 

* Tyndall obtained the blue by means of fine-grained fogs, precipitated from oigana 
vapours. This was a valuable contribution, but his fogs were of course both chemically 
and physical!y very different from dust-free air 

The Formation of Nitrites from Nitrates m Aqueous Solution by 
the Action of Sunlight, and the Assimilation of the Nitrites 
by Green Leaves tn Sunlight. 

By Bku&kin Moors, D Sc, FR.S. 

Action of Light Bays on Organic Compounds, and the Photo¬ 
synthesis of Organic from Inorganic Compounds in Presence 
> of Inorganic Colloids. 

By BwJAMnr Moore, D.Sc., F.R.S., and T. A. Webster. 

[These papers are published in Series B, No. 627, June 1,1218.] 
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Investigations on Textile Fibres, 

By W. Harrison, M Sc, 

(Communicated by Prof W II Bragg, F.RS. Received December 13, 1917 ) 

[Platjsb 6 and 6 ] 
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Although fibres form the most important raw material in the textile 
industries, few or no attempts have been made to investigate their funda¬ 
mental properties On this account most of the phenomena met with in the 
treatment of textiles have not been explained The most important of these 
phenomena are those which occur dunng the application of stress, heat, and 
mowture 

An opinion commonly accepted by workers in the wool industries is that 
heat and moiBture combined soften wool and render it plastic. This opinion 
appears to be right in principle, but is only qualitative, since wool exhibits 
plasticity under ordinary conditions. With regard to ootton, numerous 
investigations have been made on its chemioal denvatives and their products 
of hydrolysis, but little attention has been paid to its physical properties 

It is known that the treatment of ootton, while under tension, with con¬ 
centrated solutions of sodium hydrate, produces changes in its physioal state 
resulting in an* increase m lustre This process is known as meroensation. 
An explanation of the increased lustre was first put forward by Lange,* who 
stated that the surface of the fibres was rendered much smoother by the 
treatment Hiibner and Popef were unable to confirm Lange's observations, 
and suggested that the increased lustre was due to reflection from spiral 
grooves on the surface of the fibre The author^ proved by means of photo¬ 
micrographs that Lange's theory was substantially correct, but that the shape 

* ' Farbor-Zeitung,’ p 187 <1898). 

t ‘ Journ Soc Ghem Ind.,’ vol S3, p. 410(1804) 

J 1 Journ Soc. Dyen and Oolounats,’ vol. 81, p 1081 (1910), also 'Trans. Not A mac. 
Cotton Manufacturers,’ Boston, T7.8.A, voL 101, p 901 (1916) * 
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of the fibre in cross-section had an important bearing on its lustre In the 
the same papers it was shown by photographs taken m the Cardioid ultra¬ 
microscope that a change in the state of aggregation of the cellulose m cotton 
fibres was produced by mercerisation Further, by tlio use of polarised light, 
an explanation was obtained for the fact that cotton fibres shrink in length 
when treated with sodium hydrate solution while in a loose condition 

Polarised light has been used by several authors for the examination of 
nitrated cotton 4 Chardonnet* and Liebsohutzf AmbronnJ stated that an 
idea of the percentage of combined nitrogen could be obtained m this way 
De Mosenthal§ found that nitrated cotton of the same degree of nitration, 
prepared by different methods as to temperature, aud mixtiue, and time tf 
immersion, showed different colours m polarised light, and that the appear¬ 
ance differed with the raw material used No explanation of these results 
was offered 

The investigations described m the present paper were undertaken with a 
view to determining some of the fundamental properties of textile fibres 
which govern their behaviour in manufacturing processes, and thereby to 
establish a scientific basis for research into such processes 

Effect of Stress , Moisture , and Heat on Textile Fibres 

It is a well known fact, first established by Sir David Brewster in 1814, 
that substances of a colloidal nature such as glass, gelatine, and lndinrubber, 
exhibit double refraction when subjected to stress, but lose this property 
when the stress is removed ^Permanent double refraction can be produced 
m these substances in different ways m the glass by heating it nearly to the 
melting point and cooling rapidly, m the gelatine by applying considerable 
pressure, and in unvulcamsed mdiarubbor by subjecting it to distortion while 
warm and cooling it m position The permanent double refraction produced 
m these different ways is due to internal stresses resulting from the per¬ 
manent strains left in the materials These stresses can be removed from the 
glass by annealing, from the gelatine by soaking m water, and from the 
indiarubber by heating or soaking in a solvent 

It is known that all textile fibres are doubly refracting, and it will be 
shown w the oourse of this paper that this property ib due to the presence of 
internal stresses. 

By the application of external stresses in certain directions the double 

* Compare Carl Suvern, 4 Die KUnsthoh© Seide,* p 38 (Berlin, 1900) 
t 4 Moniteur Sdentifique/ p 119 (1891 )l 
t 'Xoll. Zeit,,* voL 18, p 200 (1913). 

9 1 Journ, Soc. Ghem. Indvol 89, p 444 (1907) 
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refraction of all fibres is increased The effect of pressure was investigated 
by compressing the fibres between a thick glass plate and a grooved celluloid 
film placed on a second glass plate, the whole being placed on the stage of 
a microscope and examined m polarised light between crossed niools By 
this method, the difference lictween the compressed and uncompressed 
portions could lie clearly seen 

The effect of giodually inci easing the pressure on a fibre of English wool, 
until compiessed level with the top of the grooves in the celluloid film, is 
illustrated in Plate 5, fig 1 Part of the illumination is duo to the effect of the 
pressure on the celluloid, but this is relatively small and does not interfere 
with the results, which con also be obtained by compressing crossed fibres 
between parallel glass plates The interference figures shown m fig 1, 
B and V, indicate spreading of the fibre substance in all directions away from 
the centre of pressure, t e , the point of contact between the cylindrical fibre 
and the cylindrical surfaces of the grooved celluloid him When the portions 
in the hollows of the groove became compressed, they spread towards the 
original centre of pressure and the interference figures disappeared, fig 1, D 
The maximum piessure applied was approximately 5 tons to the square moh 
of the surface of contact between fibre and celluloid, and in all cases the 
lattei retained an impression of the fibre, showing that oelluloid is not 
relatively very hard compared with wool and cotton. 

No interference figures were observed dunng the gradual application of 
pressure on cotton fibres, fig 2 Spreading of the fibre Buhstanoe only 
noourred where directly under pressure even when compressed level With the 
top of the grooves in the celluloid 

The cotton fibre thus offers greater resistance to deformation than the wool 
fibre 

With both wool and cotton, after removal of the pressure, the fibres did 
not return to their original shape and the increased double refraction in the 
compressed portions remained permanent This is illustrated with wool in 
fig 3 and with oottoq m fig 4 The bnght portions in fig 3, C, and fig 4, C, 
are evidence of internal stresses resulting from the permanent strains left in 
the fibres after ootnpression The tendency to return to its original shape is 
small in the case of wool even when only slight pressure has been used, but is 
somewhat greater with cotton For the photomicrographs a cotton fibre 
mercerised under tension was ohosen on aocount of its greater regularity m 
struoture, ordinary cotton behaves in exactly the same way 

Similar expeuments were made with dry fibres of silk, linen and ramie, and 
these also were permanently deformed by pressure and retained internal 
stresses, but the effect was not so pronounoed as with wool 
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Fibres deformed in the manner described above were found to return to 
their original shape whon placed m cold water ^ This is shown with wool 
m fig* 3,E, and with cotton m fig 4,E This return took place almost 
immediately with wool, but more slowly with cotton, jiarticularly when high 
pressure had been applied The length of time under compression appeared 
to have an influence on the result obtained 

Similar results were given by fibres which had been bent or twisted* 
when placed in cold water they gradually returned to their original shape 
Fibres doubled and twisted as in figs 6 and 7, placed loosely in cold watei, 
gradually untwisted and stiaightened themselves out This occurred quite 
rapidly when the fibres were doubled and the free ends held tightly while 
twisting On the othex hand, when the fibres were hist twisted on then 
axes and then doubled, untwisting took place very slowly and only from 
the free ends onwards This retardation is due to the fact that when 
twisted in this latter manner, the torsional stresses m the one portion of 
the doubled fibre tend to balance those in the other, and it is only by the 
untwisting of the free ends of the libre that these torsional stresses arc released 

Fibres subjected to a limited amount of extension when dry do not return 
to their original length when kept loosely m a dry atmosphere, but do so 
rapidly when placed in water. 

The effect of a humid atmosphere is similar to that of cold water, but the 
release of internal stresses produced by deformation takes place much more 
slowly with the former 

The results obtained by comprassing wet fibres at the oidinary tem¬ 
perature agreed with what was expected from the above, the fibres behaved 
like other elastic bodies The wool fibre appeared to be more elastic than 
any other* 

Experiments were made at higher temperatures by the use of a grooved 
aluminium sheet in place of the celluloid, the fibres being compressed 
between this grooved plate and a plain one, and m all cases an impression 
of the fibre remained on the metal 

With perfectly dry Abies, compression in a dry atmosphere at 100° 0 
produced effects similar to those obtained at lower temperatures. All the 
fibres experimented with were permanently deformed when compressed 
in contact with water at 100° C Tbe result obtained with wool is shown 
in fig. 5, A. The diflbrenoe in luminosity, as seen m polarised light between 
crossed mools, of the compressed and unoompressed portions, hg 5, B, is 
mainly due to variations in thickness. Wool fibres treated m this maimer 
do not return to their original shape when boiled in water while loose, 
because none of the internal stresses produced by the compression remain. 
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This was proved by subjecting a wool fibre to extension, until the inter¬ 
ference colom shown in polarised light changed, and then boiling the fibre 
in water, when the colour returned to that shown before extension, and the 
hbie itself showed no tendency to return to its original length when placed 
loosel v in boiling water 

Experiments made at different temperatures showed that no permanent 
deformation was produced by compressing wool fibres m contact with water 
below 80° 0 for five minutes, longer timeB were not used 
Cotton fibres exhibit similar properties in boiling watei, but the amount 
of permanent deformation is not so great as that produced on wool by similar 
treatment, and some of the internal stresses remain 
The results of the experiments already described show that in the dry 
state textile fibres exhibit a kind of plasticity, in which Btrains produced 
by externally applied stresses are accompanied by corresponding internal 
stresses, both strains and internal stresses disappearing when the fibres 
are placed m cold water The effect of heat on dry fibres, up to the 
temperature 100° C, is not to alter the nature of this plasticity, it may, 
however, alter its magnitude, but this has not been investigated. Water 
at the ordinary temperature removes this plasticity, and causes the fibres 
to become elastic, they are deformed bj stress but return to their original 
sliape on removal of that stress, unless the elastic limit has been passed. 
The elastic limit appears to be higher for wool than for other fibres 
At high temperatures water renders fibres truly plastic, externally applied 
stress produces deformation, but little or no internal stresses Ootton 
retains some of the internal stresses, but wool appears not to do so. 

The quantitative measurement of these properties presents difficulties, on 
account of the small dimensions of many of the fibres The author hopes to 
be able to overcome these difficulties later 
The experiments already mentioned throw some light on the differences in 
the impression given to the sense of touch by fabrics composed of different 
fibres In (he aot of feeling fabrics, the individual fibres are bent con¬ 
siderably, and it is in the resistance to bending, and the tendency to unbend 
when released, that the real difference lies 
It is extromely difficult to imitate the aot of feeling fabnos with such 
small quantities as are required for miorosoopic examination, but an idea of 
the manner of bending of fibres was obtained by twisting them so as to 
form loops. An ordinary fibre of English wool bends like an mdiarubber 
cord, forming wrinkles on tho inside of the loop (fig 6 , A\ Hollow fibres, 
which are by no means uncommon in Scotch wool, bend like an indiarubber 
tube, with flattening of the central canal at the bend 
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As already mentioned, bent wool fibres return to their original shape in 
watei, or more slowly in a moist atmosphere, when free to move In 
practice, it is known that the impression given to the sense of touch by 
fabrics composed of wool is to a large extent dependent on the amount of 
moisture present in the fabrics Thus the deductions which may be cjrawn 
from the experiments described are m accordance with practical facts 

Ordinary cotton fibres, on account of their hollow nbbon-like structure, 
bend at very sharp angles, see fig 7, A Fibres meicensed under tension, 
being more cylindrical, bend in a more circular cuivo, seo fig 7, B Fibres 
mercerised while in a loose condition form wider loops than either of the 
other two This is shown m hg 7,0, a wider loop was formed m spite of 
the fact that more twists were present in the fibre This is duo partly to the 
increased diameter resulting from the transverse swelling, and partly to a 
difference in the colloidal slate of the fibre substance produced by treatment 
It is known that cotton fibres treated in this way feel more like wool than 
ordinary cotton fibres or those mercerised under tension 

The Cause of the Double Heft action of Textile Fibres 

The double refraction exhibited by cotton fibres has already been shown by 
the author* to be due to strains such as are produced on any elastic body by 
the application of stress Such strains are permanent and are accompanied 
by internal stresses The evidence brought forward iu support of this view 
was the following — 

When ootton fibres aro treated with an amtnomacal copper solution 
swelling takes place, and often barrel-shaped foimations each as those shown 
in fig. 8, A, are produced It is only in those portions which have not swelled 
or done so to a slight extent, as in the rings of the barrel-shaped formations, 
that double refraotion persists, fig 8, B 

A film prepared from a solution of cotton ui ammonlacal copper solution 
shows double refraotion only when subjected to stress, but retains this property 
when the stress is removed. 

The direction of strain is parallel with the axis of the fibre. This was proved 
by tnrmng the fibre about the plane of polarisation, it appeared darkest when 
parallel to or at right angles to the plane of polarisation and brightest when 
at 45° to that plane The double refraction of the fibre is increased by 
stretching, henoe the natural condition of ootton fibres corresponds to that 
produced by tension on an elastic body. The interna! stresses ate repre¬ 
sented by a negative pressure acting along the axis, or a positive pressure 
acting in all other directions. 

* Loc at (Refs. 3 and 4). 
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All the natural fibres examined appear to have internal stresses of the 
same kind as those present in ootton 

It is well known that many crystals exhibit double refraction, and many 
chemists attubute this to a particular type of molecular configuration or of 
crystalline structure Since colloids such as indiarubber and cellulose 
exhibit double refraction only when subjected to stress, the effect of stress 
should lie either to change the molecular configuration or impart some 
temporary crystalline structure to the colloid It is difficult to see how the 
relatively small pressure required to llnpart double refraction’to indiarubber 
could alter the configuration of its molecules, and there is no known method 
of proof applicable m this case 

In order to test whether stress imparts crystalline structure, X-ray 
photographs of pieces of stretched apd unstretched indiarubber were taken 
by the Laue method, but no evidence of crystalline structure of any kind 
was obtained 

The most probable effect of stress on substances of colloidal nature is to 
alter the distances between the molecules or atoms composing those molecules, 
unequally in different directions 

Effect of Chemical 2 f recUment on the Double Refraction of Fibres* 

When cotton fibres are treated with concentrated solutions of sodium, 
potassium, or tetiamethylammonium hydroxides* they shank in length and 
swell transverse!}, with almost complete removal of the centrul canal 
Fibres treated in this way when turned about the plane of polarisation show 
almost equal illumination whatever then position with respect to that plane 
From this observation, the authorf concluded that the shrinkage in length 
was due to the balancing of the internal stresses 

NaegeltJ observed that nitrated cotton containing less than 11 7 per cent 
of nitrogen had positive double refraotion, but that containing more than 
12 5 per cent of nitrogen showed negative double refraction This latter 
corresponds to the condition produced on an elastic body by compression in 
the direction of the axis The internal stresses would be represented by a 
positive pressure acting along the axis of the fibre This is confirmed by the 
fact that stretching a highly nitrated cotton fibre reduces the negative 
double refraotion, and eventually makes it positive 

Ordinary cotton fibres show numerous irregularities when examined m 
polarised light, which are not seen m ordinary light (fig 9, A), and in 

* Knecht and the Authoi, 4 Journ Soc Dyers and Cols,' vol 28, p 224, (8), (1812). 

+ loc cit (Ref 3) 

t ‘Ber der Bayer Akad \oL 1, p 307, (10), (1862). 
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transverse sections there is no evidence of a regular distribution of stresses 
(fig 9, B) When treated with concentrated alkalies while under tension, 
the fibres show a somewhat regular distribution of the internal stresses, both 
longitudinally (fig 10, A) and transversely (fig 10, B) 

Most of the comparatively thick fibres of English wool, when examined in 
polarised light, show different colours m various parts of the fibreB This is 
partly due to differences m thickness, as shown by the fact that portions 
change in coloui when fibres are rotated on their axes, and partly to 
variations m the internal stresses 

A fibre of wool showing variations of the latter kind was held straight 
between two damps and boiled for five minutes m water, when the 
variations disappeared, and the fibre showed even colouring (Figs. 11, A 
and B, illustrate this experiment) 

The same fibre, after treatment, was stretched 25 per cent, when the 
colour changed except in that portion which Imfore treatment differed from 
the rest of the fibre photogiaphed Further boiling m water while stretched 
again removed the inequalities in colour, fig 11, D 

The results of this experiment point to inequalities in the physical state 
of the fibres in different portions 

The modifications in the condition of internal stress produced on wool 
fibres by boiling m water are similar to those produced on cotton fibres by 
treatment with concentrated solutions of alkalies Cold water, although 
it removes internal stresses formed by the action of externally applied stress, 
has no effect on the naturally occurring internal stresses, which must 
therefore differ from the former kind 

The same difference has been observed with artificial fibres, and is 
undoubtedly due to the fact that the stresses present in the formed fibres 
are due to changes m volume, whereas externally applied stress pioduoes 
only changes in Bhape. 

The aotion of concentrated sulphuric acid on wool in modifying the 
internal stresses is illustrated by fig 12 Sulphuric acid 1*60 sp gr caused 
swelling of the wool fibre (fig. 12, A and F), which was attacked first on 
the -outside and gradually through to the inside This is proved by the 
manner of removal of double refraction as shown by Photos A, C, D, and E 
Treatment with oold water after 40 minutes m contact with the acid caused 
return of the double refraction and transverse shrinkage of the fibre 
(Photos G and H). 

As would be expected from this experiment, the physical properties of 
the wool were changed considerably by the treatment Such wool was found 
to be unshrinkable, and when stretched extended much further before 
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breaking than ordinary wool The maximum effect was given in the tune 
taken to completely ohange the whole of the fibres 

The Probable Causes of the Internal Stresses Existing w Natural Fibres 
In order to ascertain in what manner internal stresses could arise m fibres, 
experiments were made with artificial fibres A concentrated solution of 
gelatine was run through a fine capillary tubo into alcohol, and the resulting 
threads rapidly dried m a current of air On examination in polarised 
light these fibres showed double refraction similar to the natural fibres This 
property is due to internal stresses arising from the drying of the jelly 
Although shnukage would occur m all directions, the stresses due to shrinkage 
lengthways would act on the whole cross-section of the fibre, whereas those 
due to shrinkage towards the diameter would be concentrated on it, conse¬ 
quently, the pressure acting transversely would be greater than that acting 
longitudinally 

Fibres prepared from gelatine in the above manuer, when placed in water 
swelled rapidly and the double retraction disappeared but no shrinkage 
lengthways took place , the swelling transversely, howevei, was greater than 
that longitudinally Treatment of the gelatine fibres with formaldehyde 
vapour prevented the removal of double refraction by oold water 

Fibres were prepared by forcing visoous solutions of cellulose into a 
coagulating liquid, the resulting fibres, although wet, were doubly 
refracting The internal stresses present in such fibres are formed during 
the forcing of the viscous solution through the fine capillary, and made 
permanent by solidification The same cellulose solution, forced through the 
capillary into the air, swelled out as it left the capillary, presumably owing 
to the effect of the internal stresses It is obvious that, the more visoous 
the material, the longer the time required for the balancing of internal 
stresses, and, with a very viscous material, even a slow process of coagulation 
would be quite sufficient to make the sti esses permanent 
Artificial silk is made by forcing cellulose solutions into a coagulating 
liquid, the resulting fibres being eventually dried under slight tension 
Such fibres show double refraction quite strongly, and, under the action of 
stress, heat, and moisture, behave in a similar manner to ordinary ootton 
fibres It is thus possible to produoe, artificially, fibres having internal 
stresses similar to those present in the natural fibres 
There are several possible causes for the internal stresses present in the 
natural fibres. If fibres are composed of spindle cells, which have themselves 
originated from spherical cells, the forces which produoed the change eve 
obviously those of extension, and m a visoous or plastic body would produoe 
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in tonal stresses similar to those in natural fibres, such stresses would be 
made permanent by the coagulation of the viscous material 

A phenomenon of this kind ocours when a drop of oleic acid is placed in a 
10-per-cent, solution of ammonia, cylindrical formations arise which show 
double refraction. This is one of the well known cases of the so-called liquid 
crystals. 

On the other hand, if fibres are formed by the forcing, probably by osmotic 
pressure, of a viscous or plastic material through a nozzle or pore in the skin 
of a seed or an animal, conditions will arise similar to those discussed with 
reference to cellulose solution 

It is likely that the cur plays some part in the hardening of the materials 
of which the natural fibres are composed 

DESCRIPTION OF PLATES 
Plats 5 

Fig 1 —A fibre of English wool os seen in polarised light between crossed mcols in 
various stages of compression on a grooved celluloid plate. 

Fig SL—A cotton fibre In two stages of compression 

Fig 3.— A, a wool fibre compressed on a grooved celluloid plate, polarised light; B, the 
impression produced on the celluloid, ordinary light, C t the wool fibre after 
removal of pressure, polarised light, D, the same seen in ordinary light; 

" E, after immersion in cold water 

Fig. A—A similar set of experiments to the above, with a fibre of mercerised cotton. 
K*6-A wool fibre compressed undet boiling water on a grooved aluminium plate 

A, ordinary light B, polarised light 

Fig, 6—Illustrating the bending of wool fibres A, an ordinary fibre of English wool, 

B, a hollow fibre from Scotch wooL 

Fig 7 —Illustrating the bending of cotton fibres. A, a fibre of Egyptian cotton» 
B, mercerised undei tension, 0, mercerised without tension 
Fig 8 - A fibre of Egyptian cotton swelled by treatment with a saturated solution of 
copper carbonate m ammonia of sp gr, 0 880, showing barrel-shaped forma¬ 
tions. A, ordinary hght, B, polarised light crossed nicols, showing internal 
stresses in narrow portions. 

Fig 9.—Fibres of ordinary Egyptian cotton as seen in polarised light between crossed 
nmols. A, whole fibre , B, transverse sections 

Plats 6 

Fig. ML—Fibres of mercerised Egyptian cotton A, whole fibre, B, transverse sections. 
Ffg II —A fibre of English wool as seen m polarised light crossed nicols. A, original 
fibre, B, aftei boiling in water five minutes, 0, the same fibre stretofisd 
80 per cent j D, the stretched fibre boiled in water for five minutes. 

Fig. 18 —Illustrating the action of sulphuric add of sp gr, 1*80 on a fibre of English 
wooL A, original fibre, polarised light; B, the same, ordinary light, C, the 
fibre after one minute treatment with the acid, D, after 5 minutes; E, after 
SO minutes; C, D, and E in polarised light \ F, after 30 minutes, seen in 
ordinary light, G, the same fibre treated with cold water after 40 minutes in 
chntact with the add, seen in polarised light; H, the same in ordinary light 
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The Ultra-Violet Band of Ammonia, and its Occurrence in the 

Solar Spectrum. 

By A Fowusk, F R S, and C C L Gregory, B A 
(Received Dooember 15, 1917) 

(Abstract) 

A question of great interest m connection with the solai spectrum is that 
ot the origin of the thousands of unidentified faint lmcB which were 
photographed and catalogued by Rowland Some of these lineB may possibly 
be identical with faint lines in metallic spectra which liave not yet been 
completely tabulated, but in view of the presence of bands of cyanogen, 
carbon, and hydrocarbon, the possibility of the correspondence of most of 
them with band spectra of other substances should not be overlooked 

As a contnbution to this inquiry, the present investigation was undertaken 
primarily in order to determine whether Group F m the ultra-violet region of 
the solar spectrum might not be mainly due to the presence of ammonia m 
the absorbing atmosphere of the sun Ammonia was already known to give a 
remarkable band in this region, having its greatest intensity near X 3360, but 
existing records of the component lines were inadequate for comparison with 
the solar tables Photographs were accordingly taken with instruments of 
various dispersions, ranging up to that of the third order of a 10 feet conoave 
grating, a copper arc m an atmosphere of ammonia being employed as the 
source in the latter case Jn view of the unusual appearance of the band, an 
attempt lias also been made to elucidate the chief features of its structure 
The chief ammonia band consists of a bright central maximum about 
X 3360, a secondary maximum about X3371, and a number of lines, which 
are arranged in groups of three, extending to a considerable distance in both 
directions The lines composing the two maxima are very closely crowded 
together and have been found to be arranged in series of ordinary type 
The components of the groups of three are widely separated near the central 
maxima, but the intervals rapidly diminish and there is final ooalesoence at 
X 3450 towards the red, aud at X 3287 towards the violet, where the lines 
fade out The groups of three, however, are not symmetrical with respect to 
the central maxima, and they show marked peculiarities, so that they are 
very unperfeetly represented by the formulae usually employed for band 
spectra 

The comparison with the solar spectrum is considerably complicated by 
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the presence of lines of metallic origin, but there is abundant evidence Uiat 
many of the fainter solar lines are due to ammonia The moBl convincing 
proof of the presence of ammonia iu the sun is perhaps afforded by the 
strougest parts of the central maximum, as indicated by the following extract 
from a table which is givou m the paper — 


i 

Ammonia 1 Sun I 

i 

, — ~ ~ —;-, — , Remark* 


(Rowland scale) 

Intensity 

X Rowland 

Intensity j Origin 



3300 82 

60 72 

4 

1360 828 

60 741 

c o 


■ 

Continuous background 

60 62 

6 

60-631 

0 


J 

m both spectra 



00 485 

1 

Or 



60 45 

K 

00 444 

2 

Ni 



00 33 

60 24 

» 

5 

60 345 

00 258 

0 

0 



Continuous background 

00 18 

10 

00 181 

2 



in both spectra 

'1300 08 

4 

3800 066 

0 


> 

i 


It will be seen that there is a complete correspondence of the solar and 
laboratory spectra as regards these two clusters, except that the line 3360 44 
m the sun may be slightly reinforced by a line which Howland attributes to 
mokel, though it is not given as such by Exner and Haschek The agreement 
is emphasised by the occurrence of patches of continuous background (dark 
m the sun) which are identical m the two spectra The coincidences in the 
case of the central maximum, as a whole, aie scarcely less striking, and it is 
clear that the solar Group P is largely due to ammonia 
There is also a sufficient!} consistent representation of the groups of three, 
and of the lines composing the secondary maximum of the ammonia band 
Of the 260 band-lines of ammonia m the region X3450 to X 3286, there are 
140 which correspond with previously unidentified faint lines of the solar 
spectrum About 100 of the remaining lines are obscured by lines for which 
metallic origins have been found, or fall upon lines which are too strong m 
the sun to be assigned solely to ammonia, and the few which fail to appear in 
the sun are all of low intensity 
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The Presence in the Solar Spectrum of the Water-vapour 

Band A 3064 

By A Fowler, F R S 

t 

(Received December 15, 1917 ) 

The recent discovery of the ammonia band X 3360 in the solar spectrum* * * § 
suggested that additional solar lines might be identified by a search for other 
bands which are produced under generally similar conditions in laboratory 
experiments In the first instance, comparison has been made with the 
water-vapour baud X3064, which aocompames the ammonia band in the 
ammonia flame and in the arc in ammonia 

This band was discovered by Liveing and Dewarf in 1880, and inde¬ 
pendently, about the same time, by Huggins £ It was found by Liveing and 
Dewar that the band appeared in the flame of hydrogen or of hydrocarbons, 
and lesB strongly m the flames of non-hydrogenous gases, such as carbonic 
oxide and cyanogen, if burnt m moist air, it occurred also in the uncon- 
densed discharge through moist hydrogen or other gases, but disappeared 
when the gas and apparatus were thoroughly dried, or when a large coil, 
with condenser, was the souice of discharge It was accordingly concluded 
by Liveing and Dewar that the spectrum in question was that of water- 
vapour, but thoy were careful to explain that in writing of this and other 
spectra which had been traced to compounds, they abstained from speculating 
upon " the particular molecular condition or stage of oombmation or decom¬ 
position which may give nse to such speotra " Subsequent work has likewise 
indicated that both hydrogen and oxygen are essential to the development 
of the spectrum under consideration, but the preoise nature of,the oombma¬ 
tion involved oannot yet be deduced from the spectroscopic evidence 
* The band X3064 was afterwards found by Liveing and Dewar to be 
associated with others of lower intensity, extending as far as X 4100 towardb 
the red, and to X 2268 m the ultra-violet Extensive measures of the lines 
composing these bands were made by the same observers § 

The chief band was measured more completely by Meyerheim|| m 1904, 

* Communicated to the Royal Society on December IS, 1917, by A Fowler and 
C C L Qregory 

t ‘Proc Boy Soc.,’ vol 30, pp. 494, 680 (1880) 

1 ' Proc Roy Socvol 30, p. 676 (1880) 

§ 1 Phil Trana.,’ vol 179, p 97(1888) 

|| ‘ Zeitachr f Wise, Phot,' vol 8, p. 131. 
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and by Grebe and Holtz* m 1912. The latter series of wave-lengths have 
been found to be sufficiently accurate for effective comparison with the solar 
tables of Bowland -The wave-lengths are given on the International scale, 
and the lines are classified jn three orders of intensity, 3 indicating the 
brightest, and 1 the weakest lines The head of the band is marked by a 
pair of lines at 3063 547 (2) and 30C3 713 (3), from which point the 
measured lines extend on the rod side to 3291687 (1) Stiong lines persist 
to a considerable distance from the head, but m the less refrangible part of 
the band, the lines become generally weak and relatively far apait 
The result of the comparison is to prove that the band 3064 ih quite 
Htrongly represented m the solai spectrum, and accounts for a large number 
of lines which were previously unidentified It will suffice for the present 
purpose to give details relating to the brighter lines of the band, as in the 
appended Table To facilitate comparison with the solar lines, the wave¬ 
lengths given by Grebe and Holtz have been reduced to Howland's scale by 
the addition of the following corrections, derived from the curve given by 
Ktiyserf — 


Range of walengths 

* j 

Correction from I A to Rowland 

3067—8072 

+ 0 121 

8072-8087 

122 

3087—8102 

128 

8102-8117 

124 

8117—8182 

126 

8182—3147 

126 

8147—8162 

127 

8162-8177 

128 

8177—8192 

+ 0 129 


The corrected wave-lengths are given in the first column of the Table In 
Grebe and Holts’ list there are 53 lines which are olassed as of intensity 3, 
but three of them are comparatively faint m my own photographs, and have 
therefore been omitted As the soale of intensities adopted by Grebe and* 
Holtz appears to bo uuduly restricted, my own estimates, on the basis of 6 
for the strongest lines, are given in the second column of the Table The 
following three columns show the wave-lengths, intensities, and origins of 
solar lines, as tabulated by Howland The sixth column indicates the 
di f ferentia « sun minus water-vapour," except in the case of near coincidences 
with metalho lines The last oolumn indicates the distances of the solar 
lines which are nearest to those which correspond to water-vapour 


* ‘Ann A Physik,’ vd 90, p 1343. 
t ‘Handb d. Spectvd. 6, p 890 
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47 663 

6 

47 662 

1 

i 

000 

+ 152 

61 110 

5 

61 120 

1 | 

■ 

+010 

+ 092 

64 619 

! 6 

64 608 

1 | 

—, Fe 



68 62H 

4 

68 686 

0 


+ 007 

+ 112 

62 004 

4 

62-014 

0 


+010 

+ 061 

66 446 

4 

66 447 

0 


+002 

-000 

60 718 

3 

69 727 

0 


+ 009 

+ 187 

3188 083 

! 9 

3183 101 

3 

Fe, Ni P 




* Some other substance probably also involved* 


Of the 50 lines included in the Table, it will be seen that, while 12 are 
obsoured in the sun by closely adjacent metallic lines, the remaining lines 
show a very close agreement m ware-length with solar lines, and a 
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sufficiently consistent correspondence of intensities The average deviation 
of the 38 water-vapour lines fiom tho corresponding solar lines, taken 
without regard to sign, is, m fact, only 0 007 A, while the range is from 
+ 0 019 to —0 009 The differences are not too great to be considered as 
arising from errors in the two sets of measurements and uncertainty as to 
the corrections from the international to the Rowland scale Moreovei, the 
deviations are clearly to some extent systematic, as indicated by the 
preponderance of positive signs From the last column of the Table, it 
results that the average distance of the next nearest solai lines is 0111 A, 
and there is consequently no reason to suppose that the coincidences are 
accidental 

The total number of lines in Grebe and Holtz' liBt is 257 , 63 of them are 
approximately coincident with, and therefore obscured by, lines in the sun 
which are of metallic, or probable metallic, origins, according to Rowland 
Five, which cannot be traced m the sun, although not masked by metallic 
lines, are too faint to appear in my own photogiapbs or iu Meyerheim'a list, 
so that their apparent absence is of no significance With veiy few 
exceptions, which lequire fmtlier investigation, all the remaining lines are 
closely comcident with solar lines, but it is possible that several of them are 
slightly too strong m the Bun to be attributed solely to water-vapour, 
notwithstanding the close agreement in wave-lengths. At least 160 of the 
solar lines in the region of the \ 3064 band, however, may confidently be 
assigned exclusively to watei-vapoui It is further probable that many 
additional solar hues will be traced to water-vapour when sufficiently 
accurate measures of the other bands become available for comparison 

Besides accounting for a large number of previously unidentified solai 
lines, the identification of the water-vapour band m the solar spectrum is of 
interest as furnishing further evidence of the existence of oxygen m the sun 


2 p 


you xdt —jl 
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The. Lunai and Solar Diurnal Valuations of Water-Level in a 
Well at Kew Ohsemvttory, Richmond. 

ByE G Bilham, AROSe, DIC, B Sc , FRMetSoc 
(Communicated by Sir Napior Shaw, F R S Received December 11, 1917 ) 

(Abstract) 

In a paper communicated to the Royal Meteorological Society,* * * § it was 
shown that the experimental well at Kew Observatory responded to the 
lunar fortnightly oscillation of mean level in the River Thames, which is . 
300 yardB from the Observatory at its nearest point The sensitiveness of 
the wateT-level to barometric pressure has also been investigated, and the 
results have been given in a paper recently read before the Royal Society f 
The present paper deals with the effects of the short-period tides in the solar 
and lunar senes, Si, S a , Sg, Sg, and Mi, Mg, Mg, Mg 
Two-hourly measurements, both in lunar and solar time, were made on the 
traoes obtained during the first two years, August, 1914-Auguat, 1916, 
omitting days of very lrregulut movement. Monthly mean inequalities were 
then computed Well marked solar and lunar diurnal variations were found 
in eaoh month, taking the form of double oscillations with two maxima and 
two minima during the 24 hours The range of movement was in each case 
found to be highly associated with the mean height of the watei in the well, 
the correlation coefficients being 0 80 (lunar) and 090 (solaiX A similar 
relation had been previously found to exist m the case of barometric 
pressure * 

Harmonic coefficients weic computed tor means of groups of months 
representing high, intermediate, and low levels, the classification being the 
same as that described in the paper on the effeots of barometric pressure § 


* In the press. 

+ ‘Roy Soe Proe,' A, vol 94, pp 166-181 (1817) 

t Lot at , p 172, 

§ Lor ett., p 169 
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Lvnai Dturnal Variation 

(i) Mean of all insults 

0 120 am fa +1°)+0 398 sin (24+163°) 

+ 0 028 mn (3t t + 322°)+0 013, sin (fa+349°), 
(u) High level , 

0169 sin fa, + 136°)+1 367 sin (2t L +166«) 

+ 0 084 Bin (3 t h + 229°)+0 036 am (fa+866°). 

(in) Intermediate level 

0 289 mn fa +14°)+0 199 am (2< L +83°) 

+ 0 068 sin (3f,, + 96 J )+0 034 Bin (fa+212°), 

(iv) Low level 

0 067 am fa + 48 c )+0 132 Bin (2 t h +32°) 

+ 0 012 sin (3^ +14°)+0 016 Bin (4< L +351°) 

Amplitudes aie m millimetres, and /j, is reckoned from the time of the 
moon’s northerly meridian transit at the rate of 15° per lunar hour 
The ohief points of interest iil the above expressions are— 

(1) The decrease in amplitude of all terms except the first with diminishing 
water-level 

(2) The retardation m the phase of Mg, which represents a change of 
4 4 hours between high and low levels 

(3) The relative insignificance of M* In the Thames, near Richmond, the 
ratio of Mi to Mj appears to be about 0 46 

The high value of the first order amplitude in (m) is considered to be 
anomalous 

Solai Diurnal Variation 

(v) Mean of all results 

0122 sin (<+317°)+0 456 sin (2<+342°) 

+ 0145 sin (3f+169°)+0035 sin (4*+311°), 

(vi) High level 

0*394 sin ( t +800°)+0 861 sin (2 1 +361°) 

+ 0 379 sin (3i +170°)+0*086 mn <44 +297°), 

(vu) Intermediate level 

0*288 sin (t+ 167°)+0 352 sin (2f+346°) 

+ 0 015 sm (3*+298°)+0062 sin (it + 283°), 

(vm) Low level 

0*170 mn (t +33°)+0165 sin <2f+810°) 

+ 0 049 sin (3<+162°)+0*025 sin (4+358°), 

t is reckoned from midnight GMT 


2 p 2 
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Except m the case of high levels, where S» has a significant amplitude, the 
first and second order terms are the only important ones. The variations in 
amplitude and phase of the semi-diurnal oscillation are Bimilar in character 
to the lunar results but the actuil change of phase in the solar term amounts 
to onlj 1 2 hours between high and low levels 

The ratio of S 3 to Ms in the river is appioximately 0 25 The fact that the 
corresponding ratio in the well was in all cases much greater suggested that 
the solar semi-diurnal oscillation was not due solely to the solar tide Using 
results given in the previous communication we may eliminate the diurnal 
variation of barometnc pressure, when we are left with the following 
expressions for the effects of solar tides 

Diurnal Variation of Water-level due to Solar Tutee t 

(ix) Mean of all results 

0 278 sin (t+ 356°)+0 069 sm (2 1 +43°), 

(x) High level 

0 270 sm (t + 343°) + 0 361 am(2t+ 41°), 

(xi) Intermediate level 

0178 sin (t+ 96°)+0170 sm (2 1 +14°), 

(xu) Low level 

0 250 sm (<+17°) + 0 065 sin (2 1 +219°) 

The process of elimination is subject to considerable error on account of the 
smallness of the quantities dealt with The amplitudes of the semi-diurnal 
oscillation are, however, of the expected order of magnitude, and the ratio of 
Si to M* for high level (0 27) is in good agreement with the result from the 
River Thames The change of phase between high and low levels represents 
a lag of 61 days, a result similar to that given by the lunar analysis 
, Combining the lunar and solar semi diurnal tidal oscillations it ts computed 
that “spring-tides " occur m the well 3 3 days after they occur in the nver, 
so that this represents the aotual tune taken by solar and lunar semi-diurnal 
waves to travel through the subsoil from the river to the well The corre¬ 
sponding time in the oase of the lunar-fortmghtly tide is 51 days 

For valuable assistance m this enquiry my grateful acknowledgments 
are due to Dr C Chree, Superintendent of Kow Observatory, and to 
Mr. H. W. T. Roberts, who kindly supplied tidal data for a number of stations 
on the River Thames. 
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Internal Ballistics 
By Limit -Colonel A G Hadcock 

(Commumcatod by Sir George Greenhill, V It S Received October 27, 1917) 

1 Introduction 

My object is to explain and illustrate a mothod winch I have devised for • 
obtaining the piessure-voluirie relation of the gases m the bore of a gun, 
from the instant of ignition of the charge to the instant when the shot 
leaves the gun By the aid of the expressions given below, the pteBSure- 
volume curve, or the mdicatoi diagram, of the charge can be plotted when 
the nature and weight of charge is given 

The peculiarity of this problem, in comparison with similar problems of all 
kinds of internal combustion engines other than the gun, is that energy is 
produced in the gun by the burning of solid fuol within the gun itself 
during a considerable fraction of the expansion stroke In other interhal 
combustion engines, energy is added to the charge by combustion of the 
charge almost at constant volume, and no account need lie taken of the rate 
of combustion of the fuel In the gun problem, the rate at which the 
charge is burnt, that is the rate at which energy is produced, is fundamental 
to any investigation of the subject There is the additional complexity that 
a discontinuity exists in the expansion of the gases at the point where the 
charge is just burnt Up to this point expansion proceeds with the 
continuous addition of energy from the burning oharge After this point 
expansion prooeeds nearly adiabatically The influence of the resistance of the 
dnviug band on the subsequent expansion of the gases, and on the maximum 
premure produced by the charge, ib another vital element m the probleuk 
‘Whichever of the possible methods of thermodynamics be choseit to dolve 
the problem of internal balhstns, many assumptions have to be ihade to 
meet 1 * the conditions whioh arise in praotice I have chosen to use the 
pressure-volume equation for tho oxpansion of the gaB of the general form ' 

p a constant, 

because its constant can be more easily adjusted to meet the conditions 
found from experiments than with other methods. 
p is the pxemure in tons per square inch. 

v the gravimetric volume of the charge (inohee*/U>*) (This artillery 
term will be explained later.) 

2 is the fraction of the charge burnt, 
a is a oonstant called the oo-volume (inche**/lb.) 
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2 Bate of Burning of the Charge 

The historical aspect of the subject up to 1875 has been dealt with by 
Noble aud Abel * Since that date much has been done, and our knowledge 
of the subject has been greatly increased by Noble,! and also by other 
experimenters The later enquiries have followed, almost without exception, 
Noble's lead in making use of strong steel vessels or cylinders, closed by 
screw plugs In this vessel the explosives have been burnt, and from the 
results the late of burning of the e\plosi\e under different pressures has 
been determined, but the conclusions of the various investigators are by no 
means m agreement Although they all assume that combustion takes place 
by parallel layors from the outer surface of the explosive, and they concur 
that the rate of burning, or the thickness <r inches burnt per second, vanes as 
the pressure p raised to some power #, they do not concur on the value to be 
assigned to the power Thus, m Sarrau’s determination, the power « = £ for 
the old French black gunpowder, while, for similar jxmder, Sebert and 
Hugomot, as a result of trials carried out in a 10-cm gun, came to the 
conclusion that ft = 1J Vieille§ adopts for colloidal powders s = while 
Centerval,|| for the Swedish type of tubular ballistite, found that s = 0 9. 

Major Mangel (1903),If from experiments carried out in closed vessels with 
cykndncal modified cordite, formulates the expression 2<r = bp+a inches per 
second for the double thickness burnt off the diameter Captain Grave, of 
the Russian Artillery (1904), for pyrocollodion powder, and Lees and 
Petavel,** with Mark I cylindrical cordite, follow with similar results 
Petavelff points out that the shape of the explosion vessel has a con¬ 
siderable effect on the cooling ourve of the explosive 

Charbonmer# selects 8—1 as the value of the power for French 
B M. powder, and Bianchi,§§ of the Italian Artillery, also aocepts a similar 
relation for Italian ballistite The choioe seems, therefore, to rest between 
the expressions 

2<r = bp+a, inches per second for the double thickness of the film burnt and 
2<r = bp, inches per second (1) 

* “'Researches on Explosives, Fired Gunpowder,*’ * Phil Trans,,’ vol 166, Part I 
t “Researches on Explosives," ‘Phil Trans.,’ A, vols 205 and 206 
t ‘ Memorial de l’Artillene de la Marine,' senes 2, vol 1 (1888). 

$ ’Memorial dee Poudres et Salpdtree/ 1803 
|| 4 Galcul des foments Ballutiques Intdrieurs/ Stockholm, 1908 
T See also ‘Phil Trans.,’ A, vol 807 

** ‘Roy. Soc Proc/ A, voL 79 
H ‘FhiL Trans./ A, vol 805 
1 4 Memorial da 1’ Artillene de la Marine,’ 38,1905. 

58 1 Nononl Fondamentali di Balisttea Interna,’ Turin, 1914 
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In any case the constant a is small, and the different values given to it, 
and to ft, by the several investigators, may be partly due to the difFeranoes 
m the composition of the explosive, but the presence of the first-named 
constant and it* variation seems to point conclusively to the cooling effect 
of the explosion vessel This effect would manifest itself principally when 
charges of low gravimetuc density were bred, and the observed pressures 
would consequently he lower than the amount of powder burnt seemed to 
warrant In a gun the cooling suiface of the bore is continually increasing, 
so that a inches per second, a constant for the closed vessel, would on this 
hypothesis become a \ amble, and thus agree with Petavel’s observation It 
is usual to assume that, in a gun, the action of the explosion is so rapid that 
the cooling effect of the born may be ignored We Bhall therefore adopt 
the condition (1), which becomes for infinitely short lengths of time 

^ as ^bp t suitably selecting the value of ft, and accounting for the loss of 

tvv 

energy by cooling and othei losses— such as the momentum of the recoiling 
gun, friction m the bore, and the lolatiou of the shot by the nfling, by 
introducing a factoi of effect, which is equivalent to assuming an increase in 
the weight of the projectile This factor will also take into acrount the 
wear of the gun 

Cordite, and otliet similar explosives, made by different makers, vanes con¬ 
siderably in the rate of burning This is due to the diversity of methods 
adopted in the manufacture, besides also the natural vanations of the raw 
materials In order, therefore, to obtain the ballistics stipulated in the 
specification governing supply, the dry diameter of such cordite frequently 
differs from that of normal cordite The late of burning considered in this 
paper is that found by experiment for normal cordite 

For cylindrical modified cordite, heated to 80° F, before ^firing, the rate of 
radial oombustion is 13361 p inches per second, on the diameter 

With tubular oordite there is reason for believing that the rate of com¬ 
bustion inside the tube is higher than that outside, owing to the generated 
gases inside the tube having to escape This would induce a slightly greater 
pressure inside the tube than that outside There are two methods of 
dealing with this feature, (a) by assuming a slight increase in the rate of 
oombustion for both inside and outside of the tube when compared with the 
oombustion of oylindnoal cordite , (4) by assuming a different rate of com¬ 
bustion for the inside surface of the tube 

In the present case we shall adopt (a), and assume that the rate of com¬ 
bustion per second is 144 p instead of 1*3361 p This value was obtained 
independently, from actual ballistic results m a gun (see Example 2), but it 
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corresponds with the pleasure coefficient of the formula deduced from 
Table D of '* Investigation of the Law of Burning of Modified Cordite."* 
This Table D is the result of experiments with modified tubular eordite in 
dosed vessels, and the formula I deduced from it is 

Seduction in annulus at 80° J mO 001 second = 0 001407^+0 000473. 

If z denotes the fraction of the charge m burut up to any time t , then for 
sticks of explosive, of which the length is great in comparison to the other 
dimensions, it can be easily proved that 

Wp, ( 2 ) 

where M denotes some function of the original sectional dimensions and the 
rate of burning per second, and <j>(z) is a function of z 
Thus for solid cordite, of diameter D inches, the sectional area of the burnt 
portion when a layer a- thickness has been consumed is 

Therefore the burnt fraction of the whole charge 


|{I)»_(I)_2<r) 9 } 

~1) 9 

4 



and 


dz 

dt 


4 /- 2<r\ da 

Vjdt 




Again for tubular cordito of external diameter D and internal diameter D' f 
supposing the rate of burning of the intenor to be the same as for the extenor, 

_ (P- 2< r)»-(D , + 2ir)» 


dz_ 2 
dt ~ 


ip 


Similarly foi stnp powder of width t and tbiokness h 
dz e+h f, 4 eh 

It will be seen that of the general form (2) 

^ = u > </>(*) m y/l—z, for solid oylmdncal cordite. 
M = jj~p, ${z) = 1, for tubular cordite 

“ “jp b > 4>( z ) = \J 1—for etnp cordite 
* Mansell, 'Phil. Trans., 5 A, toL 907, No. 418. 
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3 The Equation of Expansion 

Again gravimetric density is an aitillery term which really means the 
specific gravity of a charge of powder it considered to uniformly occupy some 
definite space This space is that between the base of the projectile and the 
breech of the gun, it is continually changing as the shot moves along the 
bore, and, consequently, the specific gravity of the charge also changes at the 
same tune Gravimetric density is therefore the ratio of the weight of the 
charge of powder to the weight of water which would fill the space U m a 
gun behind the projectile The gravimetric volume is the reciprocal ot the 
gravimetric density / 

In the metric system, since the weight ot a cubic decimetre of water, at 
standard tcmperaturo, is 1 kgrm, the gravimetric density (or as it is called in 
France the " density de chargement M ) is 



and the gravimetric volume 


where m is in kilogrammes and C in decimetres 
With English units at the staudaul tempeiatme of 62° F the volume of 
the Imperial gallon of 10 lb of water, of the Act of Parliament, is 
277 3 inches^, or a cubic foot of water weighs 62 35 lb , thus 27 73 inches* 
of water weighs 1 lb 

If C is in inches 3 and w in lb, the gravimetric density 


and the gravimetric volume 

... o_ 

2773® 


In the tfmted States the gallon of water is taken to oocupy 276 8 cubic 
inches, which corresponds to a donsity of water of about 624 lb. per cubic 
foot at a temperature of 54° F 

Thus, if x represents the travel, in feet, of the projectile plus the equivalent 
length of the chamber (ia, the length of a chamber of oross-seotional area 
equal to A, the area in square inches of the bore, and of chamber capacity 0 in 

cubic inohes, thus the equivalent length ™ -), then for any point in die 

bore the gravimetric volume of the charge is 


v 


12trA 

27-73® 
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or differentiating 

dx = £ dv, (3) 

A 

by putting G = 2 31® 

Nate — 5 ih the equivalent of length m feet of the !»ore for one gravimetric 

A 

volume 

When a fraction z of the charge has been burnt, the apace oooupiod by the 
solid unburnt portion of the charge is, if $ ia the density of the explosive 
compared with water, 

27 73 (1 — z) w i inches 3 , 
o 

so ttiat the available gas space behind the projectile is 

12M —27 73(1— z) inches 3 
6 


The actual gravnnetno volume of the gas for the fraction z of the charge 
burnt is therefore 


or by putting 




12.cA—27 73(1—s) w ~ 
27 73zm 


| s= * (inehes*/lb) 


— a 





where v is the gravimetric volume supposing the whole charge had been 
converted into gas 

The constant « is commonly called the co-volume, in cubic inches per 
pound, and equals 0 633 for M D. cordite of which the density 8, compared 
with water, is 1*58, t«, 2773 cubic inches of the explosive will wdigh 168 lb 

If the gas, produoed from the proportion of the oharge burnt, expands 
doing work on the Bhell, heat is lost, supposing no more cordite is consumed 
during this prooess. But actually the cordite continues to bum and imparts 
additional heat to the already generated gas. There would be thus, during 
expansion, a loss of heat and at the same tune a continual fresh supply of 
heat until the oharge had been completely burnt. 

The expansion is, therefore, neither purely adiabatic nor is it isothermal 
but something between the two. Probably no single condition satisfice the 
whole process, but for our purpose the mean exponent is sufficiently expiioit. 
The oo-effioieiit y of adiabatic expansion of the gases of modem gunpowders 
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is usually taken as 12, while that for isothermal expansion is 1, the 
coefficient of expansion up to the time of the total consumption oi the oordite 
is therefore taken as the mean between these two values, viz, 1*1 
In the following investigation it is assumed that the gas generated at 
volume v' from any fraction z of the charge, expands m accordance with the 
law*— 

p(v' — a)* as A, a constant, 

the index € being chosen between the value 1 2 for adiabatic expansion and 1 
for isothermal expansion, namely 11 
Or more conveniently by eq (4) 

'(t)'=‘ < 6 > 

The value of k depends largely on the factional resistance to motion of the 
shot It is evident from the form of tins equation that for different values 
of s the pressures and volumes follow clearly defined curves 

4 Expansion Curve* for Different Values of z. 

A group of expansion curves for diffeieut values of z is shown in fig 1, they 
are hyperbolio in ohaiacter, and the asymptotes are the axis of v and the 
vertical line a In this figure the tiacse of these curves, which may be teimed 
isopyno lines, has been drawn for z = 01, 0 2, etc, so that if two of the three 
variables are known the third can be determined Thus, knowings and v, the 
corresponding p can lie found at once 

6 The Pressure Equation and the Variation of the Constant k 
The initial reBistanoe, during engraving, of the copper driving band, which 
is fitted to the projectile to give rotation, plays a most important part in the 
development of both tho gas pressure and the velocity of the shot. The 
greater this iml&l resistance is, the earlier the maximum chamber pressure 
will be attained, and the higher will be this pressure tfnd the muzzle velocity 
The discussion of this part of the subject is deferred to the end of this 
paper, but mention » made of it here so that the reader may understand that 
jto, Va, «o, and *o are the pressure, gravimetrio volume, velocity of the shot and 
fraotion of the charge burnt, when the engraving of the copper band is 
completed. 

The higher resistance while the band ib being engraved will alter the value 
of the oonstant k to V , so that at the end of the engraving process the gases 
generated from the proportion zt of the oharge would expand according to the 
equation 



V, a oonstant. 
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Volumes 
Fio 1. 


If pa is the pressure, fig 2, which the generated gases at would have if 
expanded to v lt then 



The pressure Pi at volume Vi is po' increased by an increment dp due to die 
burning of a further proportion d* of oordite Therefore, by algebraical 
reduction 


Again 
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or generally 



A - y, (?=i)' + ‘ i '’(S=f)' + ^(2=f)' + 

-»(==:) + c.— r* 

At any volume v H + t the pressure 

pn-pj ** y (\-y-ft( *—y. 

and from tlie hypothesis 


proportion of the expansion of z* 

• 

“ fa"*',). (V+**>*) suppose 

So that 


Also 

* +l *<*,+!-«)• (W+ * V) * 

Therefore 

ft“"ft 


( 6 ) 
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When p n approaches very close to p n+i 

Pn + l—Pn' = <lp — e 

where v—» represents generally v n —» 
Inserting this value of dp m (6) we get 


(v-a)’ 




= (^{ V+ S -1 ) V } 


V 


Therefore -— 1 = k , and we may write generally for the mean pressure 


in the bore 


r = (^y^*" v) 


m 


When all the explosive is burnt :=s 1, we shall then put v = v\ and 
p = p\ Thus 

»=^< i+ **-> <«> 
It has been found with modified cordite and the present lorn of Servioe 
driving bands that the average value of K ’= 80 6 and of k = 66, so that 
* = 022121 

6 The Instantaneous Mean Praunti e m the Ohm 


The pressure in tons per square moh on the face of the breech screw is greater 
than that acting on the base of the projectile Experiment proves this to be 
the case Crusher gauges insetted in the base of the projectile always give a 
lower pressure reading than those placed in the chamber at the breech It is 
reasonable to suppose that the pressure in the bore falls more or leas regularly 
from the breech to the base of the shot, and that the mean rate of burning of 
the explosive is that due to the mean pressure in the bore 
The unburnt portion of the charge is assumed to be spread out equally 
over the spaoe between the breech of the gun and the base of the projectile. 
Let u be the velocity in feet per second of the shot relative to the gun, lu the 
mean velocity of the charge, P the pressure in tons per square moh on the 
breech and p, that on the base of the shot, W the weight m pounds of the 
projectile and m that of the charge, A the area in square inches of the bore, 
ft the coefficient of friction, supposed proportional to p t , of the shot passing 
along the bore, and ft■ the coefficient of friction of the gases in the bore 
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At the breech the momentum of the charge and projeotile is 

Pto("£ +w i)‘“ 

and the impressed force is 

(F—ftp.— p>’p) A tons 
At the base of the shot the momentum is 


and the impressed force is 
Consequently 


W a 

-sec tons, 

2240 q 7 

p) A tons 


(/w + W) du / \ * 


and 


W du 


= ?i(1 —p) A 


2240 gdt 

The mean fnotional resistance ft of the gas is unknown, it may be 
included in the general loss ft and accounted for in the factor of effect 
du 

Therefore eliminating and putting (1 — /*) = A the factoi of effect, we 

fit 

obtain 

I* = [l +1 J p. (tons/ inclt a ), 

It is found that the value of l wlucli suits practical tesults best is then 
for the mean pleasure 

v = W+p.) = [l $/+= «/».. (»)• 


putting 
and then 


li /+1 

r» w yT 


B foi convenience, 


5 W 

P = ( 2 — (tons/inch- 1 ) 


( 10 ) 


7 Motion of the Shot 
The equation of motion of the shot is 

2156 * g& m A(1 <t0,W,) " **** 

where ft mcludes the fnotional and other losses, estimated as a fraction 
If u is the velocity, in feet per seoond, of the projectile at any moment 
then by (9) the above expression can be written 

dn k , 

W 1 


if for convenience we put m instead of - 
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Eliminating the mean pressure p and dt by (2) 

, Af dx 

Tntegiating between limits w*and ttn, % aud zq 

V -M« = -^5 V' 
wMH 0 


where 


*“f„ 


dz 


(11) 


This result xb identical with CharbcmmerS* except that he assumes the 
velocity w 0 = 0, immediately after the driving band has been engraved, 
whereas it may attain to a considerable magnitude 
Since u is the velocity at any moment (ft /sec), udt gives the diatanoe 
dx (ft) which tlie shot moves through m time dt (secj, and now making v 0 the 
datum point or origin 


dx = -4?- V; dt 
mMB *» 


G 


Putting dx = dv, from (3), and eliminating dt by (2) we get 
A 


by (7) 


pdv as__y* 

dv __ Ay dz 

v— «)* Gto M*BA. 0 («) 


Integrating between limits v and i>o, * and 5 , and putting 


AV 

' GmM»BA- 


J_ /__i_L_\ 

«—l (*— 


rXl 


where 


x: --£ 


v* 

v *ii 


Z’ + Kio' (f>(z) 


( 12 ) 


(13) 


Tables 1 and II give X|, for different values of * and xq for oylmdnoal and 
tubular modified oordite 

As « 0 ib known from the initial conditions, equation (13) gives the volume v 
and henoe the distance x for any proportion of the charge burnt The 
corresponding pressure p is found from (7) and the velocity from (11). 

When s s 1 the corresponding volume and pressure will be denoted by «i 
and pi and at the muzzle of the gun by v* and p% 


* ‘ M&uorial de l’Artiltene Navale,’ 1907, p. 997 
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Afters as 1, when the whole of the charge has been converted into gas, 
ordinary adiabatic expansion is assumed to take place, so that 
p(i>—*)> = constant = pi(ii —«) y . 

where 7 = 12, and p or pi is the mean gas pressure in the bore Writing 
the equation of motion of tho shot in the form 

m to dv = G fp g dv 

we obtain from the above general condition and from p = Bp, 


m u dn = 

Integrating between limits U\ and U, where U is the muzzle velocity, Vi aud 
v* where v? is the gravimetric volume of expansion at the muzzle, 


(14) 


and transposing 

<i6) 


or giving p x its value from (8) and transposing 

u» *«,■+-!_ 

7—1 mB 

where the value of is obtained from (11) and (20) 


= SHB f/V^+(i-«) v„*( 


(16) 


The mean pressure p» of the gas when the projeottle is just leaving the 
muzzle is obtained at once from the general condition 

(17) 


8 Maximum, Premtie 

It ie important to know tho maximum pressure and its position in the 
gun To find this position, differentiate equation (7) m the form 

p(v—*y = k(z , +Ks a ") 

Thus since V is a constant for way particular set of conditions 
(v— *y dp + ep(v —«)*“ l dv s» eJfe* -1 dz 

For a maximum value of p, ^ = 0 

and p(v—»Y~ l dv as he~ l dz, 

or 

V—a Z* + /e*o* 

Eliminating ———- between this equation and (12), and writing ^ and f 

* T 

2 Q 2 
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for the values of v and z respectively, corresponding with the maximum value 
of p, the following expression is obtained 

d X . = , Ji Jk>L 


flo that 


<%-*> 7 =r W)x-* 

JL = 

X~ a L 


Again from equation (13) by treating v and z as corresponding to the 
inaxtmum value of p and transposing 


We have therefore from these two expressions the relation 


(18) 


r(«b-«y- 1 "F r fe +(e 1)X * 


•(tM—r 1 


-n 


(19) 

Since r and « 0 ere known from the initial conditions f can be found from 
Tables 1 and II, —— can then be found from equation (18). 

X-* 


9 Resistance qf Driving Rand 

When a projectile, fitted with a copper or other metal driving band, u 
foroed through a short rifled cylinder by hydraulic pressure, the resistance 
offered by the band depends on the amount of copper to be forced through 
the rifling grooves. It depends also on the clearance in rear of the band 
between the projectile and the gun bore 
There are two general forms of driving hand in use, vu, (a) that with a 
parallel profile of which the external diameter is a little larger than the 
diameter over the rifling grooves in the gun, (b) the gas-oheok type with a 
tapered profile of whioh the largest diameter, towards the base of the 
projectile, rests against the front cone of the gun chamber and so seals it 
The flat profile of the first type of band does not as a rule properljr seal 
the chamber. The resistance of this band to being foroed into the nfling 
appears to depend on the total shearing circumference of the rifling, and the 
experimental results already collected seem to agree with this. 

With the gas-check type of band, actual trial shows that in many oases 
the maximum resistance takes place before the hand has entered the nfling, 
that is to say, the maximum pressure is developed in deforming the copper, 
or other metal of the band, in forcing it through a diameter smaller than 
itself 
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Experiments with standard and other bands are still in progress f but the 
results are not sufficiently advanced for publication Only one or two forms 
are consequently dealt with for the purpose of illustrating the present paper 
The shape of the band differs m moBt oases, and it is only in the larger 
natures that the bands are made proportional to the diameter of the bore 
No general law can At present be laid down for the resistance For a correct 
determination, recourse must be had to experiments with each type of band 
Owing to the wear of the band m high-velocity guns the amount of copper 
in the section must lie considerably greater than with that intended for low 
velocity guns It is usually preferable to add to the amount of copper where 
necessary, by increasing the diameter of the band 

The resistance begins with a fairly lapid rise, and the curve usually takes 
a parabolic form, it then flattens, and when about two-thirds of the band is 
engraved, the resistance gradually falls until the engmving ,is completed 
The curve then runs nearly parallel to the datum line 

In a gun, during the brief penod of engraving the band, the velocitj 
attained by the projectile is nevei high (say, GO or 70 ft /sec) and it can 
therefore, be assumed that the resistanc* is similar to that occurring 
m the statical cylinders As the shot travels along the bore the band 
wears, moreover, the pressure on the rifling which produces rotation is— 
speaking broadly—proportional to the gas pressure. We may, therefore, 
fairly assume that the resistance of the band aftei engraviug is proportional 
to the pressure 

If the curve of resistance during the engravmg process is assumed to be a 
parabola, we shall not be greatly m crroi, especially if we take into account 
the mean resistance in the calculation The gas pressure may also be 
assumed with even more correctness to rise as a parabola during the engrav¬ 
ing of the baud. In that case the resistance and pressure are proportional 
and the formulae already found again apply, the constants must, howevei, be 
changed to suit the engraving conditions 
Thus let p, be the gas pressure at any instant (tons/inch 2 ), 

q the resistance at the same instant (tons/mch 2 ), 

-ins( 1 -f)?|> b ’'< 2 >“ d < 9 > 

Pat m ft, a fraction, n is therefore also equal to the ratio of the mean 
JP 

values of q and p multiplied by B 
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Integrating, starting with the shot at rest and z — 0, and again, for 
. W 1 

convenience, putting m for ^ - 


But as 


»)Vq 

_dx _ G dv 

u ~Tt~ATt 


( 20 ) 


pfiv = 


A»q-m) 

GmM*B 


Vo 


He 

♦ <*) 


Until the band is fully engraved p = l' (—2—)”, 


therefore 


dv _ A*(!-«) Vo dz 
(v —*)• GroM*BA;' a* *(*)’ 


or, integrating between limits vd, the gravimetric volume of the chamber 
before the shot moves, and v 0 , 0 and 2 b, 


where 


s-1 {(V-a)- 1 (Po-*)- 1 } " ,0X “‘ 


_ A*(l—») 
’•"GwMW 


_ B mean resistance (= <?) _ ,, Bg 
7 mean pressure (= */•»?«) ^Po’ 

po is chosen and e found from the column to = 0 00 in the Tables 
values satisfy the expression 


( 21 ) 


( 22 ) 
If these 

(23) 


they are the correct values Then Uo can be found from equation (20) 

The correct values of p 0 and *> arc most easily found graphically by 
plotting the curve eq. (23), then from (21) plotting values of p and e The 
point where these lines mterseot gives po and zo 

In the above investigations we have, for the sake of convenience, taken 
the important prooesB of engraving the driving band last, but aotually imme¬ 
diately the change in the gun is ignited gas is generated, and begins to tone 
the driving band into the grooves. As the gas pressure during thiB operation 
is comparatively low, the actual engraving occupies quite an appreciable 
tune, but after the band is eugraved the pressure m the gun rapidly rises to 
its maximum, subsequently falling until the whole of the charge is burnt. 
It is not possible for the maximum pressure to take place after the com¬ 
bustion of the charge is completed, bat the maximum pressure and the com¬ 
pletion of the combustion may occur at the seme instant. 
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By solving formula (13) for z a* 1 the position m the gun v x at which all 
the oharge is burnt is found Whether the charge is completely burnt 
before the shot reaches the muzzle is of great importance from an artillery 
point of view, because it is found that greatei regularity as regards range and 
deflection is obtained when the chaige is all consumed at a point in the gup 
some distance from the muzzle 


10 Value* of the Functions and Examples 
In order to make use of these formulae I have calculated, see Table I, the 
values of X; o and Yi 0 , foi modified cylindrical cordite for z =s 0, 0 05,010, 
0*15,0*20, 0 25, and 0 30 Experience has shown that it is very larely that so 
large a fraction of the charge is burnt as to = 0 30 befoio the driving band is 
fully engraved 

Similar X* 9 and Yl Q functions (sec Table II) for modified tubular (xmhtw 
have also been calculated. The \alius ot ior tubular cordite is immediately 
obtained, as it is identical with c— Zq It should be noted that the rate of 
radial burning, 144 p inches per second, may require to be modified if the 
diameter of the central hole is unduly reduced. 

To illustrate the method of plotting the piessure-volume diagram, I have 
chosen an example from ordinary modified cylindrical cordite and one fiom 
modified tubular cordite The driving band m each case was identical, but 
the guns differed both as icgards length and capacity of chamber The 
factor of effect may vary considerably, as, even in the same gun with different 
batches of cordite of the same nature, the ballistics actually obtained may 
differ by 15-20 ft /sec in velocity with a corresponding variation m pressure 
For cylindrical cordite the function 


For 


V* 

V *Q 


f y/\ -zdz = 2{v/l 

f* y/j — Zq— y/l—g dz 
J*e jf + KZv? \/\ —Z 


Y* 


v/l—gp—y/l~s 


+ ( € -l)X! 0 , 


the evaluation was perfonned by approximate integration. 
For tubular cordite 

Y% - 

f* Z-Zp 


"■ -1 


Z' + KZo' 


'.dz, 


Y* 
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Here again the X and Y functions were obtained by approximate 
integration 

The following examples will show the general method of calculation — 

(1) Gun, 6-mch, 50-calibre total bore capacity, including chamber, 
9268 cubic inches, chambei capacity, 1668 cubic inches, area of bore, 
including grooves, 28 942 square inches, charge, 28 626 lb , modified 
cordite, size 26 (D = 0 1891 inches) 

The actual mean muzzle velocity obtained with a shot of 100 lbs was 
2905 ft /sec, and a mean chamber pressure of 17 93 tons per square inch 

The driving band used was of cupro-mckel, and its mean resistance, when 
forced through a rifled cylinder, was found to be 1 Cl tons per square inch of 
bore area for a distance ot 0 1416 feet 

Here A = 28 942 sq m 1) = 01891 ins 

W = 100 lb or = 28 625 lb 


The initial gravimetric volume of the charge ih 

V.’ = -l.QSg- _ 2 0S87, 

28 625x2773 ’ 

n'-« - 20887-0 633 = 14667 


When the band has fully entered the rifling, the projectile has advanced a 
distance of 01416 feet, thus increasing the chamber capacity by 40 cubic 
inches The gravimetnc volume at this stage is 


or 


_ 1658 + 49 

* 28626x2773 


21606, 


v u - a = 2 1505-0633 = 15176 


At the muzzle the gravimetric volume is 


„ _ 9268 _i, rtvc 

* ~ 28625 x2V 73 “ 11676, 


* 11676-0-639 = 11-043 
Thn constants t 0 and i should now lx* found 

_ A«(l-n)gx2240 
0 “ GWMW 

A* (1—w) D* x 32 2 x 2240 

231 « . 4 (13361)*. w(|^/+l) 80-6 

= 54 2524 . A* K 1 ?* 1 "” 

*(! * + tT 
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Assume the factor of effect / to be 0*96, then 

, ^W. 28 626,100 

i(W+7 —j-+ m 

= 109892 


and as e — 11 


r» = 0 538)16 (1-n) 


(e-l)ro — 0 0538116(1—n) 


, - ff/g2240 
GWM'BA- 


= 66 2537 


/ = 0 630868 
(e —l)r = 0 0630868 


A*x«P 



It is neoesBary to find the ballistic conditions when the driving band is 
just fully engraved Equation (21), together with the expression 


enables xo to be found. 

1 


Therefore 


01 


'“ r (s=;)'= 80<, (rafg)' 

1. 

-— j~ - - = 0 96315, - L— = 0 96915 

(V— »y~ l («o—«y -1 

—-j- -L-r = 096315-095915, 


(e-1)r„X? = 0*004, 
Xo* = 


-PPP 4 -= 0 074333 - - 

00638116(1—») l-» 


B = lw* /+1 = 106496 ’ 

From eq. (22) 

n mIb -2-= *! x 105496 x — = 2 ~ 4 ? 73 


2 po 2 

Suppose jh> s= 4 tons/inch* then 
a 8s 0*63693, 
X? = 0*204736 
** = 014384 

If jpt m 6 tons, 

» = 0*50955, 
X* = 0151662, 

or ®o an 6 tons, 

n = 042462, 
2ft = 0129190, 


1—n = 0*36307, 

and from Table I, Column 0 00, 

l-» = 049045, 
zo = 010478 

l-» = 0 57538, 
zt ss 0*08836 
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Plot on squared pajjer (see fig 3), from z as 0 to z ax 0*15 the curve 

P ~ 806 (lSm) 

and draw a curve through the three pomtb po, A> found above Where these 
curves intersect, viz, po ss 4 66 tons, «o = 01135, is the pressure in the gun 
«nd the fraction of the charge burnt when the driving band is just fully 



Z 0 -o 0*05 01 015 

Fig 3 


The position in the guu, where the combustion of the oharge -u completed, 
is found from equation (13) 

From Table 1 by interpolation 

X\,m 2 269112 , 

(«—l)7*Xf, a* 0*143151, 

1 


(«o— 

1 


095916, 

0815999,* 


( ei -«)*- 1 

(«!-«) a 7*6402 


«,« 8 - 2732 . 
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The pressure can be found from eq (8) 

1 + **>• = 1+0-021097, 

p\ — 7 2 tons/inch 8 mean pressure. 

The velocity of the shot at the completion of combustion is by eq (16) 



iy? Vf = 0 47094 x 0117068 by Table 1, 

= 0 056103, 

Vj, = 1*882932, 


K + m 1 938035, 

«i 8 = 6787363, u x = 2605 f./s 


After the charge ib burnt adiabatic expansion takes place according to the 
expression 




= 109966350 


1 . W’ 

g «+7 


(azfj*" 1 = 0 928974, 1-(^?J' 1 = 0*071026, 

—■ r>< 1+ ^> ( T~r. {‘-fcT} - lmm 

s- + 7 

», 8 a 6787363, U 8 = 8482633, U = 2913 f s. 


Hie mean muzzle pressuie 



4*63 tonB/ineh 8 


For maximum pressure, use eq. (19) 
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From Table I by mterjiolation, the fraction f of the oharge burnt when the 
maximumfpressure is developed is 

f = 0 69319, X*. = 0 648272, (e-l)rXj. = 0040897, 

- - - ——- = 0 969150, 7 — Ur-i = 0 918263, 

X~ a — 2 3463, x = 2 9793 volumes, 

/W = ——- (S‘ + *V) = 17 80 tons/inch*. 

This is the mean pressure in the bore behind the projectile when it has 
advanced to a distance equivalent to x volumes. 

The pressure on the breech screw face is 

p = (2--g)jW 

2-1 = 2-0 9479 = 10521, 

B 

and P = 1-0521x17 80 

as 18 73 tons/mch* 

(2) A charge of 30 lb 6 oz of modified tubular cordite gave, in a 6-inch 
45-calibre gun, an actual muzzle velocity of 2797 ft /sec to a projectile 
weighing 100 lb The chamber pressure, as given by crusher gauges, was 
15 78 tons per Bquare inch. 

The dry dimensions of the cordite tubes were external diameter 
= 0 463 inch and internal diameter = 0*167 inch. 

The capacity of the chamber was 1715 cubic inches and the total capacity 
of the gun boil?8550 cubic inches The same driving band was used on the 
projectile as that m the previous example. 

Here A as 28 942,in * D-D' = 0 463- 0167 = 0 296 m 

W a* 100 lb w a 30375 lb. 

We have 


V 

1715 

*s 2 0361, 


= 14031 

30475x2*7 73 

vfl ” & 

tin 

1716+49 

a 2 0943, 

Dd * Ct 

*14613 


30876x2774 



8650 

=101508, 


*95178 

f'Jj 

~ 30375 x 2778 
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The factor of effect will be taken as 0 98, the constants r« and r are then 


A g (1-w)(D-D')»x 322 x 2240 
2 31 x w x 4(1 44)»W i/+1) 80 6 


= 46 7069 A ^ 1 I) ~ D J, 

w U w+ 7/ 

= 106507 (1-n), 

and («-1) r 0 = 0106507 (1 -»), 

/- « 57 0378 = 1 27467, 

u \i 9+ 7) 

(e-l)r = 0-127467 
In order to find zo we have 


1 

(vo-«Y~ l 


= 096670, 


1 

(d 0 —aO* -1 


= 096278, 


and eq. (21) 


Therefore 


<«-l)r*X? = >, 1 -3 -7— 

(Do — (Do —«)•* 

= 096670-0 96278, 

* 0 00392 

0 00392 1 _ 0 036806 

= 0106507 ” l-n 

B = SW /+1 “ 1069641 


By plotting, as m the first example 

806 (r46B)’ 

and at assuming, in order to obtain the value of XJ, that p = 4 tons, 8*6 tons, 
and 8 tons per square inch, it will be found that 

p 0 =s 3 64 tons/in * * 

and zo — 0-0876 ‘ 

The position in the gun where oombustion is completed is given by 

1 _ r = _L__—(«—l)rXi. 

( Di -«/- 1 ( do -*)- 1 v ' s 

Tram Table II by interpolation 


Xi, = 0-728806, 
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then (e-1) rX), = 0*092198. 

= 0982780, 

( v 0 — =)— 1 

and -Jj_ - o 870582, 

(• t - a )'- 1 

whence « = 3 9986 

Koi the pressure when combustion is completed 
1 + *v = 1 + 0016171 

and pi =—L— (1+ **,•) 

(it—*) 

= 14 59 tons/in * 

The velocity of the projectile at the completion of combustion is obtained 
from 

yvjs x 00875 = 0026495, 

V*. = 0 912500 

Therefore 

V. 1 0 + 1 r w Vf = 0 938955 

so that Hi* 1 = 3472240, «, = 1863 f /s 

After tlie charge is burnt the same formula as for Example 1 is used, vis., 

V- - ».*+109966360 (1 *«) gJjp ■ 

5 w+ 7 

^=-5 = |2S, (2i^r = 0 840763, 1 * o 159287, 

»j-« 95178 \v»—a/ \v,—*/ 

so that 

U» = 3472240 + 4347900 « 7820140, U = 2796 f /s 
for maximum pressure 

PJ^p-0 785317 -Y< 

From Table II we find that the fraction f of the charge burnt when the 
maximum pressure is developed is 

O 0-77800 
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From Table II 
and 

and s;nce 


X‘=0519863, 
(<-l)rX?= 0066265, 

,- r = 0*962780, 


7-—r—r = 0 896615, Y-« = 2 98143, 

(x—*Y 

Pmmx ~ (x~~ u Y ^' + KZ °') ~ 15 ^ t 0118 / 111 * 

This is the mean pressure in the bore At the breech the maximum 
pressure is 

Pffiax — Praax » 


4 = 09439, 2-1 = 1-0561, 

n h 

V - 10561 x 15 25 = 161 tons/m a 

The results of the calculation of Example 1 are plotted in fig 4, the 
isopync lines begin with that foi ^ = 01135, the fraction of the charge 
burnt when the driving band is just engraved The trace of this curve 
follows the equation 

r-««r 


The remainder of these curves for s = 0 2, 0 3, etc, follow the equation 


V 


= 66 


** l + iat« } 1 
(•-«)• 1 


where 1 = 0 021097 

The pressure curve begins at V—# at 0, it uses nearly vertically until 
xt reaches a value of 4*65 tons when it cuts the isopync line m 01135 
As the pressure ourve oontmues to rise to its maximum, and then to fall, it 
intersects the remainder of the isopync lines, so that the diagram gives, for 
.any mean gas pressure in the gun, the position v—* of the shot and the 
fraction z of the charge burnt. When the charge has just been completely 
burnt the pressure curve joins the isopync line 2 = 10. After this the 
expansion proceeds adiabatioally until the shot leaves the gun This figure 
has been plotted for convenience with v—» equal to 1, 2, 3, etc 
The velocity ourve is shown in the dash-and-dot line, when the driving 
band is just engraved the projectile has a velocity of 77 ft /sec 
The pressure ourve can be more expeditiously drawn by using I npmth mfr 
ruled paper, as shown in fig 5 The isopyric curves then become a group of 
inclined parallel straight lines 



30r 


506 


Lieut.-Colonel A. G. Hadcock. 







Pressure — Toils per square inch 
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The maximum pressure found above of 18 73 tons per square mbh on the 
breech screw is nearly a ton too high, as found by the erusher gauges, but 



usually the crusher gauges, placed loose in the gun at the breech, are 
earned forward with the rush of gas, so that the pressure registered by 
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them may be that due to some intermediate position between the breech and 
the shot. 

This is borne out by an experiment lately earned out with a small bore 
gun having a long chamber. Fixed crusher gauges were inserted in the 
chamber (a) at 2 inches from the breech end, and ( b ) at 4*8 inches from the 
first-named gauge, as shown m fig 6 

The mean pressure of three rounds (oharge 1 oz. 11 drams modified 
cordite, diameter as 0 039 inch) was at (a) 16 45 tons per square inch, at 
(5) 1515 tons With a charge of 1 oz 12 dramB modified cordite, 
diameter = 0*0298 inch, the mean of three rounds was at ( a ) 18 8 tons, at 
(5) 173 tons per square inch The projectile was fitted with a copper 
driving band and weighed in all the experiments 6 oz. 

The maximum pressure m this experimental gun will take place at about 
double the distance ( b) is from (a), so that applying the above rule for the 
difference of pressures, those actually obtained are olosely approximated to 
Hefferman* finds from experience formulae equivalent to 

X~7 . a a= 15 for cylindrical cordite, 

%-*« 

as 2 0 for tubes 

While Lissakf finds with powder with a decreasing surface like cylindrical 
cordite, a value of 145 
The values found m the above examples are 

cylindrical cordite XZJL = ~~~ = 161, 

for tubular = - 212 

1 40ol 

They will, however, vary in every case 

* See * Internal Ballistics,' 1907 
t 4 Ordnance and Gunnery/ New York, 1907. 
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The Absorption of X-Rays. 

By E A Owen, B A (Cantab*), M Sc (Wales), University College, London 
(Communicated by Prof. A W Porter, F B.S. Beceived March IS, 1918) 

Introduction —Previous to the discovery of the behaviour of X-rays with 
regard to crystals, the most homogeneous radiation obtainable was that of 
the characteristic radiation of an element which is excited when that element 
is exposed to X-radiation of suitable hardness. These characteristic radiations 
are now found, however, by the new method of analysis, to be constituted of 
a number of radiations of different wave-lengths Moseley,* shortly after the 
discovery of the reflection of X-rays, showed that the characteristic radiations 
of most of the metals he examined consisted of two prominent wave-lengths, 
Braggf later found that, in the oase of rhodium, palladium and silver, each 
of these lines oould be further resolved into two components Hence the 
spectra of the characteristic radiation of the K senes of these elements 
consist of at least four different wave-lengths. The analysis of a beam of 
X-rays into its constituent radiations by reflection at a crystal face provides 
a means, therefore, of obtaining radiation of a definite wave-length and of such 
intensity as to enable its absorption coefficient in different materials to be 
accurately measured. 

Bragg and PierceJ have already measured the absorption coefficients of the 
two most prominent lines in the spectra of the elements Bh, Pd and Ag, in a 
number of metals. To make the absorption coefficient more directly com¬ 
parable with other atomio characteristics, they gave their results in the form of 
atomic absorption coefficients * the atomic absorption coefficient expresses the 
proportion of the energy of an X-ray penoil which is absorbed in crossing a 
surface on which lies one atom to evexy square oentunetre. The ordinary 
mass absorption coefficient can be calculated from this quantity by dividing 
it by the mass of the absorbing atom. The experimental results showed that 
the ratio of two absorption coefficients is independent of the wave-length of 
the radiation over considerable ranges, a result previously deduced by Barkla 
from his experiments, also, that the atomic absorption coefficient is propor¬ 
tional to the fourth power of the atomic number of the absorber. 

* Moseley,' PbiL Mag,' vol 86, p. 1084 (1918) 
tff.H Bragg, 4 PhlL Mag.,’ voL89,p. 407 (1916) 
t Bragg and Pierce, 4 Phil Mag.,’ voL 88, p 686 (1914) 
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Combining thu last result with the existing relation connecting the 
absorption coefficient with the wave-length of the radiation, namely— 

Mass absorption coefficient x 

Bragg and Pierce arrived at the following very general law 
Atomic absorption coefficient = ON 4 *. 5 * 8 , 

where N is the atomic number of the absorber, and X the wave-length of the 
radiation. The quantity C is oonstant over oousiderable ranges but changes 
abruptly when we get into the region of selective absorption. 

Some doubt has been cast on the validity of the above relation connecting 
atomic number and atomic absorption coefficient by the results of Auren,* 
who has recently made an extensive investigation of the absorption of a great 
number of solutions On the assumption that the molecular absorption 
coefficient can be obtained by addmg together the atomic absorption 
coefficients of the atoms composing the molecule, it has been possible, from 
the observed values of the molecular absorption coefficients of the different 
substances used, to calculate the relative atomic absorption coefficients of 
the elements from hydrogen upwards In the experiment, rays direct from 
a bulb with tungsten anticathode were employed which had been passed 
through an aluminium screen 125 mm thick to filter away rays of the longer 
wave-lengths in the beam. A measurement of the wave-length of the 
radiation transmitted gave a mean value of 0 35 x 10 -8 om 

To determine the absorption coefficient of a certain molecule, solutions of 
different concentrations containing that molecule were taken, from which a 
fairly accurate mean value of the molecular absorption coefficient oould be 
obtained. From these observed results the relative values of the atomic 
absorption coefficient of the elements were calculated by assuming the 
additive law just mentioned The final results led to the conclusion that the 
atomio absorption coefficient is not proportional to the fourth power of the 
atomic number, but that the elements divide up into groups, for each of 
which the atomio absorption coefficient is directly proportional to the atomio 
number. 

The object of this paper is to endeavour to account for these two disoordant 
results. A general law is arrived at which differs slightly from that stated 
by Bragg and Pierce, by the aid of whioh the molecular absorption coefficients 
of all the subetanoes used by Auren have been calculated for the wave-length 
employed by him and the values thus obtained are all found to agree, within 
the limits of experimental error, with those actually observed in Auren’s 
experiment 

* Auren, ‘PhiL Mag.,' voL S3, p 471 (1917). 

2 8 2 
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Experimental —In the experimental part of the present investigation, 
particular attention is paid to the absorption of the at-line of palladium in 
different substances This line was chosen because its mean wave-length is 
known very accurately, and its intensity, when reflected from the (111) face of 
a crystal of carborundum, is no great as to enable measurements of its 
absorption in different substances to be made with aocuracy. Also, the 
intensity of the superposed second and third order spectra of the shortest 
wave-lengths in the spectrum of the radiation emitted by the bulb was 
so small compared with the intensity of the *-linq itself that it had no 
appreciable effect upon the punty of the a-radiation * 

The carborundum crystal was placed on the revolving table of the X-my 
spectrometer, and fixed in the position in which it reflected the «-hne of 
palladium into the ionisation chamber. By the arrangement of shtB adopted 
in the experiment, the reflected beam was confined to a very narrow pencil, 
so that the width of the chamber slit could be made very narrow without 
appreciably outting down the intensity of the beam that entered the 
ionisation chamber Its width was fixed at 0 4 mm. The employment of 
a slit so narrow as this adds to the aocuracy of the determination of the 
absorption coefficient. In the measurement of absorption coefficients, it is 
important to prevent secondary radiation, either scattered or fluorescent 
produced by the primary radiation, from entering the ionisation chamber. 
When the rays traverse the absorbing screen, it is required to find the 
intensity of the radiation which proceeds as primary radiation after passing 
through the screen. By usmg a narrow slit, the experimental conditions 
necessary for this are approximately obtained These conditions may be 
further improved by removing the screen a little distance away from the 
chamber slit, in which case only the seoondaty radiation contained in the 
small solid angle subtended at the slit by the illuminated portion of the 
absorbing screen enters the chamber, and in this particular case this would 
be negligible. Experiment showed that there was no difference m the 
value of the absorption coefficient obtained when the absorbing screen was 
moved from a position about 2 cm in front of the chamber slit to a position 
near the orystal In the present investigation, the absorbing screens were all 
placed about 2 cm m front of the ohamber slit when their absorption 
coefficients were being measured. 

The substances whose absorption coefficients are measured range from one 
down to light substances containing carbon and oxygen, such as filter paper ' 
and water, it is the values of the absorption coefficients of the lightest 


* See Owen, ‘ Boy Soc. Proa,’ A, vol W, p. M7 (1918). 
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substances that suggest a possible explanation of the disagreement for which 
we are seeking to account 

It will be assumed that water and filter paper behave like elements whose 
atomic numbers are 8 and 7 resj>eotively In water oxygen absorbs most of 
the radiation, the absorption due to hydrogen being almost negligible in 
comparison with it } in filter paper, whose constitution may be represented 
by the formula n(C«Hio0 5 ), the masB of the carbon atoms ib not much 
smaller than that of the oxygen atoms, so that the substance may be taken 
to behave towards X-rays as an element whose atomic number is the mean of 
those of carbon and oxygen, eg t of atomic number 7 These approximate 
assumptions are made here to enable us to plot the absorption coefficients of 
these substances on the same graph as those for the elements employed, in 
order to get a rough idea of the shape of the absoiption curve m this region 
Later, the actual value of the molecular absorption coefficient of each 
substance will be calculated, in which case account will be taken of the 
absorption of the hydrogen atom whose effect is being ignored in making the 
above assumptions 

The values of the absorption coefficients aro obtained from the usual 
relation I ss where I 0 is the intensity of the primary radiation before, 

and I its intensity after traversing a screen of thickness x cm 

The final mean values experimentally obtained are tabulated in Table I, 
they are the mean of a large number of observations The results previously 
obtained by Bragg and Pierce with the a-hne of palladium are also included 
in the Table for oomp&nson, and it will be observed that the values obtained 
now agree fairly closely with their values for the elements used in common 
In view of this corroboration of Bragg and Pierce's results, it was not 
considered necessary to extend the investigation to other wave-lengths, as 
the information obtained with the a-palladium radiation sufficed for the 
immediate purpose in view. 


Table I 


Absorber 

Atomic 

number 


Owen. 

Bragg and Pierce 

Hull and Rice 

Mean values 

Zn 

80 

84 7 

84 0 

IM , 

34 3 

Ou 

29 

29 6 


80*28 

80 2 

51 

28 


28 e 

— 

27 4 

Ft 

20 

— 

23 1 

— 

88 1 

Ai 

18 

8 a 

8 10 

8 12 

8 18 

K« 

12 

a 

— 

— 

2 48 

Wstor 

[8] | 

0 844 

— 

— 

0 844 

Filter paper 

M 

0 064 



0 064 
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Column 5 of Table I contains the values of pjp for oopper and aluminium 
calculated from the following formulse arrived at by Hull and Bice* in their 
experiments on the absorption of the end radiations of a Coolidge tube 

(p/p)Al = 149X 8 +012. 

(p/p) Cu = 1-50 X*+012. 

where X is the wave-length of the radiation (0 586 x 10~ s cm. for the a-palla- 
dium line). These values of p/p are also in agreement with those in the 
other columns. 

The means of all the values are given m column 6 of the Table The 
figures for the elements zinc to magnesium are more accurate than thoee for 
papei and water. The absorption m the case of these two substances is 
small, and in consequence the coefficient is not so easy to measure with 
accuracy 

In the diagram the logarithms of the mean value of p/p are plotted as 
ordmateB against the logarithms of the atomic numbers as abscissa: A curve 
through the points is very nearly a straight line between the elements 
zmo and magnesium, but, beyond this point, as we proceed to the region of 
the lightest elements, the curve departs more and more from its straight-hne 
course If the absorption coefficients as determined by Auren be plotted in 
a similar manner, the curve obtained over the range of atomic numbers here 
employed shows exactly the same characteristics, but the divergence m the 
case of the light elements from the approximate linear relation existing 
between log p/p and log N for elements between magnesium and zinc is 
rather more pronounced than in the present instance. 

Before considering the effect which the scattering of the rays might have 
in determining the shape of the absorption curve as plotted here, it would 
be advisable to summarise briefly the laws of scattering as experimentally 
determined by Barkla. 

The Scattering of X-rays .—When a beam of X-rays passes through matter 
it may lose its energy in two ways, namely, (1) by the production of oorpus- 
oular radiations and the oharaotenstie radiations that accompany them, and 
(2) by the production of scattered radiation. In the former case, the quality 
of the radiation is changed, but in the latter case the quality remains 
unaltered. As a general rule these two processes take place simultaneously, 
but they are quite independent of each other. 

Barkla has earned out extensive experiments on the scattering of X-rays, 
from which he has deduced many important laws governing the process of 
scattering It is found that the scattering is dependent upon two main 

* Hull and Bice, ‘Fhya. Rev,,’ vol 8, p, 396 <1016). 
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factors, (1) the atomio weight of the soatterer, and (2) the wave-length of 
the radiation. 



Elements of low atomio weight scatter the same amount approximately 
miui« for mass for radiations over wide limits of wave-length. There seems, 
however, to he a slight increase in the scattering with an increase in the 
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wave-length of the radiation, this inoreaSe becomes more marked when the 
wave-length becomes so great as to be comparable with the size of the atom 

In the case of the heavier elements when the wave-length of the radia¬ 
tion is long, the scattering moreases many-fold, bat with short waves the 
mass scattering even in the heavier elements approaches equality with that 
in the light elements 

For the light elements when the wave-length of the radiation is short, 
the chief cause of loss of energy of the X-radiation may be put down to 
scattering; in general, it may be stated that the lower the atomic weight of the 
scatterer the greater is the proportion of loss of energy by scattering to the 
total loss of energy. 

The scattering ooeffioient experimentally determined by Barkla in the 
case of light elements was found to have the value 0 2, and, as stated above, 
was found to be constant over wide limits of wave-length This value 0 2 
agrees almost perfectly with that obtained by calculation on the assumption 
that the number of electrons per atom is equal to the atomic number 

According to the simple electro-magnetic theory, the scattering coefficient 
should be a universal constant, independent entirely of the wave-length of 
the radiation scattered Barkla’s experiments show, however, that the 
coefficient is constant only for very short wave-lengths Hull and Bice 
confirmed this result in their work on the absorption of X-radiations of very 
short wave-lengths in aluminium, copper, and lead, but the value of the 
soattenng coefficient deduced by them from their experiments was somewhat 
lower than the above value found by Barkla. The wave-lengths employed 
ranged from 0147 x 10~ B cm to 0*392 x 10“* cm The greater of the two 
wave-lengths dealt with in the present work, namely, 0 586 x 10~* cm., is a 
little outside this range, but it will be assumed that the scattering ooeffioient 
for this wave also is constant for all the elements used, and that its value is 
0 2, the value found by Barkla for the light elements. 

Let us now find what effect the correction for scattering produces on the 
shape of the absorption curve. The absorption coefficients plotted in 
the diagram are the total absorption coefficients, which include both the 
scattering and the fluorescent coefficients If r/p is the fluorescent absorp¬ 
tion coefficient and e/p the scattering absorption coefficient, then the total 
absorption coefficient is given by the relation /tfp m rfp+e/p In the 
present case, e/p is assumed to be constant and equal to 0 2. Plotting the 
logarithms of the values of r/p obtained from this relation on this assump¬ 
tion, against the logarithms of the atomic numbers of the absorbing atoms, 
we find that the points all lie very approximately along a straight line. The 
line is dotted in the diagram above. This line gives the index 3 approxi- 
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mately, bo that the relation between r/p and N may be approximately 
expressed by the equation r/p — C'N*, where C'ui constant. If, however, 
the atomic fluorescent absorption coefficient is calculated in each case, it is 
found that the results are more accurately expressed by the equation 

Atomic fluorescent alisorption coefficient = CN 4 

This result is slightly different from that of Bragg and Pierce, the difference 
between the two relations is not so marked in the case of the heavier atoms, 
because the scattering coefficient is small compared with the fluorescent 
coefficient, but it beoomes very appreciable for elements of low atomic 
weight, m which case the absorption by soattenng becomes the prominent 
part of the total absorption 

To test the validity of this law, it will be used to calculate the molecular 
absorption coefficients which have been experimentally determined by Auren 
To do this, we have to oonsider m detail the transformation of absorption 
coefficients obtained with one wave-length to those which should be obtained 
with a radiation of another wave-length Tins transformation can be earned 
out without much difficulty by the use of the relation connecting absorption 
coefficient with wave-length 

The, Relation between Absorption Coefficient and Wave-length of the Radiation 
Absorbed —It was pointed out by the writer* a few years ago that the 
connection between the absorption coefficient and the atomic weight of the 
radiator whose characteristic radiation waB employed, could be approximately 
expressed by a very simple relation , the absorption coefficient was found to 
be approximately inversely proportional to the fifth power of the atomic 
weight of the radiator. This relation was arnved at before definite wave¬ 
lengths were assigned to X-rays Since the wave-length of the radiation 
characteristic of a certain element lias been found to be approximately inversely 
proportional to the square of the atomic weight of that element, the above 
relation expressed in terms of wave-length takes the form p/p <x X.***, which 
accounts for the factor appearing in the general law written down by 
Bragg and Pierce Further experiment! has shown that the relation r/p = o\* 
is a more aoourate representation of the observed results (where r/p is the 
fluorescent absorption coefficient). This law is found to hold for all wave¬ 
lengths except those in the immediate viomity of an absorption band, when 
the value of the constant a changes suddenly. If the fluorescent absorption 
coefficient of a certain substance is known for one wave-length, by means of 
this relation it can be calculated for any other wave-length so long as that 

* Owen, < Boy. Boo. Proc.,’ A, vol. 86, p. 486 (1918). 

t Hull and Blee, toe oU. , Barkl* and White, ‘ Phil. Mag,’ vol 84, p 870 (1917); 
Owen,' Boy. Soc. ProcV A, vol. 94, p 389 (1916) 
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substance does not selectively absorb any radiation in the region between the 
two wave-lengths considered Also, since it is assumed here that the 
scattering coefficient is constant for all substances in the case of tin two 
wave-lengths with which we are concerned, the total absorption coefficient is 
also determined. 

Galeidatwn of Emdts —Table II contains the values of rfp for the most 
common elements from hydrogen to bromine for the «-line of palladium 
(A. ss 0 580 x 10" 8 cm). The values have been taken direct from a straight 
line corresponding to the dotted line in fig 1, which had been drawn on a 
large scale The mass of the atoms and the calculated values of the atomic 
total absorption coefficients are also included m the Table. 

Table II. 

X = 0 586 x 10" 8 


Element 

Atomic 

number 

Fluorescent 
absorption 
coefficient (r/p) 

Total 
absorption 
coefficient ^p/p) 

Mass of 

absorbing 
atom l«r)< 

Atomio total 
absorption 
coefficient (p/p is) 

H 


0 0015 

0 2015 

1 64x10-“ 

0 881x10-“ 

C 


0 801 

0 501 

19 67 

9 86 

N 


0 468 

0 668 

28 00 

16 84 

0 


0-687 

0 887 

26 25 

28 28 

F 


0 000 

1 166 

31 15 

86 26 

Na 

11 

1720 

1 020 

87 74 

72 -a 

Mft 

12 

2 280 

2 480 

89 84 

06 0 

A1 

18 

2 806 

8*005 

44 46 

188 7 

fix 

14 

8 516 

8 710 

46*4 

172 1 

P 

15 

4 205 

4 405 

50 0 

228 6 

S 

10 

5 212 

5 412 

52 0 

284*5 

01 

17 

6 104 

6 804 

581 ; 

I 871*6 

E 

10 

8 551 

8 751 

64 1 ! 

561 0 

Oa 

20 

0 *077 

10 18 

65 8 | 

I 060*0 

Or 

24 

10 08 

17 18 

85 8 

1468 

Mn 

26 

10 05 

19 25 

00 0 

1782 

Fe 

26 

21 08 

21 78 

01 6 i 

1002 

Co 

27 

24 10 

24*80 

06 7 

2840 

Ex 

28 

20 79 

26 00 

96 8 i 

2600 

Co 

20 

20 72 

20 02 

104 1 

3112 

Zo 

80 

82 81 

88 01 

107 1 

8588 

As 

88 

48 05 

48 26 

122 0 

5815 

Be 

84 

46 88 

47 *06 

120*9 

6116 

Br 

85 

51 *40 

51 60 

181*0 

6766 


In order to calculate the molecular absorption coefficient of a oomplex 
molecule from the atomic absorption coefficients of the atoms oompoaing that 
molecule, we shall assume, as Auren did, that the total absorption coefficient 
of the molecule may be obtained by adding together the total absorption 
coefficients of its atoms 

Let (jifph, <r//»)i, and (e/p)i be the total absorption coefficient, the 
fluorescent absorption coefficient, and the scattering coefficient respectively 
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for the wave-length 0 586 x 10~ 8 cm., for any element, and let the same 
notation with the suffix 2 denote the same quantities for the wave-length 
0*35xl0" 8 cm., which is the mean wave-length of the radiation need by 
Auren in his investigation 

Since (r/p)i X a 3 ss (r/p)a Xj 8 , 

then ( T /p)a — 0*213 (r/p)i, 

and since (<t/p)i = (<r/p)s = 0*2, 

then 0x/p)a = 0 213 Qi/p )i + 01574, 

which is the relation connecting the total absorption coefficients of any 
element for the wave-lengths 0 586 x 10~ 8 cm. and 0 35 x 10~* cm. Let t a ' 
and denote the atomic total absorption coefficients for these two wave¬ 
lengths respectively. 

Then t a " = 0 213 +01574 w, 

where w is the mass of the atom 

If t m ‘ and t n " denote the molecular total absorption coefficients, then, by 
the additive law that we are assuming, it follows that 

t n " = 0 213 <„' + 01574 m (1) 

where m is the mass of the molecule 

Knowing the molecular total absorption coefficient (<„') of any substance 
for the wave-length 0 586x10" 8 cm, we can calculate by the aid of 
equation (1) the molecular total absorption coefficient for the wave-length 
0 35 x 10 -8 cm. 

Consider, for example, the molecule NaCl 

From Table II we find that the atomic total absorption coefficients of the 
atoms Na and Cl for the wave-length 0 586 x 10~ 8 cm are 72 6 x 10”“ and 
3716 x 10”“ respectively. 

The moleoular total absorption coefficient (t m ) is, therefore, 444 2 x 10~“ 
The mass of the molecule (m) * 58 46 x 164 x 10"“ 

Substituting these values m (1) we get 

t m " s* 109 59 x 10"“, 

whioh is the figure that appears in Table III 
The mnlAnnlar total absorption coefficients of all the subetanoes investigated 
by Auren (except those containing atoms heavier than bromine, which were 
(nutted because of their proximity to a critical region of the «-palladium 
line) were calculated in this manner A list of the calculated values is 
co ntain ed in Table III. Column 5 of this Table contains the ratio of the 
calculated values of the molecular total absorption coefficient of any sub¬ 
stance to that of water These figures are directly comparable with the 
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experimental values obtained by Auren, which are included for comparison 
in Column 6 of the Table 

Table III 


Absorbing 

substance 


HjO 

KftCIO, 

NaCl 

NaOH 

C.H* 

0H 4 O 

C 4 H ia O 

CgHgO 

0»H a O 


Formula 

weight 


NH4NO5 

C fl H 4 NO a 

C.HgSf 

C«H ft NH« 



Moftcular total 
absorption oo* 
efficient 

-0 686 x 10“* on 


23 94 
614 2 
444 2 
96 21 
61 09 
84 46 
66*99 

64 82 

65 48 
267 62 
206 88 



Calculated 
molecular total 
absorption co¬ 
efficient 

A—0 86 x 10~*om 
xlO* 


9 749 
186*9 
109 6 
80 82 

83 16 
16 60 
88 18 
26*65 
27 82 
92 18 
95 89 

84 49 
42 86 
57 89 
84 62 
40 87 

208 54 
880 64 
94 05 
106 90 
88 61 
217 89 
829 45 
689*95 
569 *70 
778 78 
*66 
68 
87 
947 20 
878 40 
1230 0 
1587 7 
544 20 


Molecular total 
absorption co¬ 
efficient relative to 
that of water 


Calculated. 


Observed 

(Auren) 



20 

87 

89 

66 

9 

*66 

10 

86 

9 

*00 

22 

84 

88 

8 

60 

5 

67 

4 

79 

*0 

76 

4 

70 

9 

87 

8 

97 

1 

89 

8 

126 

1 

162 

8 

65 

8 


79 

4 

78 

4 

72 

9 

84 

•1 

96 

a. 

84 

8 

186 

*0 

165 

0 


It will be noticed that for all the substances investigated the agreement 
between the experimental values and the values of the molecular absorption 
coefficients calculated along the lines indicated here is remarkably good, in 
view of the possible error in the determination of the mean value of the 
wave-length of the direct radiation used by Auren, and also the uncertainty 
attaching to the value of the scattering coefficient, which has been assumed 
to have the value 0‘2 over the whole range of elements from hydrogen to 
bromine for the wave-lengths concerned. 

From the examples cited by Auren in his paper, it would appear that the 
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difference between calculated and observed values is well within the range of 
variation of the experimental values of the molecular absorption coefficient 
of a given molecule as determined from solutions of different concentrations. 
For instance, the observed values of the relative molecular absorption 
coefficient for the molecule KC1 range from 182 to 236, the calculated 
value is 22 3 

The salt FeSO* is not included in the list of substances contained in 
Auren’s Table, it is excluded because a general rise was found in the values 
of the relative molecular absorption coefficient for this Balt as the concentra¬ 
tion of the solution was decreased This variation is accounted for by the 
fact that the salt, being oxidised by contact with air and hydrolysed by 
dilution, passes into a colloidal state The values of the relative molecular 
absorption coefficient for this molecule, given by Auren in a separate Table, 
vary from 63 0 for a solution of the concentration 108 gramme-molecules 
per litre to 58 4 for that of concentration 0133 gramme-molecule per litre 
The value obtained for this moleoule from the present results by calculation 
is 55 8, and is almost exaotly the mean of all the observed values given 

The validity of the relation that has been arrived at may be further 
tested in the case of paraffin wax, which is a substance containing a com¬ 
paratively high percentage of hydrogen by weight The chemical formula 
of this substance may be written as C aa H« or C M H M . Either formula gives 
by calculation the value 0456 for the total absorption coefficient of this 
substance for the wave-length 0 586x10“® cm The value obtained by 
experiment is 0 425 The agreement between these two figures is good m 
view of the fact that it is difficult to measure the absorption coefficient of this 
substance with great accuracy 

Table TV gives the observed and calculated results for the three sub¬ 
stances water, filter j?aper, and paraffin wax, for the wave-length 
0 586 x 10~* cm. 

Table IV 


Substance, 

Formula weight 

m/p tot X—0 666 k 10“' cm 

Observed. 

Calculated 

Water 

Paper . 

Paraffin wax 

HgO 

* i A) 

- 

0*84 

0*88 

0 48 

eoo 

&3S 


Condiment.— The experimental values of the mass absorption coeffi¬ 
cients of elements ranging from aluminium to zinc for the wave-length 
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0*586 x 10“* cm observed by Bragg and Pierce have been confirmed, and 
it is shown that the values of the relative molecular total absorption coeffi¬ 
cients of different substances experimentally determined by Amen for a 
radiation of wave-length 0*35 xl0“® cm., may be calculated from these 
values by making a suitable allowance for the scattering of the radiation 
The results indicate that the atomic fluorescent absorption coefficient is 
directly proportional to the fourth power of the atomic number of the 
absorbing atom, which may be represented by the following equation ■—• 

C,N*. (2) 

where /<, is the atomic fluorescent absorption coefficient, N the atomic 
number, and Ci a constant over ranges outside ontioal regions 
It is known also that the fluorescent absorption coefficient vanes as the 
cube of the wave-length of the radiation absorbed, so that 

( r/p - C*\» (3) 

Combining these two relations we get the following general relation 
connecting atomic fluorescent absorption coefficient, atomic number of the 
absorber, and wave-length of absorbed radiation -— 

f a m CW, (4) 

where C is a constant over certain ranges but changes abruptly at critical 
points. This relation is independent of the scattering coefficient and refers 
only to the loss of energy of X-radiation by the production of corpuscular 
radiations and the fluorescent X-radiations that acoompany them 
The calculations earned out in this paper are based on equation (4) To 
arrive at the molecular total absorption ooeffioient of any molecule, it has been 
necessary to make the two following assumptions:— 

(1) The molecular total absorption coefficient of a complex molecule is 
additively determined from the atomic total absorption coefficients of its 
constituent atoms 

(2) The mass scattering coefficient of all the elements from hydrogen to 
bromine has a constant value of 0 2. 

The first assumption implies that the absorption of radiation by an atom is 
the same whether or not that atom is in combination with other atoms This 
assumption is fully justified by the results of different investigators 
There seems to be some uncertainty m regard to the second assumption 
For instance, Barkla and Dunlop* find for the wave-length 0 816 x 10** cm 
the following values — 



* Barkla and Dunlop,' PUL Mag,’ voL SI, p. 889 (1910). a 
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the relative scattering for lead being more than twice that for copper (For 
longer waves these relative values show marked increases.) Hull and Rice,* 
on the other hand, find that the relative scattering with this radiation has the 
same value in each case, and is equal to unity In view of this irregularity 
it was deemed advisable to assume the scattering coefficient to be constant 
for all the elements employed for the two wave-lengths dealt with, namely 
0'35 x 10“® cm. and 0 686 x 10~ 8 cm. There is some ground for making this 
assumption m the fact that on the electro-magnetic theory this quantity 
should be an universal oonstant The absolute value 0 2 was taken because 
Rarkla has made many determinations of this quantity for light elements 
and has invariably found this value for it Furthermore it ib the value 
that, when substituted in Sir J J Thomson’s expression for the loss of 
energy by scattering, gives the value at present accepted for the number of 
electrons m the atom. The agreement found here between calculated and 
observed values lends some support to the validity of the assumption. It is 
possible, however, that the agreement between calculated and observed values 
might be even better than in the present instance if it were known exactly 
how the scattering coefficient vanes with the wave-length of the radiation 
scattered, and also the masB of the atom, and an acourate allowance be made 
for this in the calculations f 

A method of measuring coefficients of scattering is suggested by the results 
of this investigation We have found that the atomic fluorescent absorption 
coefficient is proportional to the fourth power of the atomic number of the 
absorber, we know also the value of the scattering coefficient for light 
elements. If then an acourate method of measuring total absorption 
coefficients be employed, by the aid of these two factB, the variation of the 
scattering coefficient can be investigated for any wave-length over any range 
of atomic numbers 

Summary . 

(1) The absorption coefficients of a number of substances for a radiation of 
wave-length 0 586 x 10“ e cm (the «-lme of palladium) have been determined, 
and the values obtained confirm those of Bragg and Pierce m the oase of 
elements used m common 

* Hull and Bice, loo cu 

+ It might be mentioned that when the value of the scattering coefficient for hydrogen 
was taken to be twice that of other light elements, and the calculations proceeded with 
in a manner similar to that described here, the agreement between the observed and 
calculated values of the molecular total absorption coefficient was not so good as in the 
case investigated when the value of the scattering coefficient of hydrogen was taken to 
be the same as that of other light elements. 
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(2) The atomio fluorescent absorption coefficient is proportional approxi¬ 
mately to the fourth power of the atomic number of the absorber. 

(3) The following relation exists between the atomic fluorescent absorption 
coefficient, atomic number of the absorber, and the wave-length of the radia¬ 
tion absorbed 

fa as CN 4 X 3 , 

where C is a constant over certain ranges, but changes abruptly at critical 
points 

This relation is independent of the scattering coefficient, it deals only 
with the loss of energy of X-radiation by the production of corpuscular 
radiations and the fluorescent X-radiations that accompany them 

(4) Calculations based on the above general relation show that the 
molecular total absorption coefficients of different substances observed by 
Auren with radiation of wave-length 0 35 x 10“ 8 cm. may be deduoed very 
approximately from the atomic total absorption coefficients obtained for 
different elements with radiation of wave-length 0 586 x 10~* cm, if the 
coefficient of scattering be assumed to have a constant value of 0 2 for all 
elements from hydrogen to bromine for both these radiations. 

I desire to express my indebtedness to Prof. A W Porter, F.R.S., for the 
help he has given me throughout the course of the investigation 



525 


The Magnetic Storm of December 16 - 17 , 1917 , as Recorded at 
Kew and Eskdalemuir Observatories. 

By C. Chbee, Sc D, LL D, F.R S„ Superintendent Kew Observatory. 

(Received March 19, 1916) 

§ 1 In a recent paper,* I described a magnetic storm occurring on 
August 22,1916, in which the disturbances recorded at Kew and Eskdale¬ 
muir Observatories were closely similar in type The magnetic storm on 
Deoember 16-17, 1917, affords in many ways a remarkable contrast, the 
changes recorded at the two observatories differing notably in type The 
disturbance was the largest of the year. In the Kew decimation (D) and 
horizontal force (H) curves, a prominent feature was a succession of oscilla¬ 
tions with penods of about 20 minutes, and it wa9 the hope of identifying 
these with corresponding oscillations at Eskdalemuir that suggested the 
present investigation Dr Crichton Mitchell, the Superintendent of Eskdale¬ 
muir Observatory, kindly sent the original curves, so the comparison was 
made under favourable conditions 

One of the obstacles to the identification of corresponding movements at 
the two stations is that, while H and D are recorded at Kew, the north (N) 
and west (W) components are recorded at Eskdalemuir. On instituting a 
minute comparison between the Kew H and D curves, it was found that, 
while oscillations with periods not far from 20 minutes were prominent iq 
both, the times of the turning points by no means always agreed. A turning 
point in the H curve, for instance, might be represented by a short arrest or 
slight temporary reversal of movement in the D curve, the original direction 
of the D movement being almost immediately resumed. Again, towards the 
end of an oscillation, the trace might be nearly level for some minutes, or 
there might be a small short period oscillation, so that more than one choice 
was possible when assigning a time for the end of one major oscillation or 
the beginning of the next Thus, when one had to compare Kew H with 
N curves, and Kew D with Eskdalemuir W curves, the fact 
that corresponding movements were difficult to identify is not surprising, 
Both observatories record vertical foroe (V), but the Kew V curves are sd 
much disturbed by artificial eleotnoal currents that they cannot be relied on 
for minor details. There were also difficulties special to the particular 
storm Some of the N and W movements at Eskdalemuir were so rapid that 
the photographio trace was in places almost invisible. While the time marks 

* ' Roy Soc Froe.,' A, vol. 93, p. 177. 
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occur ou the base lines as well as on the curve lines, there is sensible 
parallax, and when the marks on the carve lines become invisible, the time 
cannot be fixed with quite the usual accuraoy 
§2 The disturbance was preceded by a fairly quiet time, so its com¬ 
mencement may be accepted -without hesitation as occurring between 8 h 
and 9 h on December 16 But the subsidence was as usual more gradual 
Measurements were made of the curves from 8 h. on the 16th to 8 h on the 
17th They were taken at four-mmute intervals, because four minutes 
answers very nearly to 1 mm m the base line The curves were not 
smoothed, and the arithmetic mean of the measurements made throughout 
each hour GMT, was accepted as the hourly mean Hourly values were thus 
obtained from 8*6 h to 28 5 L (11 & p M.) on Deoember 16, and from 0 6 h to 
7 6 h on December 17 The anthmetic mean of these 24 hourly values was 
accepted as the mean for the “ day ’’ which commenced at 8 h on December 16 


Table I —Mean Hourly Values (Unit ly = 1 x 10 - * C G S ) 


Time, GMT 


Kew 


Eekdeletnutr 

H 

D 

y 

N 

W 

V 

Deo 16 8 6 h 

+ % 

y 

- 8 

y 

- 8 

+ 7 0 

y 

- 8 

- 7 6 

06 

- 6 

- 2 

- 13 

- 18 

- 7 

- 10 

106 

+ 10 

- 8 

- 18 

- 12 

+ 4 

- 18 

116 

+ 34 

- 10 

- 6 

- 11 


- 14 

13 6 

+ 12 

- IS 

+ 6 

- 4 

+ 9 

- 6 

18 6 

+ 88 

- 2 

+ 14 

+ 1 

+ 27 

- 6 

14.6 

+ 76 

+ 6 

+ 22 

+ 15 

+ 64 

+ 2 

16 6 

+ 70 

- 84 

+ 48 

- 22 

+ 46 

+ 66 

16 6 

+ 181 

- 64 

+ 114 

+ 28 

+ Ml 

+ 104 

17 6 

+ 100 

- 68 

+ 174 

+ 180 

+ 118 

+ 007 

18 6 

+ 71 

- 78 

+ 184 

+ 128 

+ 108 

4288 

10 6 

- 16 

-118 

+ 182 

- 2 

- 6 

+ 270 

906 

- 86 

-180 

+ 144 

-117 

- 65 

+ 168 

21.6 

-178 

-117 

+ 82 

-166 

-988 

- 64 


-100 

- 66 

+ 60 

- 68 

-123 

- 00 


- 21 

- 70 

+ 80 

- 55 

- 48 

- 24 

■ 

+ 11 

- 66 

+ 61 

- 65 

- 14 

+ 1 


+ 6 

- 60 

+ 85 

- 70 

- 27 

- 8 

26 

+ 68 

- 61 

- 8 

-168 

0 

-147 

86 

+ 4 

- 60 

- 10 

- 06 

- 27 

-140 

4.6 

+ 4 

- 40 

+ 69 

- 21 

- 16 

- 47 

66 

+ 18 

- 43 

+ 60 

- 88 

- 8 

- 18 

66 

4 8 

- 81 

+ 01 

- 21 

- 8 : 

- 6 

7,6 

- 1 

- 88 

+ 08 

- 22 

-is | 

+ 1 


The Kew D trace records angular ohanges, but at present a rise of one 
minute in westerly decimation is equivalent to a change of 6*86 y in force 
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directed 15° south of true vest The Eskdalemuir V trace unfortunately 
went off the sheet, in the direction of increasing force, several times between 
16 h. and 19 h on the 16th, there being no record for some 55 minutes in 
all, and the longest continuous absence of trace being about 20 minutes 
When the curve was off the sheet, the value answering to the margin of the 
sheet was acoepted Judging by the trend of the curve, the margin was not 
much exceeded m most cases But between 17 h and 18 h, when the trace 
was off the sheet lor 20 minutes at a tune, the margin may have been con* 
siderably exceeded An error x in one hourly mean implies an error xj 24 
in the mean for the day 

The existence of this uncertainty in the mean value of V at Eskdalemuir 
was one of the reasons which led to the adoption as standard values of quiet 
day meanB derived from the previous 24 Iioutb Table I shows the departure 
of the hourly means from these quiet day means, the unit being for all the 
elements 17 = 1x 10” b CGS magnetic unit Maximum and minimum 
values are in heavy type Every hourly value of D at Kew, except that for 
14 5 h, falls short of the quiet day mean, % e , represents a position of the 
decimation needle to the east of the normal The existence of this 
phenomenon at Kew, while there is no corresponding abnormality iu W at 
Eskdalemuir, is one of the most remarkable differences between the two 
stations. Anothei remarkable feature is that while N at Eskdalemuir shows 
the depression customary in that element and in H towards the end ot a 
magnetic storm, there is no corresponding sensible depression m H at Kew 
V was much enhanced at both places in the afternoon of the 16th, a 
customary phenomenon of magnetic storms This elevation of V was followed 
by a rapid fall before midnight, also a customary feature, but subsequent to 
this there was another considerable rise, and a second rapid fall, more 
especially at Eskdalemuir 

§ 3 Hourly mean values of N and W at Kew were calculated from the 
hourly means of H and D, and the depaitures of these from the quiet day 
means are shown m the accompanying diagram, with the corresponding 
departures m N and W at Eskdalemuir and in V The scale of ordinates 
is the same for the six curves 

Up to 22 h. on December 16 there is a general resemblance between the 
changes in N at the two stations, but later, especially from 1 h to 3 h on 
the 17th, the changes are more nearly diametrically opposite* The N ranges 
for the whole 24 hours, as given by the hourly means, were 288 7 at Eskdale¬ 
muir as compared with 279 y at Kew This gives a very inadequate idea of 
the excess in the activity at Eskdalemuir. A better idea is given by the 
values of the absolute range, xe, the excess of the largest over the least value 

2 T 2 
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Dec 16.1917 Dec. 17. 



recorded at any instant during the 24 hours. These, absolute ranges were 
620 7 at Eskdalemuir in N, and 408 y at Kew in H. 
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The resemblance between the W diagrams for Kew and Eskdalemoir is 
not close, but it is not less close than usual between 1 h. and 3 h on the 
17th, when the N diagrams from the two stations were opposed. At Esk- 
dalemuxr “W was markedly enhanced from 13 h to 19 h on the 16th, whereas 
at Kew W was markedly depressed after 15 h The ranges from the hourly 
means were 373 y at Eskdalemuir and 183 y at Kew The difference 
between the absolute W range at Eskdalemuir and the absolute D range at 
Kew was even greater, the former being 588 y, the latter only 189 y 

The ranges from the Y hourly means were 446 y for Eskdalemuir and 
197 y for Kew, the corresponding absolute ranges being respectively 552 y 
and 259 y. As already explained, the values for Eskdalemuir are necessarily 
under-estimates 

§4 Table II gives the results of measurements of the oscillations of 
longer period already referred to The different ourves were considered and 
measured quite independently. A minimum reading was taken as the 
commencement of each oscillation The second minimum for one oscillation 
served m many oases as the first minimum for the next. In other cases an 
interval was left, answering to a portion of the curve whioh was level or 
showed one or more short period oscillations, the inclusion of which m either 
of the two adjacent longer period oscillations would have been arbitrary. If 
we started with the assurance that we had to do with a continuous tram of 
oscillations, confused by the superposition of waves of shorter period, we 
should naturally assign the doubtful piece of curve to one or other of the 
adjacent longer period oscillations If there had been a very pronounced 
resemblance between Kew and Eskdalemuir ourves, and the hypothesis of a 
small differential time erroi had markedly improved the coincidence of 
turning points, it might have been fairly justified But, as matters stood, it 
seemed best to leave the figures exactly as the curve measurements made 
them 

The result is that 14 longer period oscillations were recognised in both 
the H and D ourves at Kew, the first 13 of which proceeded with little or no 
interruption, whilst the 14th followed after an hour’s interval The 13th 
differed somewhat in type from the others It possibly represented two 
oscillations rather than one. The mean duration for the first 12 oscillations, 
accepting the figures in Table II, is in H 20'4 minutes, and wD 21*7 minutes 
If we assume that there was a continuous tram of oscillations, and accept the 
tunes given for the beginning of the 1st and the end of the 12th oscillation, 
the mean durations become 21*8 minutes for H and 22 5 minutes for D 

At Eskdalemuir, between 15 h. and 20$ h., on the 16th, 16 oscillations of 
longer period were recognised in N and 13 in W Some, however, were of 



Table II —Oscillations of Longer Period 
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decidedly shorter period than the others, and may have answered to portions 
only of the oscillations recognised at Eew, large short-period oscillations 
occurring sometimes at Eskdalemuir while the Kew curve showed almost 
stationary conditions. 

The Eskdalemuir W oscillations could be brought into fiur parallelism 
with the H and D oscillations at Kew by assuming that Nos. 8 and 4 at 
Eskdalemuir together answered to No 3 at Kew, whilst Nos. 5-11 at 
Eskdalemuir corresponded respectively to Nos 4-10 at Kew, Nos 12 and 13 
at Eskdalemuir corresponding to the oscillations similarly numbered at Kew 
We could also bnng the earlier N oscillations at Eskdalemuir into fair 
parallelism with the others by regatdmg the pairs Nos 3 and 4, 5 and 6, 
7 and 8, and 9 and 10 as each but a single oscillation, answering respectively 
to Nos 3, 4, 5, and 6 at Kew 

The Eskdalemuir curves contained some exceedingly large rapid oscilla¬ 
tions, practically unrepresented at Kew These must presumably have 
arisen from some source of disturbance which was either purely local, or 
was situated very much nearer to Eskdalemuir than to Kew 

As regards the size of the oscillations recorded m Table II, the mean 
values of the rise and fall at Kew were respectively 56 y and 60 y for H 
and 27 y and 35 y for D The H movements were thus, on the average, 
decidedly the larger If we accept the arithmetic mean of the nse and fall 
'as a measure of the amplitude, we find that the first six oscillations m D 
were very similar in amplitude, while the corresponding H oscillations 
differed widely There was, in short, little, if any, parallelism between the 
amplitudes of the oscillations m the two elements If we accept the 
problematical scheme of correspondence between Kew and Eskdalemuir 
oscillations given above, we find that the Eskdalemuir ranges were almost 
invariably the larger, but the numerical results, from a comparison of Kew 
and Eskdalemuir curves, are too uncertain to be worth recording. 

$ 5 During many of the rises and falls recorded in Table II, the rate of 
change of the element varied greatly Bates of change derived from 
Table II would thus give an inadequate idea of the rapidity of the more 
rapid "b»"ga« An independent set of measurements was accordingly made, 
the results of whioh appear in Tables III-VIL They give the central tame 
of the movement, t.e. the arithmetic mean of the times of beginning and 
anting , the number of minutes the movement lasted, and the estimated 
rapidity of the change of force in <y’s per minute. In most oases, where the 
rises and falls recorded in Table II showed a sudden marked acceleration or 
retardation, measurements were made on shorter portions of curve having a 
nearly uniform slope. In a few oases, however, mean rates are given for 
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longer periods of time, when there wae a conspicuous movement in one 
direction, interrupted by only trifling arrests or reversals No measure¬ 
ments were attempted of the shorter period movements, mostly small, 
occupying one or two minutes or less, unless they were quite exceptionally 
laige The slope of the curve then affords a ready check on the result 
derived from the time measurements 


Table III.—Rapid Changes in H at Kew 


Mean 

f.ITTW* 

Dura¬ 

tion 

Change 

Bate 

Mean 

time 

Dura¬ 

tion 

Change 

Bate 

Mean 

time 

Dura 

tion 

Change 

Bate 

li m 

mm 

y 

7 /min 

h m 

min 

7 

7 /rain 

h. m 

min 

7 _ 

yj min 

15 8 6 

8 

—82 

11 

17 88*0 

8 

+ 60 

7 5 

20 1*0 

10 

+ 67 

6 5 

25*0 

6 

+ 22 

8 6 

45 0 

6 

-24 

4 0 

11*0 

4 

- 87 

0 0 

32*0 

8 

— 14 

1 8 

61 *5 

7 

+ 27 

4*0 

22 5 

6 

- 41 

6 0 

48 0 

14 

+ 50 

8 5 

18 0 6 

11 

—28 

2 6 

, 21 0*0 

6 

-215 

27 

58*0 

0 

-21 

8 5 

0*5 

8 

+ 18 

6 0 

15 5 

5 

+ 88 

17 

16 2 5 

5 1 

+ 40 

10 

10 0 

14 

-88 

6*0 

21*0 

8 

- 27 

4 5 

12*0 

2 

+ 28 

11 

84*0 

10 

+ 77 

7 6 

27 0 

4 

-46 

11 

21 5 

5 

-48 

9 '5 

44*0 

xo 

-66 

6 5 

84 0 

2 

+ 26 

12 

27 5 

7 

+ 85 

5*0 

64*0 

4 

+ 21 

6*0 

54 0 

10 

+ 46 

4 5 

43 0 

2 

-85 

17 

19 4 5 

5 

-82 

6 6 

22 88 6 

80 

+ 89 

2 8 

58 6 

11 

+ 59 

6 5 

15 5 

18 

-63 

6*0 

0 60*0 

2 

+ 28 

14 

17 8*0 

8 

-04 

12 

24*0 

4 

+ 82 

8 0 

1 8*0 

6 

- 26 

4*0 

12 *0 

10 

+ 81 

8*0 

88 0 

12 

-77 

0 6 

2 14*0 

20 

+ 00 

6 0 1 

18 5 

26 5 

8 

7 

! 

t 1 

as 

15 

8 0 

1 

48 5 

9 

+ 58 

0*0 

56*6 

! 

20 

-111 

4 0 < 

i 

_I 


Table IV.—Rapid Changes in D at Kew. 


Mean 

time 

Dura¬ 

tion 

Change. 

Bate 

Mean 

time 

Dura¬ 

tion 

Change 

Bate 

Mean 

time 

Dura¬ 

tion 

Change 

Bate 

h m 

min 

y 


h m 

min 

y 

7 /min, 

h. m 

mm 

y* 

7 /min 

15 8 6 

8 

-28 

7 6 

17 8 0 

10 

+20 

2 0 

10 47-0 

10 

+ 88 

8 6 

20 0 

16 

+ 10 

1*2 

200 

6 

-84 

5*5 

20 6 5 

18 

-82 

2 6 

81 0 

6 

-40 

6 5 

850 

10 

+ 46 

50 

21 60 

8 

-85 

4*5 

87 5 

I 8 

+ 10 

6 6 

480 

0 

-22 

8 5 

16 0 

4 

+ 54 

18 

60*0 

12 

-28 

2*8 

48 5 

6 

+ 17 

8*5 

210 

6 

-00 

8 5 

16 0 *6 

0 

+ 26 

80 

18 15 5 

11 

-42 

40 < 

82*5 

5 

+ 44 

0O 

15*0 

6 

-80 

6 0 

270 

12 

+ 48 

40 

490 

28 

+ 76 

2 5 

250 

6 

+ 26 

4*5 

880 

10 

-87 

8*5 

0 50 0 

2 

+ 18 

90 

81 6 

7 

-26 

8 5 

10 0 5 

mu 

-14 

80 

1 80 

0 

-21 

4 0 

480 

2 

-14 

7 0 

11 5 

■fl 

-22 

80 

2 410 

12 

+ 40 

8 6 

480 

8 

+ 28 

| 3 5 

280 

6 

+ 18 

8*2 

58*5 

28 

-44 

1*9 

17 OO 

6 

-25 

^ _J 

! 40 

84 0 

16 

-87 

2 8 
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Table V —Rapid Changes m N at Eskdalemtur 


Sr sr»«*««. 


h xn 

15 9 0 
13*0 
20 5 
39 5 
86 0 
49 5 
56 6 

16 5 5 
9*0 

14 0 
33*0 
26*0 
85 *5 
88 0 
48*0 
49*0 
66 6 
59 5 

17 3 5 
6*0 
9 6 

12 5 
28 6 
26*6 
82 0 



Moan 

tune 

Dura | 
1 turn 

Change 

Rate 

Mean 

time 

Dura 

tiom 

h m 

17 41-0 

min 

2 

i 

7 

- 80 

>/min 

16 

h m 

81 19 S 

mm 


47 6 
52*0 
18 8 6 
26 0 
33 0 
30 5 
89 5 


16 

6 5 

43*0 

47 5 

4 

6 

4 

40 

38 

11 

7 6 

01 0 

66 5 

8 6 

19 4 0 

22 

— 

217 

10 0 

28 12*0 

17 

18 5 

7 

4 

64 

9*0 

0 0*0 

13 

29 6 

8 

4 

36 

12 

69*0 

11 

87 0 

0 

— 

79 

13 

12 0 

16 

45 5 

7 

— 

84 

12 

61 5 

11 

61 0 

4 

4 

16 

4*0 

50 5 

18 

20 2 6 

5 

— 

62 

12 

2 7 6 

12 

9 0 

2 

4 

so : 

15 

20 5 

60 

12 6 

3 

— 

80 , 

10 

86 5 

88 

21 5 

8 

4 

38 ! 

11 

60 6 

12 

88 5 

6 

— 

62 ! 

10 

68*0 

16 

88 6 

6 

4 

25 , 

6*0 

8 8 5, 

64 

68 6 

6 

—. 

30 

6 0 

8 0 l 

64 

D O 

68 6 

8 

4 

29 

9 5 

48 0 

1 


y yfc 

282 19 

193 24 

02 18 

68 9 

28 14 

80 6 
26 12 
46 6 

88 4 

24 8 

28 14 

29 7 
37 18 

46 11 
81 10 

47 16 

69 14 
80 6 
62 12 
74 11 


Table VI —Rapid Changes in W at Eskdalemuu 


Mean 

time 

Dura¬ 

tion 

h* xn 

min 

14 88-0 

2 

16 8 6 

6 

27*0 

4 

88*6 

6 

88*0 

4 

64 6 

7 

1< 11 

7 

7*0 

2 

14 6 

7 

20 6 

6 

24*0 

2 

88*6 I 

8 

48 6 

1 

46 0 

2 

49*6 

6 

66*6 

8 

17 4*0 

6 

12*0 

10 

24 0 

4 

81*0 

6 

88*0 

8 

45 0 

6 



7 

+ 20 

- 59 
+ 81 

- 38 
4 82 

- 80 
4128 
- 86 
4 80 
-121 
4 84 
4 86 

- 48 | 48 

- 86 
4 88 

4 64 
-167 | 28 
4208 

- 99 

- 66 
4100 
- 48 


h m 

17 51 0 

18 9 5 
18*0 
29 0 
38 0 
48 0 

19 4 0 
16 0 
25 5 
82 0 
80 0 
43 6 
60 0 
66 0 
58 5 

20 6*0 
12 6 
24*0 
67 6 

21 4 6 
8 6 
12 0 




22 6 0 
17 5 
28 67 6 


Quango Bate 



4 
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Table VII —Rapid Changes in V at Eskdalemuir 


Mean 

time 

Pun 

turn 

Change 

Bate 

Mean 

time 

Bun 

tion 

Change 

Rate 1 

Mean 

tune 

Bun 

turn* 

• 

Change 

Bate 

h. m 

mm 

7 

y/min 

h m 

min 

7 

7 /miH 

h m 

min 

7 

7 /rmn 

15 83 6 

9 

+ 85 

4 0 

18 8 0 

8 

- 82 

4*0 ; 

21 26*0 

2 

+ 22 

11 

54 0 

6 

+ 86 

4 5 

19 48 0 

4 

+ 17 

4 0 

86 0 

2 

- 19 

9 5 

10 1 0 

6 

- 28 

4 5 

60 0 

10 

- 74 

7 5 

88 6 

5 

+ 47 

9 5 

1 0 6 

5 

+ 32 

6 5 

20 2 5 

9 

- 87 

4*0 

60 6 

9 

- 80 

3 5 

| 20 0 

8 

+ 130 

16 

11 5 

9 

, + 26 

8*0 

22 1 5 

6 

- 48 

8 6 

25 6 

3 

- 50 

17 

19 0 

6 

- 82 

6 6 

21*0 

10 

+ 88 

4 0 

! 48 0 

0 

; + 35 

6 *0 

82 5 

15 

- 66 

3 6 

2 26 5 

56 

-228 

4*0 

48 0 

4 

+ 66 

14 

21 n 0 

2 

- 80 

44 

3 12 6 

26 

+ 91 

8 6 

61 5 

3 

- 48 

14 

16 5 ; 

6 

-229 

46 

42 6 

85 

+ 87 

2 5 

17 53 0 

4 1 

+ 19 

4 5 

19 5 

3 

, +104 

35 | 

1 

i 




Independent measurements were first made of the absolute times of the 
beginning and end of each movement A differential measurement was then 
made giving the duration directly Finally, the slope of the curve was 
measured with a special scale With times measured only to the nearest 
minute, no very great accuracy can be claimed for the Tates, but the 
checks mentioned above should be a sufficient protection against large errors. 
The probable error is naturally greatest where the time interval is least, and 
the large rates obtained for some of the shortest movements may thus incur 
suspicion The Kew rates are all much slower than the foster Eskdalemuir 
rates, and the fastest of them, 27 7 per minute in H, was derived from an 
8 -nunute interval, and so can hardly be much in error. The fastest rate for 
N changes at Eskdalemuir, viz. 547 per minute, is based on a 3-minute 
interval, but that interval was immediately followed by a second 3 -n)inute 
interval, the change occurring during which had the same estimated rapidity 
The two movements constituted an oscillation in which the to-and-fro 
movements were praotioally equal The duration of the complete oscillation 
was thus a particularly convenient one to measure If we accept six minutes 
for it, but suppose that an error uas made in allotting equal times to the 
two movements, then the duration of one of them must have been over¬ 
estimated, and so its rapidity under-estimated A somewhat similar 
argument applies in the case of the next most rapid N rate, viz., 50 7 per 
minute. 

The most rapid rate for W changes in Table VI, viz. 50 7 per minute, is 
followed' by rates of 47 7 ,44 7 , and 45 7 per minute, and these four rates 
arise from intervals which form between them the 17 consecutive minutes 
21 li 2 m. to 21 h 19 m on the 16th. The error in the total interval is 
unlikely to have exceeded one minute, and any redistribution of the time 



535 


The Magnetic Stortn of December 16-17, 1917. 

amongst the four sub-intervals would almost inevitably have led to at least 
one rate in excess of any of the four assigned 

The fastest rate for V arose from a 5-minute interval It was a particu¬ 
larly favourable case for measuring the slope of the curve, as the trace was 
bold and the slope uniform to the eye In the case of the longer intervals, 
the assigned rate must in general have been very sensibly exceeded during 
part of the tune 

No V movement was included in Table VII, any part of which was lost 
through the trace going off the sheet Several rapid movements were 
excluded for this reason, but none so rapid as the fastest movement given in 
the Table 

No rates were calculated for V changes at Kew, because little reliance 
could have been placed on them 


Table VIII —Aggregates of Rapid Changes and Corresponding Mean Rates. 


Bum | Falls Bites and falls 


Element 

Aggregates 

Mean 

rate 

AggN 

Dura 

tion 

'gate# 

l 

Mean 

rate 

Aggregates 

Mean 

rate 

Dura- 
| tion 

Move¬ 

ment. 

1 Move- 
j ment 

' Dura 
toon 

i 

Move 

ment 

1 

i 

r 

mini 

y 

yl min 

i 

| nuns 

y 


1 

mins 

If 

7 /nun 

Kew H i 

188 

1084 

6 6 

176 

1217 

7 0 

363 

2261 

6 2 

Kew D 

146 

629 

3*6 

l 168 

676 

8 6 

804 

1 1106 

8 6 

Eskdalemuir N 

188 

2214 

12 1 

; 196 

2430 

12 4 

379 

| 4644 

12 8 

Bskdolemwr W 

178 

2069 

11 6 

1 166 

2168 

13 9 

334 

4232 

12 7 

Eskdalemuir V j 

137 

776 

6 7 

188 

986 

7 X 

276 

1760 

6 4 


Table VIII gives particulars of the aggregates of the nses and falls 
included m Tables III-VII. But for the loss of trace, the time aggregate 
for V at Eskdalemuir would have been considerably larger. While the time 
aggregates for the different elements are not identical, we may fairly 
conclude that during the most active part of the storm changes in N and W 
at Eskdalemuir were roughly twice as rapid as changes in H, and 3} times 
as rapid as ohanges m D at Kew The V changes at Eucdalemuir and the 
H changes at Kew had very similar mean rates, but the fastest V changes at 
Eskdalemuir were decidedly faster than the fastest H rates at Kew The V 
traces were, however, of a very different type from the others, oscillations of 
short period being much less in evidence. Considering that the ranges of 
the diurnal inequalities in N and W at Eskdalemuir in December are only 
about 15 y and 20 y respectively, it is a little startling to find that during 
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six hours of one particular “ day," the mean rates of change per minute in 
these elements were quite 12 7 The contributions to the aggregates of 
changes from the other 18 hours of the 24 would have been considerable, 
and the mean rate of change in N and W for the whole 24 hours could hardly 
have been less than 4 7 per minute 

§ 6 Any oomplete estimate of the expenditure of energy during a magnetic 
storm is probably impossible. A magnetic Btorm is usually accompanied by 
aurora and earth currents In this particular case, according to observations 
made by Frof. Stormer near Christiania, the aurora extended from 100 to 
400 kiloms above the earth's surface. There is no known method of finding 
the intensity at any height of the electric currents producing aurora Few 
stations attempt to measure earth currents, and little, if anything, is known 
as to the depth to which earth currents extend. Thus the energy expended 
in aurora, and the energy expended in earth currents, are alike inaccessible 
to calculation. If the ultimate source of all the terrestrial phenomena is 
some form of electrical discharge from the sun, the energy represented by the 
various phenomena m the earth and the atmosphere is probably but an 
insignificant fraction of the whole 

The estifhate of the energy represented by the changes shown in magnetic 
curves is naturally a simpler problem, but even it is fraught with difficulties, 
praotioal as well as theoretical For what has been done to give definiteness 
to the problem we are mamly indebted to the late Prof. Bidlingmaier * 

The formula given by Maxwell for the energy m a magnetic field when 
there are no electric currents is 

(1/8*-) HI («*+/3»+t») dx dy dz, 

where «, 0, 7 represent the rectangular components of magnetic foroe. The 
integral is supposed to be taken throughout the whole of the magnetic field 
It takes, moreover, as point of departure a total absence of force. In the 
present case we know the absolute values of the three components at a fixed 
point, and the sequence of ohanges in these components, but the intensity of 
the field never vanishes, the changes encountered being in fact small compared 
with the mean values of the elements. Suppose we confine our attention for 
the moment to otto of the three components The value may be regarded as 
given by the curve ordinate y at the instant If yo be the aooepted normal 
value, the “ activity,” as Bidlingmaier has called it, at the instant is 

<l/ 8 w)(y-y*)* ( 1 ) 

* 1 VerBfltatUehungan dm Xaiaarlichan Obaarvatonuma in Wilbataabaven,’ “ Brgab> 
rum der Magnatiachen Baobachtungan im John 1911,” Naua Folfs, Baft 9 
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What we are concerned with m practice is the mean value of the “activity” 
for some specified time, whether an hoar, a day, or a year. Let 

y - yi+v, (2) 

where y* is the mean v&lae for the hour under consideration. Then, from the 
properties of the anthmetio mean, we have 

Mean value of (y —ytf per hour = (y *—yof 

+ mean value of i?* per hour (3) 

To determine the mean value of i/ a , Bidlmgmaier measured the ourve at 
six-minute intervals and took (1/10) as the mean value for the hour In 
the present case the curve was measured at four-minute intervals, viz, at 
0 4,., 56, 60 minutes after the hour, and 

(1/15) v = {HV+W)+’?!*+ . +W}> (4) 

was accepted as the mean. Thus (1/8 tt) (1/15)2*?* answers to what 
Bidlmgmaier called A* 1 for the particular hour The mean “activity" for the 
one hour is 

A^-Kl/STrXyA-yo)* (5) 

Suppose now we want the mean activity for the day If y* be the mean 
value for the day, and yi,..., y* the mean values for the several hours, then 
Mean value of (y*-y 0 ) a s=(yi—y») 3 +(l/24){(yi-y i )*-f +(y*—ys)*} (6) 

In Bidlmgmaier’s notation 

(l/87r){(y 1 -y d ) a + +(y*-yi?) = A/. (7) 

(l/8*r)(y<-y,)* = A.< (8) 

His complete expression tor the mean “activity” of the day is 

Aa’+AZ+A.* (9) 

In this connection A** represents the arithmetic mean of the 24 individual 
hourly values of A* 2 The ourve ordinates are to be regarded as expressed in 
terms of ly(S 1 x 10“ 5 C.GS), and the unit in the “activity” results is 
1 x 10~ u erg per cubio centimetre. 

A difficulty at once arises as to A a d , viz, what to accept for the normal 
value y* Bidlmgmaier apparently thought that theoretically the best plan 
would be to denve it from the mean value for the whole year, by assuming 
the rate of secular change uniform. For instance, for Vilhelmshaven in 1911, 
taking +16 7 per annum as the rate of ohange of H, he aooepted as the value 
of y» tor a day n days subsequent to July 1 

Mean for year +(11/366)167. 

His value of yo thus increased gradually throughout the year 
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The mean value for a year is unknown until the year u oompleted For 
the secular change it is desirable to know the mean value for the subeeqoent 
as well as the previous year Thus the calculation of A/ in the way outlined 
above would have to be postponed to a somewhat indefinite date Becogmemg 
this, though he gave values of A a d at Wilhelmshaven for all days from 
January 1 to June 30, 1911, the period to which he confined himself, 
Bidlingmaier concluded that m general the only practical course would be to 
omit A/, %*., to accept for y 0 the mean value of the individual day This 
would give for the day’s mean “ activity ’’ A* 1 + A/, the symbols having the 
same meaning as before 

In accepting as the best theoretical value for y 0 one based on the mean 
value for the year, Bidlingmaier recognised one difficulty The mean value is 
not the same when we oonfine ourselves to quiet days as when we mclude all 
days of the year This is especially true of H The quiet day yearly mean 
would seem the more natural one to employ m the present connection, but 
that is a point on which opinions may differ 

Another difficulty is that an annual inequality is believed to exist in the 
case of all the magnetic elements. If an annual inequality really exists, 
it should presumably be taken into account m the present problem These 
considerations support the view that the practical difficulties m the way of 
applying to individual days a correction A/ based on the mean value of the 
element for the year and the secular change are very serious. When we 
examine the results for individual days of 1911, which Bidlingmaier found 
at Wilhelmshaven, we find that AJ is by no means trifling The following 
selection from Bidlingmaier’s results should carry conviction ou this point — 




D alone 



H alone 



D + H 




AA 

A,' 

A** 

A#* 

A.* 

A** 

Arf* 

AA 

Mein from 0 months 

s ss 

9 72 

1 16 

1 78 

5 40 

2*06 

4*28 

16 12 

8*20 

April 9,1911 

March 20,1911 

16 6 

58 8 

48 8 

14*9 

36 '0 

88 2 

SO* 

89 4 

87 0 

17 4 

87 *6 

0-0 

14*0 

68 6 

2 *0 

82*0 

91 0 

2*0 


On the average day the value of A/ is here about three-quarters that 
of A**, and on some individual days A>* is of the same order as A/. Our 
view as to the relative "activities” on Apnl 9 and March 20, two of the 
most disturbed days of 1911, for instance, would be largely determined by 
the letention or neglect of AJ 

The adoption of Bidlinginaier’s “ activities " as an international scheme, 
in place of the present "character” figures, was under consideration before 
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the war. The question whether a correction of the type of A/ should be 
applied ought, I think, to receive very careful consideration before any final 
decision is reached 

If the present method of selecting the international quiet dayB continues, 
perhaps the most satisfactory course would be to accept the mean value from 
the five quiet days as the normal for all days of the month. At present 
three months are dealt with together, and the announcement of the 
quiet days selected, even in pre-war times, did not appear until several 
months had elapsed, after the end of the quarter No doubt matters could 
be accelerated by dealing with the months individually If Bidhngmaier’s 
scheme were substituted for the present scheme, the selection of the quiet 
days would entail the pre-existence of the “ activity" statistics In that 
event, possibly, the best course might be to acoept for y 0 the mean value of 
the last previous day considered quiet at the particular observatory 

§ 7. In the case of a disturbance so large as that of December 16-17, 
1917, a difference of 27 or 3y in y© is of minor importance I decided to 
calculate two sets of “ activity ” results The first set accepts for y 0 a mean 
derived from the “ day ” ending at 8 h. on December 16 The second set 
adopts Bidlmgmaier’s suggestion, and neglects A a d entirely, accepting for y 0 
the mean value for the “ day ” commencing at 8 h on December 16 For 
the disturbed day the mean of the 24 hourly means was taken For the 
previous or quiet day, the mean was taken from measurements made at 
14 h and 20 h on the 16tli, and at 2 h and 8 h on the 17th The mean of 
readings taken at these foui hours on the average quiet day agrees very 
olosely with the mean from the 24 houis in all the elements With a view 
to possible future intercomparisons it is desirable to put on record the two 
sets of mean curve ordmateB 




Kow 

1 

JSikdalemuir 


H 

D 

V 

V 

W 

“I 

Day of atom 

Quiet d*y 

mm 

46 2 

44 0 

* 

30 4 

89 4 

mm 

73 3 j 
69 4 | 

1 

xnm 

16 6 

21 8 

mm 

14 9 

16 7 

mm 

01 6 

66 1 

Exooh of disturbed day mean 
Force equivalent © 

l 

+ 2 2 
+ 18? 

1 1 

-9 0 
-48y 

+ 8*8 
+ 61y 

—6 *0 
-26* 

-0 8 

-4y 

+ 6 4 
+ 2Hy 


At Eskdalemuir the equivalents of 1 mm. of ordinate were 5*347 1Q N, 
4*96 7 in W and 4 33 7 m V At Eew the soale value determinations gave 
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as the equivalents of 1 mm of ordinate 59y m H, 5*367 in D, and 
16*07 m ^ 

In presenting the results obtained from the use of the quiet day mean, 
I have not followed Bidlingmaier’s method of obtaining a correction A/ 
This is convenient when we confine ourselves to the mean "activity” for the 
whole day, but seems less appropriate when we consider individual hours. 
In fact it is not altogether clear how Bidlingmaier proposed to treat 
individual hours, except when A a d is neglected In his Table XIII,* when 
dealing with the diurnal variation of “activity,” he takes no cognizance of A/. 
He gives, however, two sets of figures The first set includes mean values 
obtained for each hour of the day from the five international quiet days 
of the month, the second set gives the excess over these values of the 
corresponding values obtained when all days of the month are mduded 
The second set of figures are regarded by Bidlingmaier as giving the diurnal 
variation of disturbance. They would obviously be unafifeoted by any 
correction which was common to the all-day and quiet-day “ activities.” 

I am doubtful whether Bidlingmaier’s method of deducing a diurnal 
variation of disturbance is satisfactory. The differences between the curve 
ordinates at one and the same hour of the five quiet dayB of a month must 
represent in the mam disturbance, thus it is only what is common to the 
five days that can well claim to represent entirely quiet conditions. 

In the present case, even if I had entirely approved Bidlrngmaier's 
procedure, it would have been impracticable to adopt it, because the 
selection of quiet days for December, 1917, is unlikely to be announced 
until midsummer, 1918. 

§8. The best course seemed to be to refer each hourly measurement fondly 
to the quiet day mean accepted, so that the complete mean value of the 
“ activity ” for the hour becomes 

A**+(l/8w) (yh—yof. (10) 

Tables IX and X give the results thus calculated for individual hours 
at Kew and Eskdalemuir. The unit employed in the Tables is that used by 
Bidlingmaier, viz., 1 x 10~ u erg per oubio centimetre. 

Bidlingmaier’s notation being complicated, the following notation has been 
employed m the Tables and their discussion 

A» 5 (l/8w)(I/15)2if r J 

A,-(l/8w)(y*-jto)» l (11) 

Ai' - (l/8w)(y*-y<)» J 


* Loc. eU^ p* 89. 
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Here 97 h&B the (tame meaning as m ( 2 ), while y 0 and y* are the mean values 
for the days winch end and commence respectively at 8 h on December 16 
The excess m the mean value of Ai for the day over that of A/ is 
equivalent to Bidhngmaior’s A ffl * The values derived for the excess from ( 8 ), 
accepting the differences between and yo given m § 7 , are as follows, in 
terms of the unit employed in the Tables 
At Kew Observatory ... 6 8 m H, 92 0 in I), 146 3 m V, 

At Eskd&lexmur Observatory 276 m N, 14 in W, 303 m V 

All the preliminary arithmetical operations which went to the construction 
of the Tables were performed on differences of curve ordinates expressed m 
millimetres or minutes of arc, the unit 1 x lO " 10 erg being introduced only in 
the final operation, thus on absolute identity was not to be expected between 
the differences between Ax and A\ just calculated, and those derived in 
Tables IX and X by taking the actual means of the 24 hourly values 

It may be well to add that a calculation was made to ascertain the order 
of magnitude of the corrections that would have been applied if an attempt 
had been made to allow for the “ activity ” present on quiet days The 
calculations were applied to the fttean diurnal inequalities for December as 
given by five selected quiet days a month, 

The Kew data were for the 11 yeare 1890-1900 combined, the EBk- 
dalemuir data for the single year 1914 The means of the 24 hourly values 
thus found for Ax' (Bidlmgmaier’s A/) were in the usual unit 

At Kew, for H, 0 28 , for D, 1 02 , for V, 0 10 , total for 3 elements 140 , 
At Eskdalemuir, for N, 0 45, for W, 0 66 , for V, 0 07 , total for 3 elements 
118 


No data were available for the calculation of A a (oi A h x ) t but the contribu¬ 
tions from Aa on a quiet December day must be very small If the quiet days 
had been treated individually, larger mean values would have been found for 
Ax'. But, if we may judge from Bidlmgmaier's data for January, 1911,* the 
whole corrections with the quiet days treated individually would not have 
exceeded double the figures given above, and the largest correction for any 
individual hour would have been only from three to four times the mean 
The effect of any such corrections m Tables IX and X would have been 
insignificant 

The calculations were earned to the first decimal place, but it has been 
omitted m all the values of the total “ activities/’ as well as w all individual 
cases where the value of A* Ax, or Ax' exceeded 100 Results are given for 
the two horizontal components combined, as well as for the sum from the 


* Loc cit n p 29 
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threo components, because it was the only way of lntercompanng the Kew 
and Eskdalemuir results from the horizontal plane, and because Bidlingmaier 
omitted vertical foice 

The relative importance of A a and A\ is of special interest in connection 
with the question of the calculation of A*, a very laborious process when 
carried out strictly according to the formula If we express A a as a per¬ 
centage of A a +Ai'm the case of the mean values for the day, we obtain the 
following results — 

• 

At Kew, m H, 11, m I), 9, in V, 4, in H+1), 10, w H+D+V, 8, 
At Eskdalemuir, in N, 21, in W, 11, in V, 6, in N+W, 15, m 
N+W + V, 10 

With these we may compare Bidlmgtnaier’s mean results at Wilhelmshaven 
for January to June, 1911, viz, in H, 24, in D, 21 , in H+D, 22 It would 
appear, however, that most of Bidhngmaier’s results were derived not from 
actual measurement of (1/10) but from measurements of the hourly 
ranges, and certain numerical relationships which he believed to hold between 
the value of At, 1 and the square of the corresponding hourly range In a 
recent paper, 4 * I arrived at the conclusion that Bidlingmaier’s relationships 
were not generally satisfactory If they had been accepted m the present 
case, we should unquestionably have got a higher mean value for A* If 
A s /(Aj+Ai') were always as small aa the above values for Kew suggest, it 
could not be claimed that any very high degree of accuracy is essential in the 
method of calculating A» 

Bidlingmaier found that on the average day the “ activity/’ whether A., Ax, 
or Ax', was considerably greater for D than for H On the present occasion, 
the 44 activity ” at Kew, especially A, and Ax', is conspicuously larger for H 
than for D The A. and Ax' results for N and W at Eskdalemuir differ less, 
whioh suggests that the horizontal direction in which the changes of force 
were most aotive made a fairly close approach to the magnetic meridian 
In temperate latitudes the range of the regular diurnal inequality in Y is 
considerably less than in either horizontal component Thus, undoubtedly, 
on the average day at any European station, the contribution from Y will he 
Bm&ll compared with the sums of the contributions from the horizontal 
components But, on the present occasion, the contribution from V to 
A s +Ai or Ag+Ai' at Kew is nearly equal to the combined contributions 
from H and 1), while at Eskdalemuir the contribution from Y considerably 
exceeds that from N and W combined. This shows that the question of the 


* 4 Tei reitnal Magnetron and Atmoiphenc Electricity,* vol 88, p 57 (1917). 
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exclusion of V data from an international scheme possesses an importance 
which is not suggested by a study confined to ordinary days 

§ 9. It is interesting to note, confining ourselves to the results for H+D 
that the mean value of A»+Ai' at Kew on December 16-17 was 11‘8 times 
that of the average day from January 1 to June 30,1911, at Wilhelmshaven, 
and 15 tunes that of the average January day AIbo, the mean value of 
Ag+Ai' at Kew between 21 h and 22 h. on December 16 was 52 times that 
of the corresponding hour of the average January day at Wilhelmshaven 
It is obvious that, when we confine ourselves to data from a single year, a 
few highly disturbed days might exercise a swamping influence in statutios 
as to the annual or diurnal variation of magnetic “ activity " 

During the earlier part of the storm the “ activity ” at Kew was not 
inferior to that at Eskdalemuir, but after 16 h on the 16th the Eskdalemuir 
" activity ” was muoh the greater At both stations, so far as the horizontal 
field is conoerned, 21 h -22 h on the 16th was decidedly the most disturbed 
hour This was the time at which aurora was brightest, according to 
reports from meteorological stations, several Scottish stations reporting a 
corona not far from the zenith Kew and Eskdalemuir also agree in showing 
a maximum of “activity” in V between 17 h and 20 h on the 16th,and 
a marked recrudescence of “ activity ” between 2 h and 4 L on the 17th, 
whioh was presumably associated with auroral streamers observed at Southport 
between 2£ h and 2| h 

110. In view of the great labour involved in applying Bidhngmaier’s 
scheme, and the various uncertainties, I suggested in ‘ Terrestrial Magnetism ‘ 
(loe cit.) that a much simpler scheme, if applied at the numerous observatories 
which participate in the present international scheme, might suffice for the 
magnetic classification of days. The suggestion was that, if It*, Bj, B„ 
represent the absolute ranges m the three magnetic elements, R* a +Rs*+E**, 
or, if the horizontal field only is considered, R* a +R/ might be accepted as a 
measure of the mean “ activity ” for the day If the horizontal components 
ieoorded were N and W, then IV+R*.* would take the place of R* s +Brf* 

I have compared the mean monthly values of the “activity” at 
Wilhelmshaven for three of the six months dealt with by Bidlingmaier, 
with the corresponding arithmetic means of the squares of the Kew daily 
ranges. The following were the results obtained — 
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January 


March 


Mea n value of A 9 4 A/ at Wilhelm ahavan 
Mean value of R** + lC^at JCow 

Mean value of Ag + at Wilhelmshaven 

Moan value of R* 3 + R/ at Kew 


| 0 *000196 0 000224 

l 

0*000221 0 000261 


May Moan 

- • " —( - 

0 000104 0 000206 

l 

0 000286 { 0 000280 


Taking now the “ activities ” and ranges found for December 16-17, we get 
the following results — 

At Kew— 

(.Mean A,+A/ for H+D)/(B* a +R, 8 ) = 0*000113, 

(Mean A a +Aj' for H+D+VJjW+Rr’+R, 8 ) = 0000146, 

(Mean A a +Ai for H+D)/(R* a +R <J a ) = 0 000162, 

(Mean Aj+Ai for H+D+V)/(R* a +R i a + K, a ) = 0*000237 

At Eskdalemuir— 

(Mean A,+A/ for N+W)/(R, a +K» a ) = 0 000066, 

(Mean A a +Aj' for N+W+V)/(R„ 8 +R» a +R, a ) = 0*000106, 

(Mean A,+A! for N +W)/(R, a +B« a ) = 0 000069, 

(Mean A a +A, for N + W+V)/<R, 8 +R* 8 +R, 8 ) = 0*000112 

The difference between the above figures for the two stations arises from 
Ai' and Ai If we confined ourselves to A a we should get in place of the 
above ratios For the horizontal components, 0*000012 at Kew, 0 000010 at 
Eskdalemuir, for all three components, 0*000011 at both plooes 

The means of the absolute daily ranges for the whole year 1914 were 

At Kew, 44<y in H, and 65y in D, 

At Eskdalemuir, 6 O 7 in IT, and 687 m W 

.This makes 

(R» 8 +R«, a )/(R^ a +R<i a ) =140 

Wilhelmshaven being very nearly midway as regards latitude between 
Kew and Eskdalemuir, the absolute ranges at Wilhelmshaven probably exceed 
those at Kew, Thus if we had employed Wilhelmshaven instead of Kew 
ranges for comparison with the Wilhelmshaven "activities” of 1911, we 
should most likely have got smaller values than those obtained above for the 
ratios 

The scheme whioh I suggested does not postulate that the ratio borne by 
" activities ” to squares of ranges should be the same for all stations. It 
might well be different at a quiet station like Helwan, and at a disturbed 
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station like Sitka. Everything considered, however, it is probable that on 
any scheme which assumed “activity" proportional to the square of the 
absolute range, the mean “activity” for December 16-17 would have been 
sensibly over-estimated at Kew, and considerably over-estimated at 
Eskdalemmr On the other hand, the large difference between the values of 
Aj and A*'m Table IX, and the uncertainty this implies, shows that even 
with the elaborate procedure entailed by Bidliugmaier's full scheme, there is 
a large probable error at individual stations 

Under these circumstances a simple scheme, even if admittedly imperfect, 
desei ves consideration 


A Method of Avoiding Collision at Sea. 

By J Joly, Sc.I), F R S, a Commissioner of Irish Light* 

Part I 

(Received May 8, 1918 ) 

The following method of avoiding collision at sea depends on the use 
of synchronised signals, transmitted in different media. Suoli signals, 
travelling at different rates, enable the distance of their source to 
be inferred by observation of the gain in time of the faster upon the 
slower travelling signal Thus, if signals be simultaneously emitted by 
wireless and by submarine bell (or Fessenden oscillator), the former being 
transmitted with practically infinite velocity, the latter arrive with a lag 
which is the time the submarine sound requires to traverse the intervening ‘ 
medium The rate of propagation of sound m water being closely 4800 feet 
per second, the lag is 0 62 second for one-half sea-mile 
In practice the signals may be so ordered as to dispense with the stop¬ 
watch or chronograph This is accomplished by sending out the wirelesB 
ticks in groups of, say, 20 “dots” spaced to intervals of 06 second The 
stroke of the bell preoedes the first of these dots by one of these intervals 
Thus, when the sailor is half mile from the source he hears the first wireless 
dot along with the bell stroke. If he is 1 mile distant the bell stroke comes 
in with the second dot, and so on. He has, in fact, only to count up the 
dotB till he hears the bell, and the number of the dot coincident with the bell 
is the number of half sea-miles intervening between his ship and the source 
of the signals It is possible to estimate the quarter mile by noting a want 
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of coincidence between bell stroke and dot. This method of estimating 
distance is in actual operation m assisting mariners to navigate the approach 
to New York Harbour, the signals being emitted from the Fire Island 
Light Ship It is of special value in coastal navigation. 

I Bhall assume that readings .can be effected no more accurately than 
described above—although more exaot and yet practical methods of deter¬ 
mining the lag of the sound wave are probably feasible. In what follows, 
however, the reading to the quarter sea-mile will be assumed aB the limit of 
accuracy attainable, in determining the distanoe between ship and ship 
The emission of the signals may be entirely automatic, a mechanically 
driven contact maker accurately spacing the signals This would be in 
charge of tbe wireless operator on board, and m fog, thick weather, or dark¬ 
ness, would be set m operation according to (future) Board of Trade regu¬ 
lations 

In the successful working of the method now to be described these syn¬ 
chronous signals are all sufficient. The groups of signals might be spaced 
half a minute apart That is at the beginning of each half minute the emission 
of 20 wireless dots of such low power aB to avoid unnecessary distance would 
be commenced The group would finish in 12 seconds There would then 
be a pause of 18 seconds, when a second group would be started 

I have already suggested a method* based ou synchronised signals, and 
involving a knowledge of the course and speed of each ship, each vessel 
transmitting by wireless code to the otiter ship information as to her own 
course and speed The present suggested method does not involve this 
knowledge, nor any other communication between the ships beyond the 
synchronised signals described above. 

The rate of mutual approach of ships which are moving so as to oollide is 
constant and remains so to the moment of collision If they are advancing 
so as to pass clear, the rate of mutual approach diminishes as the’vesaels draw 
near one another, beomes zero when the vessels are at the least distanoe 
apart, and then becomes negative. I shall assume for simplicity of treat¬ 
ment that the relative velocity of the ships is transferred entirely to 
one of the ships, which I shall oall B, the other ship, A, being stationary. 
The suggested method of avoiding collision involves the discrimination of 
what may be called the constant danger rate of approach from the variable 
rate denoting safety 

Let the initial distanoe of B be 10 nautical miles or knots. The sailor on 
A is not aware of the bearing of B He detects her synchronised signals 
(which at such a distance would be those of a Fessenden oscillator and low 
* ' Roy. 8oc, Proa,’ A, vol. 92, pu 85* (1016). 
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power wireless), and observes the decrease in the distance of B indicated by 
the successive signals. His primary and essential purpose is to ascertain 
if there is a diminution in this loss of distance, as shown by succeeding 
' signals 



Fig 1 Fio 2 


A may be regarded as placed m the centre of a circle of, say, 10 miles 
radius, upon the oiroumferenco of which B is somewhere placed, say at I 
Then, if D is the radial distance of B from A, D is the danger course of B 
Let d be an alternative course of B which passes clear of A at the minimum 
<hstanoe, or clearance AO *= a Then a is perpendicular to d, and aaeo0 = D 
Assuming some value of a, the angle 0 is known, and d m a tan 0 

B may be advancing along D or along d The sailor can discriminate 
between these courses when B has moved a distance Ip = I q from the 
untial point I, such that he can detect with certainty a difference in the 
distance of B aooording as to whether Bhe is at p or at q. For if B is on the 
danger course, Apis the residue of the 10 miles , if she is on the safety course 
her distance must be greater than Ap. B at successive instants is all along 
farther from A on the safety than on the danger course. The point q is snob 
a point as permits this fact to be estimated by the synchronised signals Now 
qO — d—Ip, and qO/a ae tan 0' , giving 0' Then Ag m a sec 0' Accord¬ 
ingly the comparison is between the distanoe Ap and a ms 0' 

It is evident that with increasing values of a the difference between Ap 
and a see 0' increases, the latter distance, for a given value of Ap, increasing 
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as 6* diminishes The discrimination between safety and danger can, there¬ 
fore, be effected at an earlier moment for a wide olearanoe of A and B than 
for a #f close shave " 

1 have described the most general case where the coarse of B may radiate 
from the initial point I in any Erection such that she tends to approach A, 
This construction holds till a becomes equal to D, when her course is tan¬ 
gential to the circle at 1, and she continues all the time to reoede from A 

The various oourses which may be run by B as radiant from I, such as d or 
d\ fig 1, may also be considered as initiated at points on the circle bo placed 
that the nearest approach to A is measured along a common radius, as m fig 2. 
The distances shown by the successive signals will be the same in this as m 
the more general case for any given value of a or 0, but the compass bearing* 
of B from A will be different m the two cases In short, it is evident that 
the triangle IOA may be supposed rotated into any position round A, the 
problem remains essentially the same 

The following Table shows the distance of B from A corresponding to the 
danger or direct distance shown in the first column The successive columns 
after the first refer to various values of* a, or the least passing distance 
between the vessels The initial distance is taken as 10 miles. 


Table I —Dangei and Safety Distances (Initial Distance 10 Miles) 


Danger 

Distances 



Safety Distances 

Miles 


1 


a « 1 

a — 2 

a m $ 

a-4 

*-5 

a - 6 1 

i 

. i 

miles 

8 

fi 0 

8 01 

8 05 

8 11 

8 21 

8 88 

... .. .j 

8 49 l 

6 

0 00 

a o« 

6 18 

6 80 

6 68 

e-88 

7 21 < 

6 

5 00 

5 06 

5 20 

6 44 

6 77 

6 80 1 

a 71 

4 

4*02 

4 07 

4 30 

4*04 

6 10 

6 '86 1 

a aa 

8 

8 08 

8 11 

8 44 

o *98 

4 55 

6 27 l 

6*08 

2 

8*02 

2 19 

2*69 

8 87 

4 16 

• 8 04 1 

6*00 ! 

1 

1 11 

1 88 

2 15 

8*05 

4*00 

1 

i 

1 

t 

0 70 

1 10 

2 02 

8 00 



t 

0 59 

0 56 

1 04 

1 02 

2*00 

2*00 



1 

i 


At a passing distance of $ mile B must approach A to withm £ mile 
measured on the radial or danger course, before any indication of her real 
course would be obtained. At £ mile distance the danger and safety 
distances differ by 0 20 mile. This is nearly £ mile, and some indication of 
want of coincidence m the signals would be detected by an experienced 
observer At £ mile the increase of distance on the safety course is more 
than { mile, and should also be detected At J mile the difference is 
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0 SO mile, and the want of coincidence m the signals could not be missed. 
We may say, then, that, given a reliable transmitting apparatus, faming the 
signals with accuracy (a condition perfectly attainable), and a oareful 
observer, alert and practised in listening to such signals, there should be 
no need to alter oourse for a passing distance of £ mile I describe further 
on certain aids towards accuracy, which should render this quite certain 

Looking to the next column, giving the distances for the course passing at 
1 mile from A, we see that already at 2 miles there must be want of 
coincidence in the signals, and at 1 mile this must be quite conspicuous. 
At £ mile the sound signals are displaced by one radio dot, and only an 
error in the count could lead to its being overlooked The aids towards 
accuracy just referred to will be found to eliminate the possibility of this 
• error, the counting being rendered unnecessary 

Looking along the suooessive columns of the Table, we perceive that the 
difference between safety and danger becomes ever more conspicuous, and 
may be detected earlier as the value of the passing distance a increases 
With a passing distance of 2 miles, when the ships are 3 miles, or even 

4 miles, apart, the fact of safety should be apparent At 1 mile apart the 
difference between danger and safety increases to two radio dots. Por 

5 miles passing distance two radio dots measure the difference of safety and 
danger at 2 miles, and so on 

If we plot these results, the distances, as determined by synchronous 
signals, being taken as ordinates, and the danger distances or successive 
units of time as absciss®, we obtain the group of curves shown in fig 3 
The diagonal right line is the curve for danger Above it, and ever more 
differentiated from it, he curves for increasing values of a The slope of the 
danger curve —i e the rate of approaoh or relative velocity—is constant for 
this line only. In the other curves the relative velocity diminishes, first 
slowly, then more rapidly, and finally decreases to zero, when the curve 
beoomes parallel to the axis of x 

It is evident that, if the sailor plots his observations, he would obtain one 
of these curves, the precise slope at any point depending upon the value of a 
and the relative velocity of A and B 

We have considered the case of the signals of B being first heard at a 
considerable distance from A. As B draws near, the divergence between 
the danger course and the safety oourse separates more and more the two 
posable loci of B. When, therefore, B has travelled some considerable 
distance from the initial point, say 2 miles, the value of a seed' attains 
a certain excess above the value of D—Ip. In this excess the discrimination 
of safety and danger is founded. But, suppose, now, that the distance at 
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which the ship 6 is first heard u considerably less than 10 miles, say 
5 miles, we have to asoertam if a mile run either on danger or safety 



7 ^ 5 4-321 

Fio 3 —Safety and Danger Distance 


course (keeping the same value of a) affords an equally good basis for 
discrimination between the oourses There is, in fact, a certain loss of 
discriminating distanoe m this case. The following Table (II) assumes an 
initial distance of 5 milcB and various values of a. If we compare this with 
Table I, we see that the excess of safety over danger distance is less, 
although not much less. Five miles may be taken as a fair value for the 
initial distanoe where submarine bell is used But the initial distanoe 
might be even less Table III, calculated for a value of a of 1 mile and 
initial distances of 10, 6, and 3 miles, shows that there is but little difference 
when a is small The reason for the difference attending greater and lesser 
initial distances may be most briefly referred to the fact of the lesser 
separation of the danger and safety loci for a given run on the two possible 
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couraeB when the start of B is supposed to be close to A* At increased 
values of a this effect is diminished. 


Table II —Danger and Safety Distances (Initial Distance 5 miles) 


Danger Distances 


Safety Distances 

Miles 







1 

a » 1 

a • 2 


a - 3 

a - 4. 

i 

imles ! 

1 





4 

4 03 

4 10 


4 24 

4 47 

3 

3 07 | 

8 27 


3 61 

4 12 

2 

2 16 ! 

1 2 66 


8 16 

4 00 

1 1 

1 

1 85 | 

| 2*08 


3 00 

4 12 


_ _ __ _ 

_ 

_ 

_ _ _ 

- 


Respecting large values of a, it will be apparent that these insure m all 
cases an early discrimination between safety and danger For the observation 
must then reveal at an early stage, and while there is still a large separation 
between the vessels, the fact of safety by attainment of the zero rate of 
approach We are therefore, in judging the value of the method, more 
concerned with the discriminating distances for small values of a than for 
large 

Table III —Influence of Initial Distance (a = 1 mile) 




Initial Distances 


Danger Distances 

- 

— 

- 



10 miles 

6 miles 


8 miles 

miles 





6 

^ 6 08 

6*0 



4 

4*07 

4 04 



2 

2 19 

2 16 


2 08 ; 

1 

1 88 

1 86 


1 80 1 

1 

1 10 

1*08 


1 •06 | 

i 

1 02 

1 01 


1 00 

1 


» I ' 


From the foregoing Tables it is, I think, evident that a practical method of 
avoiding collision is to be found in the simple observation of distances 
separating the vessels. The method possesses the very great advantage over 
the old method by observation of bearing, that the distance separating 
the ships, which is the really important element in all cases, is being 
watched throughout m the mere taking of the observations * We have to 

* 1Vote added m the Frees —Observation on A of ordinary sharp sound signals emitted 
by B at uniformly spaced, regulated intervals, would suffice to determine, by Doppler's 
principle, whether the ships were receding from, or approaching, one another, an 
estimate of the relative velocity could be made, and it could be ascertained whether this 
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consider now how the method may best be applied bo as to dimmish the 
danger of errors and increase its sensitiveness so far as practicable 

There is no doubt that a practised operator would readily estimate the 
distances to the £ mile by simply counting up the radio dots and observing 
whether there was coincidence between bell stroke and dot, or whether the 
former fell between the successive dots 
A suitably designed stop-watch would, however, afford him much aid, and 
effectually guard against errors of oountmg This stop-watch would carry a 
central hand, whioh completed a rotation in exactly J minute, or, for a more 
open scale, £ minute. The number of its revolutions, and the minutes or 
half-minutes, are recorded on a smaller dial The operator starts this watch 
into action on hearing the first radio dot of a group Thereafter, the watch 
keeps time with the emission of signals on the other Bhip. This is no great 
demand The instruments for sending oat signals would, of necessity, be 
standardised under proper supervision 

As the watch keeps tune with the emission of the signals on B, it is 
evident that the operator on A has only to listen for the bell stroke, and 
read on the watch dial the instant at which they reach him To enable this 
to be done, the watch carries the usual stop-hand, which moves with the 
central timing hand, and is stopped by the operator on hearing the bell It 
then shows on the dial the position of the timing hand when the bell was 
heard The dial is divided into divisions corresponding to the tune takeh for 
the travel over £ sea-mile of the sound m water 
Thus the whole omramferenoe would be divided into about twenty-five parte, 
of the value of 0 6 second each, and these would be again subdivided into 
four or five parte, te reading ^ or ^ mile separating the vessels A 
numbering showing sea-miles and £ sea-miles is earned round the dial. 
On the release of the stop-haud it returns to zero, and automatically starts 
afresh when the timing hand begins a fresh revolution. It will be seen 
that the operator’s duties, in taking in the signals, oonsist (a) in starting the 
watch, by the first radio dot of a group, into unison with the signals 
emitted by B, and ( b ) in pressing the stop and reading the dial when the 
bell strokes come in 

Ih order to apply his readings to the disonmination between safety and 
danger, he has before him a paper pad or card ruled with a fine, sharp, 
diagonal line sloping downward from left to right This line is the danger 

velocity remained constant or varied Thus, if the relative velocity wee $4 knots, 
B approaching, sounds in water emitted every 60 seoonds by B would appear to observa¬ 
tion on A to be spaced 00 0 seconds. Thu system, however simple it may appear, ia 
under the grave diaadvantage of leaving the distance between the vessels indeterminate. 
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line A horizontal axis beneath is divided into oentimetres and millimetres, 
and the centimetres are numbered from nght to left A vertical scale is 
earned on the edge of a T-square, which moves across the pad, in guides, so 
that, when moved, the points on the edge of the T-square describe lines 
accurately parallel with the horizontal. The divisions on the edge of the 
T-square are numbered to correspond with the numbering on the dial of the 
watch, le for miles and fractions 

When the first distance is read on the stop-watch the T-square is shifted 
till the corresponding point is upon the sloping line The second distanoe 
obtained by observation is treated in the same manner, the ordwatds 
being ruled on by pencil There is now a certain horizontal spacing propor¬ 
tional to the velocity of approach of the vessels, read between the ordinates 
of these points This distance may be confirmed or checked by a third 
observation being also plotted m the danger line So far the assumption is 
that collision is 1 threatened, and, as we have seen, at a considerable distance 
the rate of approach will diffoi but little from the danger rate if the value of 
a is small 

The rest is obvious As distance after distance comes in they are plotted to 
their appropriate ordinates as read upon the T-square and to the abscissae 
given by the first two or three observations plotted on the danger line If 
now collision is coming, these points will continue to he on the danger line 
Otherwise the points at the near distances will lie above the danger line, 
following the course of suoh curves as are shown m fig 3 The departure of 
the points from the danger line indicates safety If obseivations are spaced 
half a minute apart it would be desirable that an assistant operator should plot 
the results as they come in 

The little trouble of plotting the distances, as described above, may be 
eliminated by use of a chronograph designed for the purpose Here the 
diagonal of the danger ourve describes a spiral on a cylinder driven 
by clockwork. A pen travels parallel with the axis of the cylinder Its 
motion is uniform and describes the length of the oyhnder m 12 seconds 
It marks the surface of the drum when the operator makes a contact on 
hearing the bell. After completing its course it returns to the base and 
starts afresh 18 seconds later The travelling pen replaces the stop-watch 

The first mark is adjusted to the diagonal line by setting the cylinder 
round on its axis. The second mark is also so adjusted. The cylinder is now 
’ started into motion and automatically rotates through the angular separation 
of these marks just before the pen starts on its journey The operator, 
after the first adjustment of the angular displacement of the cylinder, has 
only to make oontact at each bell stroke. Many variants of such a machine 
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may be suggested It is not, m fact, necessary to .plot the observations. 
It is only essentially necessary to ascertain if the distances as given by the 
earlier observations are maintained Hence any mechanical or optical 
means which will submit these distances for comparison with those given 
by subsequent observations will afford the sailor all that he requires 

If collision seems threatened some rough indication of the bearing of B i» 
finally necessary in order to ascertain which vessel must give way This 
may be teadily effected by radio-gomometer, using the wireless dots emitted 
by B or m many oases by aenal sound signal The navigator on A knows 
now in what direction B is approaching and this enables him to decide 
whether aotion is incumbent on him or not 
Throughout these operations proceeding on A, similar observations are 
proceeding upon B A is emitting synchronous signals timed bo as not to 
clash with those emitted by B Thus they would be displaced $ minute upon 
those of the other ship. If necessary a oode signal by wireless might pasn 
between the vessels, regulating tins procedure 

Paet II 

(Received June 6, 1918) 

For the practical application of the method referred to above, it is 
desirable to so order the emission of the signals that the tune interval 
between the arrival of the signals should be capable of observation with the 
utmost accuracy attainable To this end the listener must be placed in a. 
state of preparedness for the coming signal. Hence the important signal 
should be a certain one of a senes Thus the important synchronised radio 
dot might be the third of an equally spaced series of dots, and the bell- 
stroke, or oscillator blast, the third of three equally spaced signals, or three 
successive synchronised radio and submarine signals might be issued, the 
third being preferably taken for observation The observer gets into stnde 
.by counting up to the important signal. 

An instrument whereby the signals may be emitted and received is shown 
m fig 4. We are looking at the dial of an accurate dock, having one 
central hand, which completes a revolution in nearly 15 seconds. This 
assumes that a ship may be under observation 12 miles off, and that sound 
m sea-water travels 1 sea-mile in 124 seconds. (Good experiments on this 
important datum, made with such sound-producing instruments as would be * 
used, ore to be desired) The complete rotation of the hand, therefore, 
occurs in the time taken tor sound to travel between vessels 12 miles apart. 

A smaller hand recorda the number of revolutiona.' 
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The clock can be started and stopped by electric contacts At the outer 
extremity of the central hand is attached a stamp capable of printing a fine 
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radial line about J cm, long on the enamelled dial or face ot the clock 
This stamp comes into operation on making a contact As it is necessary to 
secure a sharp line, and as the extremity of the band may be moving at the 
rate* of, say, 3 cm per second, the action must be brief To facilitate good 
definition, the stamp, which I assume charged with aniline ink, sweeps very 
close above the surface of the dial It may, moreover, be hinged where it 
meets the supporting hand, so that, during the instant of contact, it is not 
dragged laterally, but is slightly deflected from the perpendicular The 
hinge axis is, oi course, parallel with the radius of the dial 
The outer iim of the dial can be rotated smoothly round the inner part on 
turning the thumb-screw in front A notch and spring normally retain it 
in its position of coincidence with the central dial. The radial lines struck by 
voi*. xciv —a 2 x 
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the stamp cross the meeting line of the outer and inner dials, about one-half 
the line appearing on each dial. Both dials are numbered in miles as shown 
It will now be understood that this machine acts as a chronograph Upon 
hearing the third wireless dot the operator by making contact starts the 
hand into rotation and then listens fot the submarine Bound signals When 
these arrive he again makes oontact at the third Bound signal The stamp 
then instantly strikes the radial line on the dial For better distinction it 
might be well to have the permanent subdivisions on the dial in red and the 
signal records in black or purple The Iiand continues ltB umfoim rotation 
and begins a second rotation About 15 seconds have now elapsed 
During the second penod of 15 seconds sound signals are travelling from 
ship A to ship B The clock begins to make radio-contacts some tune before 
the hand completes the first lotation First these contacts spell out the 
characteristic code signal proper to the vessel, then there are three radio 
dots in succession and the third dot is made just as the hand completes the 
first rotation, at the instant on which it is crossing the zero line Throe 
submarine bell strokes (or oscillator blasts) are made coincident with the 
three radio dots Thus, the third submarine signal is emitted along with 
the third radio dot The third dot and the third submarine signal are the 
signals which will be used on the other ship, B, for finding distance While 
the hand of the clock is descubing its second revolution the semaphore 
signal shown on the dial and carrying the word " receiving " is replaced by 
one with the word “emitting” upon it. During this second rotation the 
operator on the other ship, B, is taking in the signals sent out by A 
During the third revolution (he operator on A has only to wait for the 
sound signal to come in and to again make contact m order to secure the 
record of the second distance. He now has before him two records of distance 
If the second shows a greater distance than the first, the other ship is receding 
and further observations are unnecessary 
If, however, the second distance is less than the first, B is approaching, and 
it is now the business of the observer to watch the rate of approach with a 
view to finding whether the rate is constant or diminishing, as explained 
above. And here is where the use of the rotating outer dial comes in. The 
operator can at any tame compare the earlier differences of distance shown by 
successive readings with the later differences If the lines are sharp the 
comparison is a sensitive one He brings one of the earlier lines, u that 
part of it which is on the outer dial, into oomoidenoe with a later line on the 
inner dial The ships may be five miles apart when the earlier line was 
struck He places the outer line »w directum with a line on the inner dial 
whioh was stinok when the ships were, say, two miles apart. Is the next 
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succeeding line on the outer dial now coincident with the next succeeding line 
on the inner dial ? Thu comparison may be readily made in the time interval— 
about half a minute—between the bell strokes If there is coincidence the 
danger of collision still threatens and further observations miiBt be made 
The outer dial is returned to its original or zero position, Observations 
can be carried on up to a point when it is no longer sate to defer 
attending to the rule of the road This point will depend on the rate of 
appioach of the vessels. The bearing of the other Bhip may now be got 
roughly by taking m the radio dots on the radio-goniometer or by aenal 
sound-signal and the procedure as regards altering course or holding on 
regulated accordingly At the conclusion of the observations the aniline ink 
marks are removed from the dial by a cloth or s]>onge 

In this system the duties of the operator during a senes of observations 
are confined to taking m the sound signals as they arrive, and to examining 
these for signs of diminished rate of approach The first takes but an instant 
to perform The observer may, therefore, give a great part of his attention 
to the latter There is no need for him to attend to the wireless dots once 
the clock has been synchronised with that on the other vessel A small 
error in this synchronisation is of little importance It merely increases or 
diminish es by a little the distances read throughout The important question 
as to whether there is a diminished rate of approach or whether this remains 
oonstant is unaffected Nor is any extraordinary accuracy of time-keeping 
required of the clock An accuracy of one minute in the month is easily 
attained in watches and clocks This would mean a + or — error of less 
than 1/100 of a second during the five or six minutes m which the observa¬ 
tions were in progress 

There can be no overlapping or confusion of signals controlled in the 
manner suggested The synchronisation of clocks would be effected by 
attention to simple rules of procedure When fog, etc, comes on, every ship 
must set in motion the apparatus desonbed above This means that every 
30 seconds ships A and B are sending out their characteristic code signals, 
followed by three successive synchronised radio dots and bell-strokes. Now, 
when A hears B it is the business of the operator on A to seoure synchroni¬ 
sation, but as B may have already secured this, he begins by observing his 
clock when the radio dots of B are coming m If the third radio dot is 
received when the hand of his clock is just at zero, he knows that B has 
already synchronised the clocks, and he need not interfere If, however, he 
observes that there is not tlus coincidence, or that the emission of his signals 
are obviously out of symmetry with those coming in, he sets his dock to 
synchronise with the signals from B, as already described. 


2x2 
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The problem presented by the presence of»three vessels in an area of 
mutual audition is deserving of consideration, although it is doubtless one of 
rare occurrence on the high seas It is, of course, quite possible for all 
three vessels to hold their courses and speeds, each ship observing the 
distance of two ships and emitting her own signal It would be easy to do 
this, using a modified form of the chronograph described above But, in 
general, it may be assumed that A and B are already synchronised before C 
comes in, and they may have reached a critical stage m their observations, 
when interruption might create confusion On the whole, therefore, the 
safest course would seem to involve that C keep out till A and B are clear 
This would mean that C ernitH no synchronised signals, although she might 
avail herself of tho«e proceeding fiom A and B The onus of keeping clear 
would fall on C, and she must slow down if requisite In general, she will 
early find herself clear of A or B, and need only attend to preserving a 
certain specified radius of safety respecting one of these vessels She will 
assist her navigation by taking in the radio signals of A and B on her radio¬ 
goniometer It would be allowable for her to emit the usual aerial sound 
signals 

The fundamental condition of safety will always involve that each ship 
preserve a certain radius of isolation or radius of safety, within whieh no 
other vessel must enter Taking the dimensions and speeds of modern 
vessels into account, £ mile would not be too great a radius, 1 mile would 
seem to be better But many points arise in connection with this subjeot 
which can only be handled by experienced sailors, and this is one of them 
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Colours of Tempered Steel 
By A Mauook, F.R S 

(Received April 25, 1918) 

But few people can have failed to notice the equally spaced dark bands 
which are seen when parallel rows of palings are viewed from a passing 
train, and which appear to advance at the same speed as the observer 

The general explanation of such bands is obvious, depending, of course, 
on whether the uprights of the nearest row are in line with those of the 
more distant, or whether both are visible at the same time In the first case 
less obstruction is ottered to the passage of light from the background than 
in the latter, so that the brightest part of the band occurs when, in the line 
of sight, the uprights of the two rows coincide, and the darkest, when both 
senes are m view at the same time 

In 1874 I examined, with some care, the production of this class of inter¬ 
ference bands, and there is a good deal oi Italian work on the same subject. 
If the interfering lines are equally spaced, and parallel to the intersection 
of the planes in which they lie, the bands are not uniformly spaced, 
but come closer together as the line of sight departs from the normal 
to the mean plane If the lines are not parallel to intersection of the 
planes, the bands become hyperbolic, and if the surfaces containing the 
lines are curved, the bands may assume very complex formB Of this the 
wood-grain-like figures seen when lookiug through two folds of muslin or 
gauze are an example 

If, keeping the eye stationary, the distance between the two folds is altered 
and the form of the bands is expressed in terms of the distance between 
them, it will be found the curves lie on a family of quasi-cylindrical surfaces, 
one within the other, of which sqrfaoes the bands themselves may be considered 
as plane sections Henoe there is a real analogy between the interference 
patterns seen through the gauze curtains and the gram patterns of tan¬ 
gential sections of wood, where the annual nngs also form quasi-cylmdncal 
surfaces. 

Instead of using two sheets of gauze, the single sheet may be placed on 
looking glass, and the interference observed between the sheet and its reflected 
image. While making some experiments of this sort m 1874,1 noticed that 
in some oases the bands so produoed were rather strongly ooloured I have 
mentioned this fact to many people, but it does not seem to be generally 
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known, and though tho explanation is very ‘simple, it may be worth 
recording 

In fig 1 let AB be the section of a grating of pitch a, composed of opaque 
lines of width b, with transparent interval of width <*, and let these lines 
cover the surface of a glass plate of thickness T, the back of which is 
silvered Let fi be the mean refractive index of the glass, and A it the 
difference between the refractive indices for red and violet 



Let a beam of light fall on the grating at an angle of incidence *, and 
consider the course of the ray which passes the edge of one of the lines 
The distanoe L B between the red and violet rays at the point where, after 

reflection, they again meet the upper surface is 2TA ,ji — ^ or, in terms of s, 

cosr 


Lk = 2TA M 

(pr— sin* tfP 

Spectia of this length will be formed by the rays fiom every point in the 
width of c, and thus each aperture of the grating will produce a beam of 
width L r + c at the place of emergence, part of whioh will be stopped by one 
of the opaque lines Hence the emergent light will be coloured The punty 
of the colour m beam, before emergence, depends on the ratio c/T, but in 
any case the margins show pure spectrum colours For the formation of 
the coloured interference bands now under consideration, c should be huge 
compared to the wave-length (in order that diffraction effects may be small), 
and T should be large compared to c, to secure adequate separation of the 
colours 

If the grating is illuminated by diffused light and is observed from some 
point E, it will be seen that the combination of glass and grating is rather 
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a crude form of Maxwell's colour box in which the slit used w wide, and the 
part of the spectrum which is suppressed is equal to the difference between 
the pitch of the grating and the width of the slit 

To estimate the colours which will be seen from K for different values of %, 
the method used by Maxwell and by Lord K&yleigh in Ins paper on the 
colours of these plates* is most convenient The coloured strip formed by 
dispersion which contains all wave-lengths is to be replaced by three strips of 
primary violet, green, and red, each of width c> so disposed that their margins 
are coincident with the proper position which those colours would appear in 
spectrum formed by the glass by light passing the edge of b 

The quantity of each colour not prevented from reaching the eye by b is to 
lie found, and the centre of gravity of weights proportional to these quantities 
placed at the angles of the chromatic triangle then indicates the colour which 
will be obscived at E foi a given value of i 

The primary colours used by Maxwell and Lord Rayleigh are — 

(1) A violet from between the G and ¥ Frauenhofer lines, 

(2) A green close to the E line, and 

(3) A red neai the 0 line 

A mixture of these in the proportions 30 V, 31 G, and 18 R gives white 
light 

In fig 2 a part of the gratiug and piunaij colour strips are Hhown in plan 


«-H 
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Let x be the distance of the left-hand margin of the violet from thejnght- 
hand edge of one of the opaque lines of the grating, L a + ® and L B +# being 
the corresponding distances for the green and red 

* See Lotd Rayleigh, * Collected Papers/ vol 2, p 498, et seq 
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In pft««? ng from one interference baud to the next, r will vaiy from 0 to a, 
and it la easy, from Diagram 1, to write down the quantity of each odour 
which reaches the eye for any given value of x. 



Diagram 1 — 1 The oidtnates (//) of the figuiea 1~N repiesent the quantities of violet, 
gtem, and red, which reach the eye at F, in term a of the distance (&) between left- 
hand edge of the violet (see hg 2) and the nght-haud edge of the opaque part (b) of 
tin gia ting The values of 6, f, L», and Lr, are given for each line and column of 
the diagram As the angle of view (i in fig 1) changes from the edge of one Inter¬ 
fax eme band to the corresponding point of the bands adjacent, x increases or 
diminishes fi oiu 0 to a oi — a 

Diagram 11 gives the locus of the centres of giavity of these quantities m 
the colour triangle, while r varies through one complete cycle The curves 
are curious and irregular, as might be expected from the discontinuity of the 
conditions which govern the mixture of the colours, but they all agree in one 
respect, namely that no green shows itself in any part of the band In fact, 
green cannot appear in the resultant colour unless the dispersion, or thickness 
of the plate, is sufficient to separate the primary colour patches more or less 
completely irom one another, and tins agrees with observation. 
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Dumux IL—The curves within the chromatic triangles are the loci of the centres of 
graritf of might* proportional to the quantities of the primary coloan reaching 
corresponding to the examples in Diagram II, whilst« yarieo from 0 to a 
value* of » are written against the most marked features of the curves. 
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The actual colours in the cases figured range from good blues through 
reddish-purple and orange and a straw-yellow to nearly white And m some 
instances the sequence is so close to the colours of tempered steel that I was 
led to examine the latter with some care 

I had always thought* and I believe it has generally been assumed* that the 
colours of tempering were instances of the ordinary interference colours of 
thin plates, but the following simple experiment seems to prove conclusively 
that this cannot be the true explanation 

If the oolours were due to a film of appropriate thickness, a reduction of 
that thickness ought to change the colour , the blue should change to green* 
orange to yellow and so on I found, however* that if the tempered steel 
surface was gently polished* until the clean suifaoe of the metal was reached, 
there was no change of colour during the process, the blue remaining blue* 
and the yellow yellow, until the whole of the colour was removed The 
intensity of the colour decreased as the film became tlnnnei*but its character 
remained the same* 

The colours of tempering are test seen by polarised light, and their 
intensity is greatest at the angle of maximum polarisation When so 
observed the blue changes, as the angle of incidence increases, through reddish* 
purple to a dark orange and finally to a straw yellow The yellow and orange 
parts, on the other hand, change but little, becoming rather more intense at 
the angle of maximum polarisation, but when the incidence is large, the 
whole surface which has been oolouied by the tempering assumes a nearly 
uniform yellow 

Thus the blue moves towards the red end of the spectrum, while the orange 
does the opposite, and although Bimilar changes occur m the case of the 
highei order of Newton's rings, the thickness of plate required is fai greater 
than that which produced the colours of tempeung It would seem probable, 
therefore, that the latter colours are due to some form of selective opacity 
depending on damped molecular periods comparable with the wave period,* 
rather than on a structure comparable with the wave-length 

* This must be true of all pigment colours, but something more is required to explain 
the dependence of the oolours of tempering on the angle of incidence, a feature which la 
strongly marked also in the case of many of the aniline colours when examined as dry 
films by reflected light 
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On the Absorption of X-Rays in Copper and Aluminium.* 

By C. M Williams, B Sc , Fellow of the Univeimty of Wales 

(Communicated by Pnncipal E. H. Griffiths, Sc D, F R.S Received Apnl 20,1918 ) 

Much experimental work has been directed towards the determination 
of the absorption coefficients of X-rays m elements—especially with respect 
to the relation existing between the absorption coefficient and the wave¬ 
length—owing to the importance of the bearing of the results on the 
theories of electromagnetic radiation and atomic structure Nevertheless, 
on account of the experimental difficulties encountered in this work, 
serious discrepancies appear among the results of different observers. The 
method described below appears to offer a reliable and accurate meanB 
of measuring the absorption coefficients of homogeneous X-rays in vanouB 
materials and the wave-lengths of the rays employed 

Among the difficulties experienced in the experimental arrangements, 
two of the chief are — 

(a) The heterogeneity of the Bource 

( b ) The variations in intensity of the source 

By making use of the reflection of X-rays by crystals, it is possible to 
analyse a beam of X-rays into its component wave-lengths According 
to the classical equation of Bragg, we have, if d s= spacing of the crystal 
grating, 0 — glancing angle of the incident ray, X = wave-length of the 
reflected ray, n = order of the spectrum, 
then 2 . d sin 6 m rik. 

It is to be observed that the reflected ray may contain, in addition to 
the primary wave corresponding to n as 1, other waves of lengths X/2, 
X/3, etc, le, submultiples of the primary wave-length X, corresponding to 
» * 2, 3, eto, respectively 

In these experiments the interference method of obtaining homogeneous 
beams was employed, a rock-salt crystal being used to analyse a beam of 
X-rays generated by a Coolidge tube. The difficulty introduced by the 
possibility of the reflected beam being mixed with waves of a higher order 
than the first was obviated m the following way. It has been shown by 
Duane and Huntf that the voltage V, required to excite a wave of 
frequency n is given by the equation eV mnh (eat electronic charge, 

* An account of row arch work carried out in the Memorial Phymoal Research 
Laboratory of the University College of South Wales and Monmouthshire, Cardiff 

+ 'Phya. Rev.,’ voL 6, No S, p 169 
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h s= Planck's constant) Thus by carefully acJjuBtwg the voltage applied 
to the tube, keeping it so as to be—for any particular setting of the crystal 
just below that required to produce the reflected wave of the second 
order, homogeneous rays were obtained This principle is illustrated in 
fig 1, which shows the change in the log-absorption curve for al umini u m 



with the variation in the voltage applied to the tube, as measured by the 
alternative spark-gap between two bright metal spheres 1 cm in diameter, 
the wave-length of the X-ray was approximately 0*68 XU The log- 
absorption curve becomes a straight line (4) when the waves of hi gher 
order than the first are eliminated by a sufficient reduction of the voltage. 

In order to correct for the variations in intensity, which ware pronounced, 
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a special device was used Instead of employing an ionisation chamber of 
the ordinary pattern, a double one was constructed 
This consisted of a rectangular metal case AB (fig 2), divided longitudinally 
into two by the metal plate CD Through the upper and lower com¬ 
partments of this ionisation chamber were passed respectively the insulated 
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electrodes £ and F, which could be placed separately in connection with 
an eleotrosoope The beam of X-rays reflected from the crystal was thus 
split into two parts, and the ionisation produced by that entering the 1 lower 
compartment provided the data to correct for the variations in the beam 
proceeding into the upper one. 

Thus m making a determination of the absorption coefficient of a 
substance, the electrodes E and F were first connected to earth and afterwards 
insulated The X-ray bulb was then exoited for a certain period, at the 
expiration of which E and F were connected in turn to the electroscope, and 
the ionisation produced m each chamber measured. Several sheets of the 
absorbers were placed before the upper slit in succession, and the above 
process repeated m each case After making the necessary corrections and 
reducing all the readings oi the upper chamber to a standard reading of the 
lower, a curve was plotted showing the relation between the log of the 
ionisation current and the thickness of the absorber Very consistent 
results were obtained in this way, the points all lying very evenly on a 
straight line—indeed, the results ioi the absorption coefficient obtained m 
independent experiments larely varied by more than 1 per cent, or very 
occasionally by 2 per cent. 

As an illustration of the method of working, the actual readings taken in 
an experiment are given below m Table I, while fig. 3 is die log-absorption 
curve obtained from these readings, and is typioal of the curves given by this 
method. The results obtained are summarised below in Table II, the wave¬ 
lengths were standardised by observing the position of reflection of the 0 peak 
of the platinum spectrum 

These results present some interesting features. It is well known, for 
example, that the ratio of the absorption coefficient of one substance to that 
of another is approximately independent of the wave-length, provided the 






570 


Mr C M. Williams On the Absorption of 


04 

*r»l 


B ho 

5 § II 


C * 


t 


■s. 


■si 


9i CO OD 9 
O O © O O »H 


9 to ® 9 o 
© ® co 5 


9» 

co 


oo i^eo ** is ® d 9 9 io 

SSSSSSSS ssssss 


n^999 $4 W ® 91 n 09^099 

83338 5SS3 S3 s s asaas 


^t-w^«coeo 9 91 -- 9 co ® « 9 « 9 ih oco^Wih *■< « 9 ® ® 

*HU5®*-<04*M®9q t» W W © ^ © ® © *♦ ® CO o t « W l" M (M ^ 

pIHHHHHhih NHNHNH h ih h hi h h - H h -«HHH 


»^noD^®9« NHNf99 t- 9 ~< -if i- co ® 9 » ® 

8SS883SS $88232 S83352 25228 25322 


9«»09999u» 9®®®©® 99^09 19 ®qoi>®9 

eq co «■* 01 co » w «aoc.Mia— ©©•»«©» * ® co to « w«^iaia 

HHHHHHHH HH H H H H H NHHp<I HHhH H HhhHH 


10999910910 9 © a to 10 9 999®® 910100® » »o ** «r 

ssssssaa sssaaa sasas sssaa 22232 


90999010® 990®®® ®-.9®9 9®999 99999 

NN«MAC0^tn «-*«©* h* ® * f*. © fNOOtp 

mnhHhhmh h N n >1 h h h n h n h h h h h h ^ ** 3 55 J5 


999®9«9« 0909 ®® 09909 o®®®® 90999 

^oasasa sosaa® asaas sssss sssss 


k! 

II 


838 


099 

no*« worn 


Mte. ' 

3*1 IS 


mlb lead 1 



X-Rays m Copper and Aluminium. 


571 



Table II 


m/p 


WaTe length x 10‘ fl 

Aluminium 

Copper 

0 431 

1 483 

14 32 

0 466 

1 (154 

16 67 

0 480 

1 050 

20 66 

0 604 

2-050 | 

23*00 

0 629 

2 (WO 

26 63 ) 

0 568 

i 748 

29 67 1 

0 677 

8 102 

82 70 j 

0 027 

4 039 

41 17 


wave-lengths do not include any near those characteristic of the absorber If 
now we plot p/p A t against /i/poa m a graph, we get the curve shown in fig 4 
A striking feature about this curve is that a break appears m it at a wave¬ 
length X m 0*49 A.U (mass absorption coeffioient, 2), it is significant that 
Barkla* obtained evidence of the emission by aluminium of a J radiation, 
* See “ Bakenan Lecture," 1916,' Phil Trana.,’ A, vol 817, p 368 
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the wave-length of which was approximately equal to thw (mass absorption 
coefficient, 19) The results obtained by Pierce, who has also measured 



absorption coefficients over this range, are also shown m fig. 4. The slope of 
the line representing Pierce’s results agrees with that fpund in these experi¬ 
ments , while there is also evidence of a discontinuity at X m 0 49“ w cm. 
Unfortunately, Pierce did not extend his observations far enough in the 
direction of the shorter waves to establish this with certainty 
Barkla,* from his most reoent results, considers that the wave-length of the 
characteristic J radiation of aluminium is about 0*37 AU It is to be 
noticed, however, as he himself points out, that the radiations used m hie' 
absorption experiments were not homogeneous, and hence the wave-length as 
deduoed from the mass absorption coefficient in aluminium is subject to 
error eg, Bragg found that the silver characteiistic rays ooxuustedof two 
waves of wave-length 0 491 and 0 554 A U, and with absorption coefficients 
* ‘ PhiL MagOctober, 1917, p. 978. 
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1*94 and 3 7 respectively, while the absorption coefficient given by Barkla 
was 2 5—a mean between these two numbers 

Previous results have indicated that the relation between the abeorption 
coefficient and the wave-length may be expressed, at least approximately, by 
the formula p/p = a A*+C, where a, n and C are constants, C representing 
the soattenng coefficient The value n = 3 appears to be the most 
satisfactory for the results obtained hitherto 
The following ourves (fig 5) were obtained by plotting pfp against X* 



Fro Ss (Wsve Length) should read (Wav* Length) 1 
vou xciv,— a. 2 r 
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It will be seen that the points lie approximately on a straight line, though, 
here again, the break in the aluminium ourve at a wave-length X >s 0 49 JLU- 
ih pronounced, while there is also evidence of a discontinuity ffi the copper 
curve at a wave-length a little below that at which the break occurs in the 
al uminium curve—a result similar to that obtained by Barkis. 

Fig 6 shows the curves by plotting log p/p against leg X for aluminium 
and copper respectively In the two oases the graphs are straight lines, but 
while the slope for the aluminium line is 3, that for oopper*—in which ease 
the points are particularly regular—is almost exactly 5/2—a result in agree¬ 
ment with Owen’s 5th power absorption law These curves also bring out 
very clearly the fact that discontinuities occur both m the case of copper 
and of aluminium at wave-lengths 0 443 and 0'49 respectively 

Thus it appears that the value of n which best satisfies the results beyond 
a discontinuity is 3 m the case of aluminium, and 5/2 in that of copper 
It should be remembered, however, that the scattering coefficient C has been 
neglected We should, therefore, more accurately have plotted log (p/p—C) 
against log X. The values given for C range from 01 to 0 2, and it will be 
found that the slope m thd case either of copper or of al uminium is not 
materially affected by the inclusion of the scattering coefficient 
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A Statistical Survey of Colour Vision. 

By R. A Houstoun, M A, Ph D, D Sc, Lecturer on Physical Optics in the 

University of Glasgow 

(Communicated by Prof A Gray, F R S Received April 8, 1918) 

It is well known that there are many people with slightly abnormal colonr 
vision, who would not be differentiated from the normal by any of the usual 
tests for colour-blindness The object of this paper was to make a statistical 
study of such people, such a study is of interest beoause it enables us to say 
whether normal oolour vision passes gradually into colour-blindness, or 
whether the colour-blind form a well-defined class by themselves This is 
important from the pomt of view of colour-vision theory. 

For, suppose we test the oolour vision of 1000 persons, chosen entirely at 
random, and assign marks to it, ranging from 1 to 30, taking 1 for total 
colour-blindness and 30 for the most perfect colour vision it is possible to 
have We could thus divide them into 30 classes. Suppose next that the 
number of persons in each class ib plotted against the number of the class 
Then we shall get a frequency curve Such a curve might have various 
shapeB, if it were to turn out of the shape shown m fig 1 it would show we 
were dealing with two classes of persons, and it would be natural to identify 
the large maximum with the tnohromats, and the small one with the 
diohromats of the Young-Helmholtz theory 




If, however, the curve turns out of the shape shown in fig 2, and if, after 
the methods of biometricians have been applied, no trace can be found of the 
little maximum on the left, then we would have evidence that colour¬ 
blindness is not due to the absence of one of three oolour sensations, as 
maintained by the Young-Helmholtz theory of colour vision. The point at 
issue then is: Has colour-blindness a maTfamm of its own, or is it merely an 
outlying portion of the mam curve f 
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How ate we to divide colour vision into classes ? The method whmh oooura 
most naturally to one is that of the Edridge-Green oolour perception spectro¬ 
meter This instrument is a speotrometer, in the focal plane of the telescope 
of whioh are two adjustable shutters with vertical edges the shatters can be 
moved into the field from right and left respectively, each by its own micro¬ 
meter screw To each of these screws is attaohed a drum, which gives directly 
in wave-lengths the position of the edge of the corresponding shutter Thus 
the limits of the region of speotrum exposed can always be ascertained. 

In using the instrument the observer first ascertains the exact position of 
the red end of the spectrum, placing the edge of the nght-hand shatter at 
that point and reading its position The left-hand shuttei is then moved m 
and out, until he obtains the largest portion of red which appears mono¬ 
chromatic to him, no notice being taken of variations in brightness, but only 
in hue The position of the edge of the left-hand shuttei is then noted The 
edge of the right-hand shutter is next plaoed at the point previously oocnpied 
by the edge of the left-hand shutter, and the lattei moved towards the violet, 
until the next monoohromatic patch is marked out In this way the whole 
spectrum is traversed, until finally its violet end is reached 

The number of monoohromatic patches recorded by the observer would give 
the number of the class to which he belongs. 

It is not possible to use Dr Edndge-Green’s results for the purposes of my 
test, as they are not a random distribution, but specially selected cases I 
resolved, therefore, to aoquue data of my own As colour perception 
spectrometer I used a Browning spectroscope with a single 60° flint prism. 
The eyepiece was fitted with shutters which could be moved into the Add 
from right and left in the focal plane, each by its own micrometer screw. 
The oollimator was provided with a new slit, and diaphragms were fitted 
inside both collimator and telescope in order to reduoe stray light to a 
minimum A scale of wave-lengths was fixed up on the wall of the room at a 
distance of 4 metres from tho instrument, this eoale was seen in the field 
just below the speotrum, by reflection in the second face of the pram As 
source a 16-candle-powei carbon glow lamp enclosed in a ton with a ground 
glass window was used. The wave-length soale was illuminated by a glow 
lamp, and both this lamp and the other one were controlled by switches 
dose to the observer, so that the spectrum and soale could be viewed either 
simultaneously or separately. The method of reading the wave-length was 
thus similar to that employed in the old Bunsen and Kirehhoff spectroscopes, 
but, as the soale was in Indian ink on drawing paper and quite 33 cm. long, 
it was, of course, much, more accurate. It should be noted that, as the 
telescope was focussed an this scale at 4 metres, the oollimator had to be pnt 
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slightly out of foous for parallel light, and the rays did not go through the 
prism parallel, but this was not an appreciable source of error. 

To compare the colours at the edges of a patch, the eye has to travel 
backwards and forwards from the one edge to the other Lord Bayleigh has 
pointed out* that, while, when working in this way, he marks out as 
monochromatic the region 586-596 fiji, or 15 times the distance between the 
sodium lines, yet, when the colours bound each other sharply, he can detect 
a difference of colour {>etween the sodium lines themselves In the former 
case the gradual character of the transition is an obstacle to the recognition 
of the difference 

Dr Edndge-Green takes exception to Lord Eayleigh’s results,f stating 
that the difference the latter obtains between the two halves of his field is 
not one of colour, but is due to stray light or to a difference in intensity 
If a double-image prism is placed between the eye and eyepiece, so as to 
form two images of the rectangular monochromatic patch, and these images 
are arranged side by side, so that the more refrangible Bide of the one 
touches the less refrangible side of the other, then, according to 
Dr Edndge-Green, the double patch appears monoohiomatao the whole way 
aoross 

I have repeated this experiment with the double-image prism, using both 
a caloite Wollaston prism with a separation iff 1° and a simple oalcite wedge 
with a smaller separation, and find that by this means I can reduce the 
width of the monoohromatio patch in the neighbourhood of the D lines to 
and m the neighbourhood of 480 ftp to } These were the only regions in 
which I tned the experiment The result is quite decisive, and, to me at 
least, admits no manner of doubt. The reason why Lord Bayleigh was able 
to reduce the difference of colour to -fa was doubtless owing to the more 
favourable conditions m his experiment He wss working with two fields, 
which were probably as broad as they were deep, with the double-image 
pnsm and colour perception spectrometer I was comparing two very narrow 
rectangles, in one oase the apparent width of each being only 15' 

I am therefore unable to agree with Dr Edndge-Gieen that the mono¬ 
chromatic region is a " fundamental physiological fact” Its width depends 
to some extent on the dispersion of the spectrometer and magnification of 
the eyepiece. Thus, in Dr Edndge-Green’s instrument, the avenge 
number of patches is about eighteen; in mine it is 14*86 In my instrument 
the whole length and height of the spectrum subtend apparent angles of 27° 
and 8° at the eye. 

* ‘ Scientific Paper*,’ voL 5, p. 991 j • Roy Soc. Proc 'A, vol 84, p 464 (1010). 

+ ‘Roy Soc Proe.'B.vol 84,p Ufi(19ll) 
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The brightness of die spectrum has also on influence cm die number of 
patches visible, but this can be neglected as far os the slight alterations of 
intensity that occur under ordinary working conditions ore concerned 
For example, the brightest part of my spectrum has an illumination of 
500 metre-candles. I then see 17 patches When the illumination of the 
brightest part of the spectrum is reduced to 64 metre-candles by putting a 
fogged photographic plate in front of the slit, I see 12 patches. When it is 
reduced to 2 metre-candles, I see 7 patches, at this illumination the violet 
is so faint that I cannot see it at all From measurements mode at different 
times, it seems that the voltage of the lamp did not vary 5 volts on 250. 
This would cause only a 10 per cent change in the intensity, and would not 
affect the number of patches appreciably The slit was always kept at the 
same width, when illuminated with sodiutn, it appeared 10 ftp wide 

The following Table gives my results Of the 79 observers, 74 were 
students, the remaining five included two professors of physios, a lecturer 
on physios, a head science teacher, and myself. Of the students 38 were 
women, the men and women are mdioated respectively by the letters 
M and W in the Table The number immediately after this letter gives 
the number of patches The other entries giv? the limits of the patches 
in 10~° cm. When the decimal is not printed, it is understood to be 0 
Of the students, 8 were in their Honours oourse, 12 in their Higher oourse 
and the remainder in their Intermediate oourse, so they were all well 
experienced in physical measurements The distribution was purely a 
random one, I knew nothing of the colour vision of any of the observers 
before asking them to moke a set of readings, and no one who was asked 
deolined The observers included all the laboratory students available^ 
except one or two foreigners with a defective knowledge of English. 

The Monoohromatic Patches Marked out in the Spectrum by 79 Different 

Observers. 

1 U. as 73'8-89-69-94-68-80 7-89 S-58-5-67 8-09 3-64*6-68*5-61 8-50- 

49*8-48-47-48-44*7-43*8-43-48-41 

I E 18 79*6-70 5-66-83-61-59 8-88-67 6-65*6-54-68*8-50*8-6O-49*5- 

48*8-47 8-46*6-46-48 7-48 8. 

3 E SO 76*6-66-98*6-60 6-69*8-88 1-67-66*8-64*4-68*6-61 4-60 6-49 7- 

48 9-48 8-47*4-46 8-46 8-46-43 1-41 6. 

4 M. 17 74 7-67-64 6-68 1-60*8-60-88*7-67*9-66 7-63 3-61*6-49 8-48 7- 

47 *6—46*4—46 3-43*9-48 0 

6 W. 18 77-64-60*8-64 3-61 8-60-48 6-47 6-46 8-49-46*6-13-41 6. 

6 W. 86 74-66 *8-61 *9-89*4-68*6-87 946*6-65 *5-65-68*6-61-49*6-48*7-48- 

47*3-46*7-46*8-46 6-46*4-44*8-48*8-43*3-48*9-48*8-41 7-40*9-38*8 

7 W. 13 71-66-61-69-67*8-66*8-64 6-68 4-48-47-46 8-49-43*6-41 6. 
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8 W 18 73-65-03-02-0 1 -00 5-59 5-59-60-56 6-64 9-5* 5-50 8-49 4-48 1- 

47-45*8-48 8-41 8 

9 W 20 71 V05 6 02 7-00 5-59 1-67 8-50 1-54 8-58 4-58-51 2-50 1-49 2- 

48 8-48 1-47 6 47 2-46 5-46 0-48 6-41 0 
10 W 12 76-04 00 3-57 8-60-62 8 51-49 5-48 2-47*2-46 8-48 5-41 6 

tl M 17 78-04 8-01 4-00-68*9-57 5-50 8-66 8-61*2-49 4-48 8-48 1-47 4- 

40 8-46 8-44*0-48*0-41 2 

12 M 14 72-00-02 9-60 8-59 2-57 6-54 8-51 6-49 8-48 7-47 4-40 1-44 2- 

42 0-40 8 

13 W 9 71*3-03-58 8-50-63-40-47 4-46 4-41 8-41 

14 M 18 74*2 06-03 8 61-69 7-67 8-60 0-53 8-51 1-49 9-48 8-47 9-46 9- 

46 8-45*1-48 7-42 6-41*8-41 5. 

16 M 20 73-00-64 2-01 1-00 0-59-67 8-50 1-54-51 9-50 7-60-48 8-48 3- 

47 5-46 4-45 4-44-42 7-42 2-41 6 

10 W 12 78-65-62-59-60-51 8-50-48 6-47 2-46 3-43 1-41 9-40 a 

17 M 12 77 5-64 8 59 9-57 0-56 8-53-50 8-49 2-47 0-40-43 8-42 8-41 2 

18 M 12 72-06-01-59-57-64 3-51 7-60 2-48 7-47 6 46 2-43 8-41 7 

19 W 14 73-67-01-59-57 8-66 2-52 5-49 7-49-48-47 2-40-44 8-48-41 8 

HI W 16 78-72-00 0-03-00 2-69-67 8-50 2-54 2-62-60-48 5-47 3-40 1-44 2- 

42*1-40 1 

21 M. 17 71-66-61' 59-68-66 6-56-63 1-51 1-60-49-48 2-47 6-46 8-40-46 2- 

42 9-41 7. 

22 M 10 71-63-00 0 69 7 68-50 53 7-51 9-61 4 60 4-49 8-48 4-47 2-40 2- 

44 4-42*6-41 7. 

23 W 24 71-03 8-00 8-69 5-58 6-57 8-57-50-64 2-52 6-61 3-60 6-49 9-48 3- 

48 8-48 3-47 4-40 7-46 8-44 6-43*7-42 8-42-41 2-89 7 

24 W 19 67-63 00 6-69 7-58-67*4-86 8-55 3-58-51 1-50-48 8-48-47 3-46 4- 

40-45 6-45 1-44 0-41 8 

26 M. 12 70 64 6-02-69 8-58 7-67 6-52-49-47 0-40 5-46 4-42 8-41 5 

20 M 18 77-04-01-68 7-68 2-60 8-65 1-53 3-61 7-50 2-49 2-48 2-47*4- 

46 7-46 1-45*6-44 8-43 2-41 8 

27 M 11 72'04-61-89 2-06-63-01 2-49 8-48*2-40 8-45 2-41 2 

28 W 13 76-01-69 7-68-66 0-63 4-51-50-49 3-48 8-47-46 8-48*8-41 6 

29 M 13 72-62 4-00 4 88 8-67*8-66 4-63*0-51 1-49 2-48 5-47 1-45 5- 

48*2-41 8 

30 M 12 76-07-02 2-69 7-57 0-64 6-61 4-49 2-47 7-40 2 44 9-43 2-42 

31 W 9 74 2-04-59 2-57-64 8-49 3-47 8-46 8-45-40 8 

82 W 18 74-00 00-58 7-57 8-87 1-56*0-68*8-61 7-40 1-48-47 1-40 3-46 3- 

43 0-41 & 

33 W 13 72-03 8-81-59 6-58 1-50 0-62-50 7-49 1-48 1-40 9-45 0-42 0-41. 

34 W 12 78-06-01-59 7-58 7-67*3-50 1-54 1-51*1-48 2-47*8-40*2-41*& 

3ft W 10 70-00 6-63 1-01 1-00-58 8-67 0-86 4-52 6 50 8-49 3-48 4-47 6- 

40 7-46 5-44*4-40 8 

36 W 13 71 63-00-59-67 8-50 8-56 2-52 3-49 0-40 0-47*8-40*3-43 7-42*2 

37 M 14 70-04-01 0-00-88*8-57-64 6-51 7-49 9-48*7-47 7-40 8-45 8- 

4S 0 41*2* 

38 M 5 70-82-57 51 8-48*4-42 6 

39 M 18 76-03-00 6-58 5-56-62*9-51 *0-60 0 49*9-48 8-47 5-48 0-46 3- 

44*2-42*9-48*2 41*2. 

40 M 10 70-06 4-01-60-60 6-67 2-64-52-60*7-40 8-48*0 47*7-40*8-46*0- 

48*0-48*4-41*6. 
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74- 68-61-59 8-58 1-56 6-54 5-51 5-49 7-46 8-44 6-48. 

71- 63-59 9-58 1-51 3-49 7-48 8-46 6-44 3-42 
78-66 6-68 8-61 8-60-58 8-57 3-55 8-58 8-51-49 9-48 8-48-46 9- 

46 7-43 7-41*9 

72- 68-68-61 8-59 5-68 5-54 9 61 4-50 4-49 3-48 8 -46 9-45 9- 

48 8-43 8-48 3 

76- 64-60-56 5-52 2-00 7-49 4-48 4-47 4-46 2-44 8-43 3-41 8 

73- 60-63-60 8-59 5 58 2-56 8-63 4-51 1-49 3-48 2 47-45 6-44- 

42 4-41 5-40 7 

69- 65 6-61-59 7-57 6-56 6-64 8-62 4-60 48 6-46 6-45 8-44 9-44- 

42-41 

71-66-63 5-60 8-59-67-51-49 2-48 4-47 2-46-43 2-42 2 
66-58 8-54 6-52-50 6-49 2-48 4-47 5-45 2 

75- 69-65-62-60-68 8-57 1-64 8-51 8-49 7-48 4-46-42 5-41 7 

71- 63-60 8-69 9-68 2-66 4-64 5-62-50-47 6-46 8 45 4-43*9-42 7 

77- 66-62 2-61 5 59 3 58 8-58 57-56-52 2 50 8 49 4 48 5-47 3- 

46 2-44 5-40 8 

73-62-57 2-60 2 48-41 4 

76- 69 6-66-62 8-60 3-58 2-56 2-62 60 8-49 47 2-45 7-44-42 

73-66-63 6-61 8-60 2-67 2-56 64 5 52 5-61 4-49 9-48 8-47 4- 

45 5-43 4-41 7 

73-07-64-62 5-61 2-59 7-58 8 68-37 2-54*2-51 3-5Q 1-49 6-49 2- 

48 8-48 6-47 6-46 7-45 7-43 2-42-41 4 

70- 66-62 61 4-59 9 68*6-68-57-52 7-51'4-49 5-48 5-47 6-46 5- 

44 8-42 4-41 6 

78- 66-62 1-00 6 59 58 4-57 8-56 4-54 9-52 3-51-49 8-49 1-48 4- 

47 5-46 6 45 9-44 8-42 9-42 3 

07 63-82 69 8-58 2 57 66-62 8-61 0-49 8-49 2-48 2-46 6-46 1- 

43 6-42 3 

73-66 6-62-61-59 8 58 8-66 6-62 4-50 7-49 9-48 8-47 1-44 7-41 5 

73-68-60 5-59 6-68 8-58-64 8-52 2-50 3-49 6-48 8-48 2-47 2- 

46 2-45 2-44-42 8-41 6-40 6 

70- 65 -82 8-01-59 7-58 2 6 7 2-66 2-64 6-62 5 61 4-60 1-49 2- 

48 5-47 6-46 3-46 5-44 3-12 3-41 4 

72- 66-83-62-61-60-69 1-67*8-66 2 6460-49-48 2-47 2-46-42 8-41 8 

77- 66 62-60 3-59-67 7-66-62 4-60 6-49 2-47 8-46 7-45 8-44 3-42*6 

73- 66-61-60-68-55-61 8-60 2-46 8-47 7-46 4-44 8-41 2 

71- 64 6-81-59 7-58 2-57-56 63 8-51 7-60'2-49 1-48*2-47 0-46-46- 

43 2-41 4. 

75-83-01 2-60-68-57-56 8-53 9-62-60*3-4$*2-47 9-46*6-46 7-43 7-42 
77-67 6-65 5-63 5-61 2-69 5-58-66 9-54 9-58-61 9-61-49 8-48 7- 

47 5-46 4-46-48 2-41 8-40 9 

72- 63-60-59-58-54 3-61 8-50 1-48 8-47*8-46 9-45-42*8-41*8 

73- 62-59 5-57 8-66*5-54 8-62 4-60 1-49-48-47-45 8-48 5-42. 
75-69-65 4-62-68-68-48 6-44 5-42 3 

73- 62-60*8-58 8-57 2-55 4-5$ 7-50 8-48 6-47*6-46 7-45 6-44 7- 

43 0-42 a 

69-65-63-68-60 5-59 5-58 6-57 3-56 2-53 7-51 3-50 3-49 4-48 6- 

47 7-46 4-45 2-42. 

74- 62-60 5-59 5-67 6-53*6-60 2-48 8-47-45*6-42 6 

74-66-61 5-59*5-68-57-50*2-64-62-51 8-49 7-48*8-48-46 7-45 2~ 

48-41*8. 
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76 W 15 

77 W 16 

78 M 17 

79 M 24 


78-63 2-61 60-68 9-58-56 3-54 5-51-6-50 1-49*3-48*1-48*7-45*7- 

43-9-41 4. 

71-66-64-62-60 5-59-57 6-56 5-55 1-53*8-51 7-50-48 8-47 4-46- 

44 8-48 

73-64-61 8-60*5-59 7-58*8-68-57 8-56-54 8-58 9-51*6-50*8-49 8- 

47 8-48-44 3-48*4 

73 85 63 61-59 9-59-58 1-57 8 58*8-65-53 7-58-51-50-49 5-49 8- 

48 8-48 8-47 5-48 7-45 5-44-48*9-48-41 3 


Before making the teat the method of. taking readings was explained 
by means of a water-colour drawing of the spectrum and two sliding card¬ 
board screens. Then a start was made from the red end Only one reading 
was, as a rule, taken for each patch, but generally one or two readings 
were repeated in each set, after the set was completed It was found they 
almost always agreed No preliminary practice was given The first two 
or three observers read their own wave-lengths, and set the telescope in 
eaoh fresh position themselves Afterwards I did thw, as I found it saved 
time Each complete teat required 30 or 35 minutes. I supervised every 
test personally, and watched the fingers of the observer on the micrometer 
screw, to make sure he was testing the patch from both sides. Only in 
3 of the 79 cases was there any misunderstanding One of the three 1 
discovered, when about halfway through, was marking off differences of 
intensity as well as of colour, so we had to start again. Another was inclined 
to ignore degrees of yellow at the brightest part of the spectrum, regarding 
them as changes of brightness, while a third in one case ignored a thin strip 
of colour dose up to the edge of a patoh “ because it was a bit of the last 
patch accidentally left over.” 

The question arises as to the reliability of the numbers If the observer 
were to make a second set of readings, would he obtain exactly the same 
number of patches? Probably not. No 4 m the Table is my own set 
About a year previously I msde a sst, obtaining 

78-64 7-68 7-01-69 8-68 8-57 8-56 63 3-58 8-50 7-49 8-48 7-47 8-48 7-46 5- 

43 7-48, 

if, 17 patches, but with different limits. Three weeks later I made two sets 
on the forenoon and afternoon of the same day, when I was very tired, 
obtaining 

78-65-88-80-69-58-58*8-55-58-49 8-49-47*8-46*6-44*8-41 *6. 
and 

77-65-68 5-80 8-58 7-67 *7-56-63-50‘3-49*3-47‘6-47-40*5-48*6-41 *6, 

giving 14 patches eaoh time In taking these two seta the left-hand shutter 
was moved only in one direction, in the first set into the field, a$«l lp the 
second set out of the field, the object of the experiment being te sta whether 
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(he direction of Betting had an appreciable effect on the number of patches 
Apparently it had not. Four months later than this I made a set when 
feeling very fit, and obtained 19 patohes, namely 

76-60-63-61-69 7-68 8-68 1-67-68-54 6-6S 6-61-60-40 1-48 4-47 6-46'6-46*4- 

43 8-41 3 

Also seven of the other observers made a second set fonr weeks or so later 
than their first set, when No 9 got 24 instead of 20, No 1 got 26 instead of 
22, No. 6 got 30 instead of 26, No 38 got 6 instead of 5, No 2 got 16 instead 
of 18, No 18 got 16 instead of 12, and No 17 got 16 instead of 12 But the 
most interesting case was that of No 5 She obtained 12 patohes originally, 
60 2-54 3 being only one patch This observation was repeated at the tune 
and venfied Six weeks later she started a second set, obtaining seven patches 
between the red end of the spectrum and 60, where she had obtained only 
two before The test was then discontinued, and another test made a week 
later, when she obt&med 24 patches for the whole spectrum, four of these 
being between the red end and 60 4 As the laboratory work of this student 
on Fresnel’s bipnsm, polaruqetry, etc, was exceptionally accurate and reliable, 
I have no alternative except to assume that her colour vision had undergone 
a decided change 

Excluding her oase as an abnormal one, I believe the number of patches 
recorded by the same observer can vAry within a total range of about 35 per 
cent, but if the two sets are made on the aame day, the agreement will be 
much better I am inclined to think the general increase in the number of 
patches at the second determinations recorded above was due to the fact that 
they were all made on two very dark December days, when the appreciation 
of oolour might be consequently more acute It should, of course, be 
remembered that variations of individual observers from day to day 
compensate one another, and do not affect the results obtained from a large 
number of observers over a long period 

Fig 3 gives the results, each observer being plotted, the men as codes and 
women as Grosses, above the number of patohes obtained It will be observed 
that this vanes from 5 to 26 The two observers with 5 and the observer 
with 8 patohes were decidedly colour-blind. The observer with 26 was one 
of the four students who " saw indigo The other three have left the 
University, and so I could not get their number of patobes. The two 
observers‘With 6 patches did not know they were colour-blind, they had 
difficulty m naming yellow, calling it red or green The observer with 
3 patches knew he was colour-blind, as he could net distinguish a blue 

* R. A. Houetoan, “Newton and the Cobun of the Spectrum,” ‘Scteuce Progress,’ 
vol 46, p. 860 (1917) 
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from a gieen train car at a greater distance than 100 yards. He called green 
a dirty yellow, and, as there was some doubt as to his confusing intensity 
with hue in his first set of readings, a second set was made immediately 
afterwards, when he obtained 5 patches 
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The observations recorded in tig. 3 show that normal colour vision Has 
<inite enough “ scatter” to include colour-blindness as an outlying portion of 
itself. It ib true, of course, that the two “ fives ” are separated by a gap at 
the one end, but so are the two “ twenty-fours " and the “ twenty-six ” at the 
other end But it would require a very muoh greater number of observera 
than 79 to positively disprove the existence of separate maxima for the 
dichromats and monochromats 

I have been much puzzled by the minimum at 14 m fig 3 It seems to 
divide the observers into two groups, though two members of the mathe¬ 
matical staff of the University to whom the results have been shown declare 
that this division is purely fortuitous. If the observers are plotted against 
the width of the patch they obtain at 589 /./a, or the width of the patch they 
obtain at 480 p/t, we get the same two groups with practically the same 
number of observers to the left of the minimum in all three oases. If the 
observers are plotted against the width of the patch -they obtain at 536 p/a, 
there is not the same well-defined minimum If in the oase of an even 
number of patches the middle boundary is called the spectrum middle point, 
if in the case of an odd number of patches the oentre of the middle patch 
is called the spectrum middle point, and if the observers are plotted against 
their spectrum middle points, then we get only one maximum Thus the 
essential difference between the two apparent groups lies in a greater power 
of colour discrimination at the points of the spectrum, where the colour 
changes most rapidly with wave-length I was under the impression that 
there were two groups forming before I had supervised 20 tests, and formed 
various hypotheses to explain it, eg, that the one group was confusing hue 
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with intensity, etc, but to no purpose. It will be interesting to know if 
the same division shows itself when tests are made with another apparatus 

It occurred to me that the one group might differ from the other in other 
ways, for example, u the amount of red it added to green to make yellow 
For testing this, I required a colour-mixing apparatus of the type used by 
Lord Bayleigh. I was able to improvise one very satisfactorily in the 
following manner ■— 

The Cornu prism consists of two 30° prisms of nght-handed and left- 
handed quartz, with their optical axes at right angles to the plane of 
symmetry of the prism I separated the two halves of a Cornu pram and 
reversed them, t r , mounted them with the hypotenuse surfaces in contact 
When Bet at minimum deviation m this position, they gave two spectra with 
the red of the one falling on the green of the other, these spectra being 
practically plane polarised (really very slightly elliptically polarised) at right 
angles to one another The telescope of the spectrometer possessed a slit in 
its focal plane Between this slit and the eye was a nicol eyepiece, the lenses 
of which were removed An eye looking into the telescope saw the surface 
of the prism illuminated with whatever colour happened to fall upon the 
slit The instrument was set so that the green of the one spectrum and red 
of the other fell upon this slit, thus, the colour of the pnam could be 
changed from pure green through yellow to red by rotating the mcol To 
produce the comparison colour, a 60° crown glass prism, which had approxi¬ 
mately the same deviation as the Cornu pnsm, was clamped on the top of 
the latter, so that it appeared illuminated in sodium yellow It was then 
itself not far from minimum deviation. The red and green employed with 
this apparatus were respectively of wave-lengths 620 and 560 fifi. 

1 tested 15 of the observers with this apparatus, eaoh making four settings 
with the mcol, taking them in turn from the top of each of the groups of 
fig 3, but found that their settings all agreed within the error of observation 

The only previous attempt which I have been able to find to apply 
statistical methods to colour vision is in a paper by Schuster.* He inclines 
to the belief expressed by Lord Bayleigh, that differences from normal vision 
do not seem to follow the law of error We have not, however, as much 
faith in the Gaussian law of error now as 25 years ago. The experimental 
psychologists have introduced methods for measuring the different sensations, 
although they do not seem yet to have established many results, and the 
past 20 years have been noted for the development of statistical methods. I 
think some of this aotivity might be profitably directed to the question of 

* * Experiment* with Lord Bayleigh’* Colour Box,” ‘ Boy. Soc Proc.,’ vol 48, p 140 

om 
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the theory of colour vision, so m to settle the present deadlock; the time is 
now past for the description of special oases of colour-blindness. It might 
be advisable to institute a test in colour vision as part of the students’ course 
m certain of the larger physical laboratories in the country, and appoint a 
oommittee to deal with the results. 

It is, of course, very likely that objection may be taken to the nature of 
the test described m this paper One haB to trust to the judgment of the 
observer as to when the difference of colour appears. It would be better if 
the reading were to follow automatically, for example, if upon a deep red 
background we were to make an orange-red letter appear, keeping the 
luminosity of the letter the same as that of the background, but gradually 
increasing the admixture of yellow The amount of yellow would he con¬ 
trolled by the supemsor, who would note the reading as Boon as the observer 
recognised the letter Observers with good colour vision would require less 
yellow We would have the difficulty here that the luminosity of colours to 
different observers varies in a different way with wave-length, and it would 
not be possible to maintain the condition of oonstant luminosity for all 
observers I believe, however, that contrast due to difference of luminosity 
would be much less effective in causing a letter to appear than oontrast due 
to difference of colour, and might be ignored. 

I have attempted to construct a colour perception spectrometer depending 
on this principle. It consisted of a spectrometer with the eyepiece removed, 
and a slit substituted Against the last face of the pnsm was placed a 
photographic plate, which had been fixed without being exposed, and so was 
novered with a uniform film of gelatine On this film a letter was painted 
m an aniline dye, the idea being that the dye would be quite transparent to 
certain colours of the Bpectrum, but that as the telescope was gradually 
rotated, a point would be reached at which the letter would stand out In 
praotioe the dye itself was transparent enough, but when it was applied the 
gelatine swelled out and acted like a lens, and so the letter remained visible 
when it ought to have disappeared. Another attempt was made by photo¬ 
graphing a letter with a LumiAre three-colour plate, but I have not tame at 
piesent to follow the matter up. 
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Sir ANDREW NOBLE, 1831-1915, 

Sir Andrew Noble, who died at Ardkinglas, hie Scottish home, on 
Oetobei 22, 1915, was bom at Greenock on September 13, 1831 His 
father was George Noble, a retired naval captain, who lived in a house 
which at that time was called 65, Union Street, but was afterwards named 
“ Sprmgbank ” In earlier days the Nobles had been landowners in Dum¬ 
bartonshire, but the property was sold at the end of the eighteenth oentnry 
It was bought back again in 1889 by the subject of this memoir, who, when 
he was made a baronet in 1902, was able to associate with hiB name the family 
estates of Ardmore and Ardardan 

George Noble had twelve children, five sons and seven daughters Andrew 
was the third son The home life was one of strictness and discipline, for 
the father’s ideas of education were very thorough The rudiments of learn¬ 
ing were instilled into the boys by various teachers m Greenock, beginning 
with Peter Murray, who grounded them in English grammar, and ending 
with the classes of Mr Robert Bucltanan, who taught them writing and 
mathematics. From his early years Andrew always did well in these local 
intellectual contests, and he became the possessor of several' small silver 
medals, with the word Dvx upon them. From Greenook he went on to the 
Academy at Edinburgh, and passed as a cadet into Woolwich in the spring 
of 1847 Hib father died of typhus fever m the autumn of the some year. 

In Jane, 1849, lie received a commission in the artillery, and went almost 
at once with his battery to Malta Most of his military life was spent in 
Canada, where he married in November, 1864, Miss Margery Campbell, the 
daughter of a notary in Quebec. He and his wife lived to celebrate together 
m 1914, after 60 years of domestic happiness, their diamond wedding. 

About a year aftei his marriage Noble was ordered to South Africa, 
where the Kaffir War was still dragging on He had no opportunity of 
actual fighting, bat his experiences in South Africa much interested him, 
and in later life he was always fond of lecalhng them All this time he 
was following with eagerness several branches of science, and lost no 
opportunity of adding to his mathematical knowledge, which was already 
considerable He returned from the Cape m January, 1858, and soon found 
himself involved in those special studies which were to bring him dis¬ 
tinction. The inventions of Armstrong had lately turned the attention of 
military men to the suhjeot of rifled artillery, and had suggested the possi¬ 
bility of arming the sernoes with weapons more powerful and effective than 
those which survived from Trafalgar and Waterloo. The controversy which 
was raging was well suited to Noble’s particular genius; his talents for 
patient enquiry, careful experiment, and accurate observation were exactly 
what was needed to place the various issues on a scientific basis. 

vol xcrv.— -a. b 
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After acting for some months aa Secretary of the Boyal Artillery laetitn- 
tion at Woolwich, he was appointed on September 1, 1868, Secretary to a 
Special Committee on Bided Cannon Thu Committee examined seven 
different types of gun, Whitworth's, Armstrong's, Vandaleur's, Irving’s, 
Lynall Thomas’s, Laurence’s, and Baron Wahrendorff’s In their report they 
recommended the immediate introduction of guns rifled upon ML Armstrong’s 
system Complaints were made that Noble’s attendance on this Committee 
interfered with his Woolwich work, and he severed hts connection with it 
in November, but m July, 1859, he Was again chosen as Secretary of a 
Committee, desonbed at first as “ on Calibres and Guns,” but afterwards as 
“on Plates and Guns” The object of this Committee was to ascertain 
whether the Armstrong system, already adopted for guiu of small calibre, 
could be applied to larger sizes. Noble was now constantly at the War 
Office, carrying out experiments and supplying techmoal information and 
advice to the Secretary of State. Early in 1860 he was Inspector of 
Artillery, and be was added to the Ordnance Select Committee as an Asso¬ 
ciate Member 

In August, 1860, during some firing trials conducted against the Martello 
Towers at Eastbourne, Sir William Armstrong, at that time Director of 
Billed Ordnance, suggested to Noble that he should jam the Ordnance 
Company which had just been established at Elswiok. Sir William pointed 
out that, although there was plenty of engineering capacity at Elswick, the 
company was much at a loss for military technical information as to the 
appointments necessary for batteries and guns. The proposal evidently 
attracted Noble, but he asked for time to consider it. He took oounsel with 
his supenor officers, some of whom advocated, while others depmoated the 
step The promise of his prospects in the army (for he was already a noted 
expert in his own line), and some natural doubt as to the financial stability 
of the Elswiok undertaking, caused him to hesitate. Eventually he was 
allowed two months’ leave, and he went at once to Newcastle to judge for 
himself and see what sort of duties would be imposed upon him He was 
so favourably impressed that in October he decided to throw in his lot 
with the firm, and at the beginning of 1861 he was gazetted out of 
the regiment At the same time he became a partner in the Ordnance 
Company Before his death m 1915 he had been for some years the only 
surviving member of that particular partnership 

As Noble’s subsequent career was so olosely identified with the Elswiok 
WorkB, it may be of interest briefly to recall the unusual einramstsnoee 
under which that establishment was gradually drawn into the manufacture 
of artillery material In 1914, at the outbreak of war, the supply of 
munitions for several critical months was largely dependent upon the gent 
Arsenal on the banks of the Tyne. Yet the inception of this undertaking 
was purely peaceful The Elswiok Engine Works were started in 1847 to 
manufa cture hydraulic machinery to the designs of Armstrong, who himself 
wae, of course, the moving spirit. After a sjow beginning the enterprise 
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succeeded, and in the early fifties it was known as a rising and prosperopis 
ooneera. At the end of 1864 the Crimean War caused Armstrong to turn 
his active mind to the subject of gone, and after prolonged trials and 
experiments his Bystem was, as has been mentioned, officially recommended 
in 1868. 

This recommendation, and the published descriptions of the new artillery, 
caused, as it well might do, an immense sensation There was an urgent 
olamour for the rearmament of the services, and a call for immediate sonnies 
of supply to satisfy the demand. The pressing question was where the 
guns were to be obtained All the requirements both of naval and military 
ordnance had hitherto been met by Woolwioh Arsenal It has been assumed 
sometimes that Woolwich was at once palled upon to build to the Armstrong 
designs, and that the Elswiok Ordnance Works were formed as a supple¬ 
mentary establishment. This is hardly an aoourate statement of what 
actually happened Not only were the guns themselves a new thing, but 
their manufacture was also a complete novelty The method of shrinking 
wtought-iron coils upon a steel bairel, the aoourate machining of the breech 
mechanism, with its separate and close-fitting wedge-piece, the rifling of the 
bore, and the delicate workmanship throughout, were all quite new 
Woolwich at the time was little more than a metal foundry, and was 
about as capable of building an Armstrong gun as a village blacksmith's 
shop is capable of turning out a modern motor car. 

At Armstrong’s own works at Elswick the case was different As far 
back as 1866 the new ordnance had been made there, and, by the tune the 
system was aooepted, a number of trial guns had been delivered In 1857 a 
moderate plant had been laid down for the manufacture, though there was 
no idea in the minds of the partners that the demand wonld be as extensive 
as 12 months later it became 

The Armstrong Works, indeed, were at first the only place where the 
gone required by the country could be made, and it was Woolwioh that had 
to be transformed to the Elswiok model. An expenditure of £200,000 was 
incurred to provide the Arsenal shops with the necessary equipment. 
Armstrong’s own position was the cause of great difficulties He had 
already banded over his patents to the Government as a gift, and they 
were free to do as they pleased with them But two points were olear, the 
first that his dose association with the supply of the material was essential, 
.and the second that, if his own works were used, as they were bound to be, 
for manufacture, awkward financial questions would certainly present 
themselves. To meet the ( first point the position of Director of Bifled 
Ordnance was created for him, while, to meet the second, a separate 
company, called the Elswiok Ordnance Company, was formed, and, though 
the ordnance works were set down side by side with the existing engine 
works at Elswiok, the two were kept distmot. Armstrong retained his 
p artn er s hip in the engineering business, but bad no share m tbe Ordnance 
Company. Hu own time was, divided between London and Woolwioh, and 
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he appointed George Rondel, a young In an of 26, manager of the ordnance 
works at Els wick With him he presently associated Nohle m the manner 
and for the reasons which have been already given. The company was, of 
course, absolutely flooded with Government contracts, and the utmost 
secrecy was maintained as to all details of design and manufacture 

Matters continued in this state until 1863, when the Government orders 
came to an end This decision has been often attributed to the increasing 
jealousy occasioned by the official patronage of Armstrong and Elswibk. It 
ib true that nval inventois weie loud with hostile criticism, but, apart from 
this, there remained the fact that, with both Elswick and Woolwich in full 
swing, the needs of the servioes were more than met No further guns were 
ordered, for the sufficient reason that none were required 

The position was naturally an anxious and disquieting one for the 
ElBwick partners, whose profits had been absorbed m extensions to their 
works. The capital expended had been £168,000, and the whole plant was 
offered to the nation for £137,000 This offer was rejeeted, and finally 
between £60,000 and £70,000 was paid as compensation for the termination 
of the existing arrangements Armstrong resigned his position under the 
Government and returned to Elswick, where the Ordnance Company waa at 
onoe amalgamated with the Engine Works. The private firm which rose 
from this combination waB called Sir W G Armstrong and Co, and dates 
from 1863 Noble was one of the original partners. There was groat delay 
in getting permission from the Government to deal with foreign nations, but 
consent was presently given, and a connection, which became literally 
world-wide, was in course of time established 

In tiie progress of Elswick, the share which Noble took oan be clearly 
defined. Apart from his industiy and administrative ability, to which a 
later reference will be made, it was to his researches in the sixtiee and 
early seventies that a further advance in gunnery was due. The inventions 
of Armstrong marked a great step, but the modem gun, as we know it, wee 
the direct result of Noble's work Coming to Elswick with considerable 
experience of the possibilities offered by this department of engineering, he 
found himself with a free hand He was unhampered by offieial restrictions, 
and there were at his disposal funds available for coatly experiments and 
elaborate apparatus Supplementary to his duly labours in the offioe end 
workshop, he earned on continuously his careful and scientific roeesMh 
He studied often far into the night, and, gifted with a robust oosuti&ntkm, 
his powers showed little sign until late in life of the strua which he 
constantly imposed upon them 

His earliest, and, indeed, his chief, enquiries, were into the action of fired 
gunpowder He followed the lines of pioneers in the name study, of 
Rumfotd, Rodman, and others, all of whom had attempted, though without 
reaching any accepted conclusion, to determine the pre ssure s produced 
when a charge of gunpowder was exploded in a confined space. Rut tiwir 
experiments can hardly compare with those > of Noble, so much further did 
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be carry their investigations His treatment of eveiy detail was most 
thorough. He examined the results of large numbers of explosions, he 
recorded the temperatures and pressures of the gases, he analysed the 
solid residues, while no phenomenon, however trilling, escaped him As an 
instance of this minute attention may be quoted his observation of certain 
discrepancies which threw doubt on the indications of the Hodman pressure 
gauge, and the acumen with which he discerned the reasons for these 
discrepancies He passed from experiments m closed vessels to similar 
experiments in guns, and invented u chronoscope, by which the velocity of 
the shot at any point in passing down the bore could be ascertained 

The perseveranoe with which he collected and collated his results was 
only equalled by tho correctness with which he deduced conclusions from 
them. Satisfied at last as to the’soundness of his theories, he gave practical 
effect to them by insisting on the advantages of slowei burning powder and 
by the adoption of the modern long gun in place of the old short one 
With the long gun, and assisted by the improvement made m gun steel, 
breech-loading was gradually, but at last universally, adopted 
After severing their connection with Elswick, the English authorities had 
reverted to the old-fashioned short muzzle-loading guns The experts at 
Elswick found that, with their longer guns, muzzle-loading was so clumsy as 
to be almost impossible, and they became m consequence adherents of 
breech-loading Writing to Sir Frederick Campbell m Apnl, 1878, Noble 
pressed upon his notioe the new Elswick 6-incb, 78-cwL, breech-loading gun. 
He desonbed the breech-closing meohamsm as being on the well-tried 
French system, with the gas stopped by a steel cup on the Elswiok plan 
He went on to say that, while he was far from recommending the universal 
substitution of breech for muzzle-loading, yet, for the broadside armament of 
ships, breech-loading possessed very great advantages 
Some impetus was undoubtedly given to the breech-loading Bystem by the 
MOident which occurred on board H M.S. “ Thunderer ’’ on January 2,1870, 
when a 88-ton gun burst at bring praotice in the Sea of Marmora. The 
enquiry into this disaster forms an interesting episode in Noble’s life, for the 
conclusions reached by the Commission were based upon his evidenoe. It 
had been suggested that the bursting of the gun was due to some defeofc iu 
the hydraulic loading machinery, which had been supplied from Elswick, and 
Noble went out to Malta to attend the Commission. His interpretation of 
Idle mishap caused considerable sensation, for he maintained that the gun 
had been double loaded. The intention had been to fire both guns m the 
turret together, and it was not noticed that one had missfired Thu gun wee 
then reloaded, end a second charge rammed w on the top of the unexploded 
charge. Subsequent experiments confirmed Noble’s views, and the whole 
incident tended to show that, whatever might be the drawbacks of breech- 
kadiog, the accepted system was not without oertam attendant dangers ef 
its own. 

*. However this may he, the new Elswiok guns were within a year or two 
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adopted, the Company was received back into official favour, and tinea that 
date has maintained the closest connection with the British services, in 
order to complete this summary of artillery progress, with which Noble had 
so much to do, it should be added that gun mountings owe a great deal to 
the inventions of Vavasseur, with whom the Elswick firm became oonnected 
in 1883 Though his name is not so widely known as that of Armstrong 
or Noble, it may well rank with theirs iu the inner history of naval 
ordnance 

About ton years aftei the manufacture of gunB began at Elswick, the 
Company interested itself in the building of warships Starting with the 
gunboat “ Staunch,” which was in eifect a floating platform carrying a single 
heavy gun, arrangements were made with the firm of Charles Mitchell and 
Co, shipbuilders, to undertake further work in connection with Elswick 
George Bendel devoted much of his attention to the new branch, and the 
management of the ordnance department was left to Noble alone. When 
Bendel left m 1881 to become a Civil Lord of the Admualty, Noble became 
the acting head of the concern, for Armstrong had long since relaxed his 
close supervision of the works. In 1882, an amalgamation with the 
Mitchell firm was effected, and a public limited company was formed under 
the title of Sir W. G Armstrong, Mitchell, and Co, Limited The ordinary 
share capital was £2,000,000, but only £665,000 was offered to the public 
Applications were received for more than twice this number of shares 
Armstrong was of course Chairman, and Noble, who was the largest share* 
holder, became Vice-Chairman. The further developments of this undertaking 
are well known, and may be dismissed,tn a sentence or two A combination 
with the Whitworth Company of Manchester was made m 1896, and the 
name was changed m consequence of this to Sir W. G. Armstrong, Whit¬ 
worth, and Co A large foreign connection was maintained. branches were 
started in Italy and Japan, while m England extension followed upou 
extension until the hands employed were numbered by tens of thousands. 
During the present war the inorease of the place has been abnormal, but 
even before the outbreak of war in August, 1914, the Company had become 
one of the largest commercial concerns in the kingdom. 

On the death of Lord Armstrong in December, 1900, Noble suooeeded, in 
the natural course of things, to the Chairmanship Hie devotion to Elswick 
was constant Not only was his the guiding hand in all large matters of 
policy, but day after day he was m the offices or shops attending to every 
detail of the bueiuees He travelled all over the world for the Company, 
and his judgment upon business questions was excellent. He was full of 
enthusiasm and energy, while no leader could have supported more loyally 
those who worked with him, or could have inspired more loyalty in hie 
aasodatee. He was especially successful in dealing with industrial problems, 
and, as Chairman of the Engineering Employers' Federation, handled with 
discretion dlffioult negotiations upon labour and wages. 

He found time to deliver lectures to various Institutions and to contribute 
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papers to their Transactions. These are full of new facts, and many of them 
constitute a distinct step forward in their own special subject. 

A collection of some of his papers has been published by John Murray for 
the convenience of those who wuh to study his work closely. He hunaelf 
refers to this collected edition m the following terms —“ Having entered the 
service when rifled artillery was not thought of, having served as Secretary 
to the Committee which intioduoed rifled artillery, and having been more 
or less connected with all the great ohanges which have taken place, both as 
regards the guns, their mountings, equipments, and propellants, it may be 
that the present volume gives, m some respects, a not uninteresting history 
of the immense changes that have taken place m the Naval and Lind Servioe 
Armaments.” 

It is impossible m the space available for this memorial notice to do more 
than refer briefly to some of his lectures.and papers 

In his first paper contributed to the lloyal Artillery Institution in 1858 
entitled “ On the Application of the Theory of Probabilities to Artillery 
Practice," he used Encke’s fundamental formula giving the functional form of 
a “probable error.” Much experimental work is involved, and the paper 
clearly establishes the great accuracy of rifled artillery in comparison with 
smooth bore ordnance He concludes with the remark “ There is, perhaps, 
no branch of mathematics from which more information of importance to 
practical artillerymen can be obtained than from the Theory of Probabilities.” 
The paper shows that, at the early age of 27, Noble had thought deeply on 
the subject that was to dominate his whole life, and that he was already 
coming to the front in securing its advancement 
His second paper (1863), also contributed to the Boyal Artillery 
Institution, is an account of his early researches on the velocities of 
projectiles fired from guns These were made with apparatus constructed 
by the Belgian officer, Major Navez In essentials this apparatus was 
somewhat similar to that now m use, but its details, as may well be 
imagined, were very inferior to those adopted m our present instruments. 
Notwithstanding these drawbacks, Noble succeeded in obtaining very 
valuable results. He investigated the variation m the velocity of the 
projectile caused by variations in its own weight and in the weight of the 
powder charge, he also gives a diagram of the actual path-of the projectile 
fired with the gun laid at a small angle of elevation. 

The third paper (' Philosophical Magazine/ September, 1863) is a 
mathematical investigation, based on certain assumptions, as to the effect 
of rifling on the muzzle velocity of a projectile fired from a nfled gnn It 
was one of the many pieoes of work done by Noble in foroing forward the 
adoption of rifled ordnance to replace smooth-bore guns. He calls on the 
Government to make experiments to assist in the solution of this matter 
la Noble’s fourth paper ( ,( On the Tension of Fired Gunpowder," 1(J71) 
are come to the first of that series of investigations into the behaviour 
of explosives and artillery which will render hie name famous In this 
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paper he brings under review the work of his predecessors, M. do la Hue, 
Robins, Count Rumford, Colonel Cavalli, and Major Rodman, of the United 
States. His investigations led him to the invention of improved crusher 
gauges, to measure the maximum pressure at any point in the bore of a gun 
when fired (a subject to which he.in his after life gave continued attention) 
These gauges were essentially the same as those in use at the present tune 
From the use of these instruments he was led to design the modern 
chambered gun, and to the adoption m the British Service of the moulded 
form of powders, whioh, while giving the same, or even a higher, muscle 
velooity to the projectile than that previously obtained, gave m the gun a 
muoh lower maximum pressure than was until then believed possible 
The following important conclusions were reaohed m these investiga¬ 
tions — 

(a) “Our old rule of proof for powder, that of the dprouvette mortar, 
seems with our present lights to be specially designed to produce in powder 
those qualities whose absence we most desire ” 

(b) “ The maximum pressure of fired ordinary gunpowder (density being 

unity) , unrelieved by expansion, is not much above 40 tons to the 
square inch ” , 

Noble, in his fifth paper, “ On the Pressure Required to give Rotation to 
Rifled Projectiles,” contributed to the 'Philosophical Magazine' in 1073, 
continues and extends the. investigations given in his third paper 
His sixth paper, “ Researches on Explosives," Parts I and II (contributed 
in collaboration with Sir Fredenok Abel to the ' Philosophical Transactions,’ 
1875 and 1879), was of very great interest and value, and forms the bams of 
all modern internal ballistics 

It dealt with explosives (principally gunpowder) from every point of view, 
historical, chemical, thermal, physioal, mathematical, and mechanical 
The objects set out to be obtained were stated to be as under*— 

1st To ascertain the products of combustion of gunpowder fired under 
circumstances similar to those which exist when it is exploded in gnus or 
mines 

2nd To ascertain the “tension” of the products of combustion at the 
moment of explosion, and to determine the law according to whioh the 
tension varies with the gravimetric density of the powder 
3rd To ascertain whether any, and if so what, well defined variation u 
the nature or proportions of the produots accompanies a change in the 
density or size of grains of the powder 
4th. To determine whether any, and if so what, influence as exerted op 
the nature of the metamorphosis by the pressure under whioh the gunpowder 
is fired 

5th To determine the volume of permanent gases liberated by the 
explosion 

6th. To compare the explosion of gunpowder fired in a olcee ves se l with 
that of similar gunpowder whan fired in the bore of a gun. 
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7th. To determine the heat generated by the combustion of gunpowder, 
and thenoe to deduce the temperature at the instant of explosion 

8th. To determine the work which the gunpowder is capable of performing 
on a shot in the bore of a gun, and thenoe to ascertain the total theoretical 
work if the bore be supposed of indefinite length 

This list is sufficient to show the ambitious nature of the programme to be 
followed 

The work was executed with complete thoroughness. Experimental 
apparatus had to be devised at various stages, and as the field of operations 
was very largely a new one, this had to be done m many oases with little 
or no assistance from the work of previous experimenters The results 
obtained afford the first reliable data on the subject of fired explosives. They 
were not simply tabulated as those obtained by observations of the recording 
instruments, but were all carefully weighed, one against another, to ensure 
the rejection of any that proved unable to withstand crucial investigation 
and test For instance, the records of crusher gauges were brought under 
repeated and searching investigation, and the gauges were continually 
improved till their indications were consistent with the observed mutxle 
velocity of the projectile 

Some earlier experimenters had recorded by crusher gauges pressures so 
great (in one instance 60 tons per square inch) as to be quite inconsistent 
with the actual muzzle velocity of the projectile Noble, by his wider 
knowledge and acute critical faculty, kept free from such errors. Hu 
delicate and accurate apparatus, by means of which he ascertained the time 
taken by a shot m traversing specified distanoes along the bore of a gun, 
gave him the means of calculating the effective mean pressure on the base of 
the projectile and of coupling this up with the indications of the oruaher 
gauges This was the first work of the kind, and was earned out so 
completely as to leave the results firmly established beyond possibility of 
disproof He was, indeed, the first to ascertain what took place as regards 
internal dynamics when a gun was fired 

He found that, m a space entirely oonflned, theoretically the temperature 
of explosion of ordinary gunpowder u about 2200°C. Further, that the total 
theoretic work of fired gunpowder when indefinitely expanded u about 
486 foot tons per lb of gunpowder 

The work done in these researches was so peat that it cannot be efteotavely 
enmmariaed; the paper itself must be studied by those who wish to follow 
the subject 

In his next important paper, "Heat Action of Explosives,” a lecture 
delivered at the Institution of Civil Engineers, 1884, he brings under review 
the properties sad behaviour of explosives, such as the fulminates of silver 
Sad of mercury, potassium picrote, guncotton, and nitroglycerine, in com* 
periaon with those of gunpowder. 

The work is largely devoted to the effect of explosives on the intenor 
sutfeoes of encknng vessels, on guns as a whole, end particularly on the 
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walls of the bores of guus when explosives are used as propellents. It 
contains also an elucidation of the considerations which should lead to a 
choice of propellant, so as to secure mb far ah possible the best combination 
of the following objects, m association with a given muzzle velocity ol 
projectile, viz least maximum pressure in the bore, least maximum 
temperature m the bore, and least rate of eroBion of the bore. Other 
explosives are dealt with, suoh as gaseous mixtures of hydrogen and oxygen, 
etc, and of flour dust and of coal dust suspended in air 
He points out incidentally that weight for weight the potential energy 
stored up m a mixture of proper proportions of hydrogen and oxygen is 
higher than that of any other known mixture Gunpowder is Birnply an 
intimate mixture of saltpetre, charcoal, and sulphur, the partB of which do 
not undergo any chemical change during manufacture It is not a definite 
chemical composition such as guncotton, nitroglycerine, and similar explo¬ 
sives In the striot sense of the term, gunpowder does not explode, it 
cannot be detonated as can guncotton and nitroglycerine, it simply burns, 
although with great rapidity, and at a rate depending largely on the pressure 
to whioh it is subject when being fired 
It was found that if in the open air a pebble of powder required two 
seconds for it8 combustion, a similar pebble in the bore of a gun was con¬ 
sumed in about the 1/200 part of a second, showing that the rapidity of 
combustion depended on the pressure under which the explosive was burnt. 

He also found that the temperature of explosion of gunootton is at least 
double that of gunpowder Platinum wire and sheet placed in the explosion 
vessel prior to the explosion either disappear altogether or are found in 
mmute globules welded ou the surface of the apparatus 
At the date of the lecture he says gunpowder lias, as yet, despite some 
disadvantage, no competitor which can be compared with it as a propelling 
agent for artillery purposes, at all events in cases where large chargee are 
requisite At this time 830 lb had been fired in a single charge from a 
100-ton gun. The potential eneigy of 1 lb of gunpowder is ae nearly as 
possible 1/10 of that of 1 lb. of coal and 1/40 of that of 1 lb of hydrogen. 

From these data he shows that gunpowder or similar explosive can never 
be economical as a motive power in the ordinary engineering sense of the 
term He makes the interesting remark that, regarding the earth as a huge 
projectile, and supposing that we could utilise the whole energy stored up in 
gunpowder to effect its propulsion, we should require a charge of 160 times 
its own weight to commuuicate to the earth its motion in its orbit. 

In his address to the Mechanical Science Section of the British Association 
at Leeds in 1800, he reviews the advances made in meobanioal aoienoe in 
relation to the naval and military services, and traces the development of 
the cast-iron smooth-bore guns, used in the Siege of Sebastopol, and apt 
admitting of much accuracy of aim, to the rifled cannon scientifically built 
up of the steel in use at the time of his lecture. 

He gives details showing “that the changes whioh were made within‘the 
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pehod of ten jean following 1854 were for mote important and wide 
spreading in their character than were all the improvements made during 
the whole of the great wars of the eighteenth and the early part of the 
nineteenth century " He states, " Indeed it has always struck me as most 
remarkable that during the long peuod of the Napoleomo and earlier wan, 
when the mind of this country must have been to so large an extent fixed 
on everything connected with our naval and military services, so little real 
progress was made," 

The various steps are given of the progress made in passing from the 
types of gipis and mountings used by Nelson and his predecessors to the 
110-ton gun of the “ Victoria ” Nelson's “ Victory ” earned an armament of 
102 guns consisting of 68, 42, 32, 24, and 12 poundors, the “ Victoria," the 
first British warship, built by the Armstrong Company at their Elswiok 
Yard with armament largely designed by Noble himself, had two 16J-in 
guns each of 110 tons, one 10-m 30-ton gun, twelve 6-in 5-ton guns, 
and several smaller guns The largest charge of powder UBed on the 
“ Victoiy ’* was 10 lb, in the “ Victoria ” the charge was nearly 1000 lb One 
broadude from the “ Victory ’’ consumed 355 lb of powder, one from the 
“ Victoria ” 3120 lb 

The paper refers to Noble’H growing connection with naval architecture, 
and it the first of his papers to mention the possible use of oordite, “ originated 
by the Committee of Explosives, of which Sir F Abel is President” as a 
propellant m ship guns He says “ We are as yet hardly able to say that 
oordite in very large charges is free from this tendency to detonation bat I 
think I may say that up to the 6-in gun we are tolerably safe; at least so 
far I have been unable, even with charges of fulminate of mercury, to 
produce detonation ” 

He traces the gradual change from wood truck carriages, worked entirely 
by man power, with hand tackles for training, wood “ quoins ” for giving 
elevation and depression, and hemp breeching for taking the recoil, up to 
the methods then in use In modern practioe every motion of the guns, 
training, elevation, depression, running m and out, and also the service of 
ammunition and loading, was performed by hydraulic power, “ worked out 
by my friend and late partner Mr George Bendel, and up to the end of 
1881 all details connected therewith were made under his management.” 

la a " Note on the Energy absorbed by Friction m the Bores of Bided 
Guns,” in the ' Proceedings of the Boyal Society,’ 1891, Noble returns to the 
question of the effect of nfling on the muzzle velocity of projectiles Many 
experiments had been made and various kinds of propellants used, including 
“oordite, a propelling agent which promises to be of great value, and for 
whioh we are indebted to the labours and experiments of Sir F Abel and 
Prof. Dewar.” 

Three forms of rifling were dealt with, vis. •— 

(1) Stifling of uniform pitch all out parallel to the axis of the bore (ue„ 
it was of infinite pitch). 
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(2) A uniform pitoh of about l turn in 35 calibres 

(3) A uniformly increasing pitch of from 1 turn in 100 calibres at the 
breech to 1 turn m 35 calibres at the muzzle Different forms of driving 
band were used 

The general result showed that both with powder and with cordite there 
was Bomewhat more loss of energy with the increasing pitch or parabolic 
system of nfhng, than with a rifling of uniform pitch identical with that 
at the muzzle m the parabolic system The loss of muzzle energy, *a, 
energy calculated from the translatory motion alone, was m the case of 
cordite about 143 per cent in the uniform system of nfling of 1 turn 
in 35 calibres, as oomparod with the similar fonn of rifling grooves, bat 
having infinite pitch, and was similarly about 2 3 per oent m the ease of the 
parabolic or increasing twist system of rifling 

Noble delivered the James Watt Lecture in his native town of Greenook 
on February 12,1832, taking “Internal Ballistics ” as his subject 

The lecture brings together many matters previously dealt with m these 
abstracts, but the following may be specially mentioned He says, “ although 
t do not deny that crusher gauges placed m the chase of a gun may give 
valuable indications, I still consider that unless confirmed by independent 
means, the accuracy of their results is not to be relied on ” He also says — 

(a) That with service powders about 57 per cent by weight of the products 
of explosion are non-gaseous 

(5) With the same powder about 43 per cent of the products of explosion 
are in the form of permanent gases, and that these gases at a temperature 
of 0° C and at a barometric pressure of 760 mm occupy about 280 times 
the volume of the unexploded powder 

(c) That, at the moment of explosion, the non-gaseous products are in a 
liquid state 

(d) That, at the moment of explosion, the temperature of the products is 
nearly 2200 9 C, and that the mean specific heat of the products of explosion 
at the temperature of explosion is about 0 31 

The tension of fired guncotton is very high, and “ provisionally I have 
placed it about 120 tons per square mob, but all efforts actually to meaeurb 
with auy degree of accuracy these enormous pressures have so far proved 
futile ” 

In his “Preliminary Note on the Pressure Developed by some New 
Explosives," contributed to the Boyal Society m 1892, Noble says: 

“Artillerists of all nations are pretty well agreed that, save under 

exceptional cncumstances, the maximum working pressure should not 
exceed 17 tons per square inoh. The reasons for tins limitation are, 

weighty" (At the present time, owing tq metallurgical improvements, 

the pressure per square inoh has been increased to abbot 20 tons.) 

In a paper contributed to the Boyal 8ooiety in 1894, he gives an aeoonnt 
of aorne " Beaearehes in Explosives," made ip conjunction with Sir F. Abel 
and Prof Dewar In this he deals with the erosion of gone sad the 
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behaviour of guncotton and cordite when fired With regard to gunootton, 
he says: “The ease with which guncotton can be detonated renders it 
unsuitable for use os a propulsive agent, unless this property be in some 
way neutralised ” 

As regards cordite (still the British Service propellant), he says 
" Cordite does not detonate, at least, although 1 have made far more 
experiments on detonation with tins explosive than with any other, I have 
never succeeded m detonating it ” 

In his British Association paper at Oxford in 1894, Noble deals with 
“ Methods that have been Adopted for Measuring Processes m the Boros of 
Guns ” He refers to results obtained by earlier experimenters on this 
subject, and quotes Count Jtuuford, who estimated the pressure at over 
101,000 atmospheres, or 662 tons per square inch He remarks that, “ were 
the pressure anything approaohmg that which he gives, no gun that ever 
was made would have a chance of standing it ” He then details his own 
experiments on crusher gauges, and points out how necessary it is to check 
all suoh indications by his chronoscopic apparatus for ascertaining the times 
taken by a projectile to pass along from point to point of the bore 

At the summer meeting of the Institution of Naval Architects nt 
Newoastle-on-Tyne, July, 1899, Noble read a paper “On the Rise and 
Progress of Rifled Naval Artillery " In it he describes the advance made 
since 1850 from the guns which then formed the principal armament and 
the means of working them in the most powerful frigates and lme-of-b&ttle 
ships, to the guns and means of working them m the first-class cruisers 
and battleships at the time of his paper, which constituted the ohief 
work he had been engaged upon during his life. The paper was in every 
respect worthy of its subject and appropriate to the looality and the 
occasion It showed that Noble's work in connection with the design of 
guns, their methods of installation and their means of working, had had 
a great and lasting influence on the designs of ships, and the methods of 
armour protection of their more important parts Many famous warships 
embodying his gunnery arrangements had been built by the Elswiok 
Company for the British Royal Navy and for foreign navies, these 
included the Chilean “ Esmeralda" of 1883, of 2974 tons displacement, 
which had a speed of 18$ knots and an armament of two 10*inoh B.L. guns 
and six 6-inoh B L. and smaller guns She was an especially famous vessel, 
and may be oalled the pioneer of the fast protected cruiser type 

In the discussion following the paper, Sir Edward Reed desonbed it “ as 
the very fullest and best reoord of work in connection with naval gunnery 
that we have ever had” Sir Willidm White, in following Sir Edward Reed, 
was equally eniphatio on the value of the paper 

The last of his papers which will be noticed was read at the Royal 
Institution in 1900, and deals with “ Some Modern Explosives ’* It discusses 
the growing use of oordite as a propellant in gone, and the utility and the 
limitations of crusher gauges. Noble remarks that the kinetic theory (of 
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gases) has for artillerists a special charm, because it indicates (hat (he 
velocity communicated to a projectile in the bore of a gun is due to the 
bombardment of that projeotile by myriads of small projectiles moving at 
enormous speeds, and parting with the energy they possess, by impact, to the 
projectile 

The difference between the explosion of gunpowder fired m a close vessel 
and that of guncotton or lyddite when detonated is very striking: The 
former explosion is noiseless, or nearly so The latter, even when placed m a 
bag„ gives rise to an exceedingly sharp metallic r#g, as if tyq vessel were 
struck a sharp blow with a steel hammer 

In this paper he says, “ I may here mention that with a 100-calibre 
6-inch gun, and with a projectile of the dimensions of the ordinary 6-inch 
projectile, but of aluminium, I have obtained a muzzle velocity of close upon 
5000 feet per second ” This is probably the high-water mark of muzzle 
velocity 

To conclude with a few more personal notes, it may be said that Noble 
presented an unusual combination of qualities, for while he was a great man 
of affairs, immersed in practical questions of administration, he never for a 
moment lost his interest in science, but remained an eager student almost to 
the end of his days He would return from a long spell of Elswick duties to 
spend his evenings in calculations or investigations m his own laboratory, 
working late into the night, and sometimes, when he was a young man, all 
through the night 

He always endeavoured to secure the best and most profitable union of 
science and industrial economics. This combination, on aooount of the 
present (1916) war circumstances, and the circumstances which we believe 
will prevail at the end of the war, has now come to be appraised at high 
value and diligently cultivated 

The President of the Royal Society, Sir J J Thomson, speaking at a 
recent meeting at Teddmgton of the General Board of the National Physical 
Laboratory of the n loss we have sustained by the death of Sir Andrew 
Noble, who was one of the founders of the Laboratory and always one of its 
most generous supporters," said: "I think, too, that the principle with 
which the Laboratory is associated—the application of science to industry— 
owes a very great deal to the example of Sir Andrew Noble, because he was 
conspicuous amongst engineers and manufacturers for the seal with which he 
applied science to his industry, and nobody could say that he had been 
ruined by it. An example of that kind speaks to the pubho much more 
confidently than any arguments scientific men could put forward." 

In his own sphere he came to be recognised as the leading authority of the 
day, and he served on important committees dealing with questions of guns 
and gunpowder. Outside these subjects he took little part in public life, 
and his appearanoes on the platform were rare. He was a member of 
the Court of Assistants of the Worshipful Company of Shipwrights. He 
associated himself with Mr. Chamberlain’s proposals far reforming the tariff. 
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and was a member of the Tariff Communion He also served as High Sheriff 
of Northumberland m 1896 In 1910, on completion of his 50 yean* service 
at Elswiok, the city of Newcastle-on-Tyne made him a freeman, and gave a 
banquet in his honour 

With all his overwhelming activity and industry, he was the most human 
of characters, and enjoyed his brief periods of leisure with the thoroughness 
of a boy He was extremely fond of all games * leal tennis, lawn tennis, 
raoquets, billiards, bridge, all commanded his enthusiasm and gave him 
genuine pleasure. He was also very fond of shooting, and was a fine shot 
himself, his great wealth enabled him to cultivate these tastes For many 
years he rented the splendid estate of Chillingham, and a first-rate shooting 
in Norfolk He built a real tennis court at Jesmond, and about ten years 
a$o bought the estate of Ardkmglas on Loch Fyne, where he built himself a 
hftuse 

His house at Jesmond, near Newcastle, was for many yean the scene of 
visits from interesting and well-known men. Not only were his own leading 
( fellow-countrymen, statesmen, diplomats, scientific oelebnties, soldiers, and 
sailors entertained there, but the connection of Elswick led to many pleasant 
visits from foreigners. It was also Sir Andrew's custom to give annual 
diuners at one or other of his London clubs to his scientific, military and 
naval friends He was often present, as a member, at the dinners of the 
Royal Society and Philosophical Club, and the Smeatoman Club, and 
enjoyed these functions thoroughly He was always proud of his early 
connection with the Royal Artillery, and took great interest in anything 
that concerned that famous regiment, especially in any artillery officer who 
seemed likely to advance those lines of scientific enquiry m which Noble 
himself was so distinguished 

Above everything he was the soul of hospitality, and liked nothing better 
than to gather about himself his family and his friends He was excep¬ 
tionally happy m the circumstances of his home life. Lady Noble, herself 
possessed of great character and enjoying a wide popularity, made a perfect 
hostess to the many guests who came to her houses in Northumberland and 
Scotland. There were four sous and two daughters of the marriage The 
present baronet, Sir George Noble, was m the 13th Hussars, and served in 
the South African War, two of the sons are directors of Elswick, and the 
^youngest is a director of Lloyd’s Bank Sir Andrew' centred in himself, 
^to a remarkable degree, the affeotion of hu ohildren and grandchildren, he 
looked forward eagerly to family meetings at holiday times, at Christmas at 
Jesmond, or at Ardkwgks in August No visitoi could fail to he impressed' 
with the patriarchal position he filled, and the keen pleasure which he took 
in seeing others enjoying themselves. 

At the beginning of 1912 he resigned his active management of the weeks 
at Elswiok, though he remained the Chairman of the Board until hu death. 

He was elected a Fellow of the Royal Society in 1870. He served on the 
Council 1884-5, 1889-90, 1898-9, 1899-1900, 1909-10, in all five years, 
m. xajfU-A. e 
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He was Vice-President m 1899-1900 and in 1909-10, and was npded the 
Boyal Medal in 1880 He was made tCB in 1881, a KC B in 1893,and a 
Baronet in 1902 He was the recipient of seveial honorary degrees. He 
was D Sc of Oxford, Sc D of Cambridge, and D C L of Durham 
He also received many foreign orders and knighthoods He valued greatly 
the recognition by Japan of the services which his own work and that of hie 
firm had been able to render to the development of that country His 
connection with Italy was also very close and of long standing He visited 
Borne and Naples many times His orders were as follows —First Class 
Sacred Treasure of Japan, First Class Rising Sun, Grand Cordon of Orders 
of Osmanie and Medjidie and Bose of Brazil, Grand Cross of Crown of Italy, 
Dragon of China, Commander of Jesus Christ of Portugal, Knight of Order 
of Charles III of Spain, Foreign Member of Accademia doi Lincei, Rome 

P W 


SILVANUS PHILLIPS THOMPSON, 1851-1916 

Silvanus Phillips Thompson was bom m York in 1851, and died in London, 
June, 1916 He attended Boothum School, York, in which his father 
(a botanist) was one of the masters, then the Flounders Institute for training 
teachers, at Ackworth After becoming a BA of London University m 1869, 
he was Science Master at Bootham As a scholar ho attended the Boyal 
School of Mines m London, and m 1875 graduated BSc in London Univer¬ 
sity, being hrst m Science Honouis that year Nextyeai he spent at Heidel¬ 
berg He was Lecturer in Physics at Bristol, and became Professor of Physics 
in 1878 In 1878 he gained the D.Sc of London He became Principal and 
Professor of Applied Physics in the City and Guilds Finsbury College in 
1885, and held those appointments till he died 
He became a Fellow of the Boyal Sooiety in 1891, and served on the x 
Council 1906-7 and 1911-13 He was President of the Institution of 
Electrical Engineers in 1899, and President of the Physical Society of London 
in 1902 He was the President of other scientific societies The Junior 
Engineers, the Bontgeu Sooiety, the Society of Illuminating Engineers. Ha 
held the honorary degree of Doctor of Medicine and Surgery of the Univer¬ 
sity of Kbmgsberg, the honorary LLD. of Birmingham, and the honorary 
Di5c of Bristol. He was a member of many British and foreign soientifio 
societies, of whioh the Itoyal Academy of Sciences of Stockholm may he 
specially mentioned as giving an important vote. 
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Since 1876 hie papers «b scientific subjeots are aft muneroas that readers 
most be referred to the B.S. Catalogue. These papers, of whieh 166 may 
be regarded as important, were mainly on experiments m light and 
electricity, bat sometimes on other physios subjects. Hb own original work 
was mainly in the discovery of new experimental illustrations of physical 
laws Be had a fine Voice, in good training, and it oarned far without effort, 
he was eloquent and very clear in statement, and studied his audience, so 
that he was a most effective speaker, and might be said to be a perfect 
lecturer Perhaps it was m consequence of this that he devoted so much 
time to the elaboration of lecture experiments and illustrations, many oi 
which are described in his published papers He spoke readily in French, 
German, and Italian, and was of great service in international scientific 
conferences He was successful as a professional scientific adviser He was 
of untiring industry and diligently attended scientific meetings, his part in 
diaeusatona being of great importance He not only described his own work, 
but be was probably, in hie time, the very best expositor of the work of 
others, and this is what gives value to his books, some of whioh are stall 
standard text-books The most successful of these is his ‘Elementary 
Lessons on Magnetism and Electrioity,’ published first in 1881, it ran 
through more than forty editions and repruts; the last edition in 1015 is 
likely to maintain its high reputation like his other books it has been 
translated into many foreign languages. Other books are * ‘ Dynamo-electric 
Machinery/ first edition 1884, seventh edition, in two volumes, 1905, ' The 
Electromagnet/ 1891, ' Polyphase Electric Currents/ 1805, second enlarged 
edition 1900 , * Light, Visible and Invisible/ 1896, ‘ Notes on the Tranaia- 
tion of Gilbert’s De Magnate/ 1000, ‘Design of Dynamos/ 1903, ‘The 
Manufaotute of Light/ 1906; 1 Calculus Made Easy (by F.BS )/ 1010, * The 
Quest for Truth/ 1015, ‘ Life ,of Philip Keis/ 1883, ‘ Life of Faraday/ 1898 
Hu Life of Lord Kelvin, 1010, has taken its place as one of the few really 
great English biographies, 

The following books were privately printed,—‘ William Sturgeon the 
Electrician/ 1891, 1 Gilbert of Colchester, an Elizabethan Magnetiser/ 1891, 

• The Magic Miner of Old Japan' (Sette of Odd Volumes, 1893), * William 
Gilbert and Terrestrial Magnetism/ 1903, 'Gilbert of Goldbeater/ 1903, 

‘ Pied Piper bf Bamelin ’ (Sette of Odd Volumes, 1905), Preface to reprint of 
two tracts on ‘ Electricity and Magnetism/ by the Hon Bobert Boyle (Sette 
of Odd Volumes, 1898) Hu mueeUaneous and religious publications were.— 
“ The Sixth Sense," Bachelor's Papers 3,1870-71, ‘On the Progress of the 
Theory of Natural Selection/1871; "Our National System of Weights and 
Measures/ 1671, ‘The Poems of Morris/ 1871; ‘Religion and Science/ 
1871; H Two Pictures” and "The Mystery of Nature* in the ‘Friends' 
Quarterly Examiner/ 1876, 'dan a Scientific Man be a Sincere Fnend/ 1805, 

‘ Intuitional Beligfcm: A 8tudy of the Divine,’ 1906; ‘ Illumination/ a 
lecture, 1914; 1 The Quest tot Troth/ the Swarthmore Looters of the Society 
of Friends, 1916. 
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He colleoted curious books, and sometimes wrote about them Hm collec¬ 
tion of manuscripts, old pamphlets, and books relating to electricity is of 
great value, along with the Ronalds Collection it is for the future to be in 
the care of the Institution of Electrical Engineers He had a fondness for 
old books and old things of all kinds which illustrated the history of his 
studies He was of great authority m the bibliography of his studies, and 
indeed of general subjects He was familiar with all sorts of byways in 
literature He was most catholic m his sympathies, being a keen amateur in 
music, and almost more than an amateur as a painter of water colours, more 
especially of Alpine scenery 

I thmk it well to give the following extract from a paper by Sir Qeorge 
Newman in the ‘ Friends’ Quarterly Examiner,’ July, 1916 — 

“ The most interesting part of his home in Hampstead was the library It 
“ was a downstairs room, furnished and fitted to he a compendious reoeptaole 
“ of pamphlets and books, severely business-like and scientific in method 
“ Hero he stored lus wonderful collection of works on electricity and 
“ magnetism, a collection to which additions were continually made, and 
“ to which preoious ' finds ’ were carefully brought It consisted of about 
“ 13,000 items, including a few ancient manuscripts relating to magnetism, 
“ about 900 scarce magnetic and eleotneal hooks and works relating to the 
“ early history of the science, printed before 1825, more than 2600 modern 
“ works of science and text-books of electnoity and magnetism, printed after 
" 1825; 8000 pamphlets, 1200 volumes of periodicals and proceedings of 
" societies, 200 autograph papers of eminent scientific men, and 34 precious 
'’Faraday MSS It is hard to say which group of 'items’ is the moat 
" interesting, though it is certain that their learned possessor was able to 
“ make any of them of absorbing and transcendent interest whenever he 
“ chose He would gloat over his collection of autographs, and do a swap 
“ with the keenness of a schoolboy, or he would handle some old manuscript 
“ with reverent and even loving care, or be would argue and protest, and 
“ explain and declare, that before us and in our very hands was a document 
” which conclusively demonstrated that such and such a much belauded 
“ theory of thermodynamics, believed of all men, was unthinkable, incredible, 
" impossible 1 

" It was this unique collection which oftentimes furnished Prof. Thompson 
“ with the material for those delightful papers and brochures, biographical or 
11 other, with which he regaled first this learned society and then that There 
“ was one on 'Peter Short, Printer, and His Master', the Boyle Lecture on 
" ‘ Magnetism in Growth ’; there were several on Dr William Gilbert, 
“ physician to Queen Elizabeth, who m 1600 wrote ' De Magnete ’, there 
' “ were two on Volta, one on Sturgeon, and a biographical diaeertation on 
“Petrus Peregrinus de Mancourt, a thirteenth-century authority on tile 
“magnet and the lodeatone, and there was the ingenious paper on the 
“ origin, history, and development of the oompass card entitled 'The Bose of 



Obituary Notices of Fellows deceased. xix 

" the Winds.' Prof. Thompson was a brilliant expositor of the mysterious 
“ and the oboqlt, apd, to hear him discourse on the magnet, the lodestone, or 
“ the mariner's compass, was to be taken into a world of magic. 

" Many of the books m hiB library were valued not only for their great age, 
" authority, or rarity, but also because of some special interest attached to the 
“ particular copy. Here is one with the Aldine Anchor Mark in one of its 
“Tarest forms, some belonged to Ampere, Faraday, William Gilbert, Claude 
“ Delauuay, 8 T Coleridge, Volta, Arohdeaoon Barlow, Ridley, and others; 
“ some were peouliar or unique m foim or substanoe, with something quaint 
“ or rare about them which their owner had discovered or understood, and yet 
“ others were like dear and tried friends, who had led him by the hand on his 
“ own upward path of invention or discovery." 

To that artaole I would refer readers who may be interested to know how 
a man might believe in the latest discoveries ot natural science and yet 
remain a sincere Quaker Newman’s description of Thompson’s attitude to 
spiritual things is most impressive. 

Thompson's friendships were faithful and sincere His conversation and 
manners were on the level of the high standards of the Society of Friends 
He loved work, but he was overworked at Finsbury, as any teacher must be 
who has oharge of both day and night lecture and laboratory classes He 
died without suffering. To the end he looked happy. He attended his 
college duties on a Saturday, he had a stroke later in the day, and died on 
the following Monday 

His .family history is an interesting one, going back for some centuries 
Limiting myself to people interested in natural science and not far removed * 
his grandfather, Thomas Thompson, of Liverpool, was a chemist, and his 
grandmother's brothers were William Phillips, FR.S, a geologist, and 
Richard Phillips, F.R.S., a physicist and a correspondent of Faraday 
Another grandfather, John Tatham, of Settle, chemist,‘was also a botanist, 
and his mother was a good field botanist 

He married in 1881 Jane, the eldest daughter of James Henderson, of 
Pollokshields. Hu four daughters interested themselves in natural soienoe 
when at school. Sylvia and Irene have, however, taken to music or 
panting Helen wae second in the Cambridge Natural Science Tnpos; she, 
like her sister, Dorothea (who is a sanitary inspector), is a B.So. of London. 

J P. 
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JONS OSKAB BACKLUND (1846-1916). 

Oskar Backlund was born on Apnl 28, 1846, in the parish of IAnghem, 
tn WMrmland, Sweden His parents were very poor, and after an elementary 
school education the boy was put into his uncle’s business. But by diligently 
preparing himself he succeeded m entering the University of Upsala in 
1866 He there studied mathematics and astronomy undei Waokerbarth, 
to what good purpose became clear in later life. After completing his 
university career, he was for some time a master m a technical school at 
Lulendome, w Sweden, but later we find him at the Stockholm Observatory, 

studying the movement of the comet of 1849, and the minor planet © 

Iphigema In 1876 he was appointed one of the observers at Dorpat (now 
Jurjev) under the directorate of Schwarz, and he took a share in the meridian 
observations for zone +70° to +75° of the ' Astronomisehe Qesellsehaft ’ 
Catalogue. In 1879 he was nominated assistant astronomer at Pulkovo, under 
Otto Struve, and used the Bepsold hehometer for measures of the satellites 
of Jupiter—work which has unfortunately never been published But on the 
death of von Aston in 1878, at the early age of 36, Backlund took over Ins 
researches on Enoke’s Comet, and for tbs remainder of Baokhind's own 
life this investigation occupied a large share of his attention. His last 
memoir on the oomet was presented to the Petrogrsd Academy only in 
1916, and has not yet been published • 

From the first, his attack on this problem attracted attention, especially 
that of the Imperial Academy of Sciences of Petrogrsd, who elected him 
titular member m 1883, on his being first naturalised a Bussian subject. 
In 1886 he left the a Pulkovo Observatory to take up his residence at the 
Academy, where he organised a body of computers to deal with the 
enormous mass of calculations required, for by this time Bsoklund had* 
determined that all the perturbations from 1819 onwards must be recom¬ 
puted The cost was defrayed by the generosity of M. E. Nobel The 
results are published in the ‘ Memoirs ’ of the Academy. He reoeived 
the Gold Medal of the Royal Astronomical Society for his suoeessful 
treatment of this important problem in 1909, and it is nosdleas to repeat 
here any elaborate account of the work when Prof. Newell's address is so 
readily accessible (* Mon Not,’ vol 69, p. 324), The mam result is that the 
mean motion of the comet is accelerated, bat that there have been several 
changes in the amount of acceleration. It was constant at the value 
ft' = 0"-126 in 1819-1858, during wbioh period then was, however, a 
curious periodic term +4" ooei/r, the period of ^ being ton years. There 
were changes in ft' in 1858, when it fell to about 0"*08, and again in 1368 
when it fell to 0" 066, remaining at that value until 1891. These assump¬ 
tions not only give a satisfactory account of the motion of the comet, but a 
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consistent mass for Mercury at 1/0700000, the latter result removing a long 
standing difficulty. 

In ‘ M.N.K.A.S.,’ vol 70, p 429, Baoklund gave a supplementary account 
of his researches on the comet’s motion 1895-1908 The value of p' 
again fell in January, 1895, to 0" 050, and probably also again in January, 
1906. Baoklund inferred that these sudden changes are m some way 
due to the crossing of a meteoric ring, near the perihelion passage of the 
comet. But this very considerable work was not sufficient to satisfy him. 
He went on with his researches on minor planets—it will presently be 
shown how he regarded them as related to that on Encke’s Comet—paying 
special attention to Gyld4n’s work. He lectured at the University, and 
several of his pupils were inspired by him to calculate orhits by Gyld&i’s 
methods. He also obtained an instrument for measuring photographs, and 
interested several ladies who had graduated at the ladies’ University m 
Petrograd in the measurement of stellar dusters 

But in 1895, when Brediohin was compelled by ill-health to resign the 
Directorship of the Pulkovo Observatory, the Academy called upon Baoklund 
to leave his peaceful life among them, and to undertake the administrative 
duties which he discharged so well and so faithfully until his death His 
great energy became manifest from the first The time given to calculation 
was doubled, and the number of computers was increased also In 1916 the 
total vote for computation was 13,200 roubles aB against 1500 or 2000 roubles 
per year in 1895. His experience led him to engage several ladies in this work. 
The staff was augmented in other directions, and several first class instru¬ 
ments were obtained But it had long been realised that the high northern 
latitude of Pulkovo was unfavourable for observation, and Baoklund at once 
set about experiments at other stations In 1896 a transit instrument 
and a vertical circle were set up at Odessa, and in 1898 regular observations 
wen commenced, which soon showed the advantages of a more southerly site 
la 1900 the benefaction of two considerable pieces of land made it possible 
to contemplate a oomplete observatory on an adequate scale, if only the 
money oould be found. Baoklund’s influence and energy were thenoelorward 
directed to attaok this difficulty, but it was not unttl June, 1912, that the 
money was ultimately voted—310,000 roubles for installation and 35,700 
roubles a year for maintenance. 

Dm physical portion of the Observatory was to be erected at Suneis 
(a reflector one metre in diameter), and the astrometrwal part at Nioolsiev 
(refractor of 32 inches). All the instruments were ordered in Great 
Britain, bat, unfortunately, the war arrested their construction, and 
Baoklund was not to live to see his work completed. He superintended 
the preliminary work at both observatories, which necessitated many long 
journeys to and from Pulkovo. But these were only a small part of the 
travelling he did after his appointment as Director. He had already attended 
the Committee of the Astrographic Chart which met in Paris in 1889, ae 
smmU tfimtf ‘ and in 1896 he returned ra the same capacity; for his 
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Observatory of Pulkovo was taking no direot share in the work, and he only 
spoke once (in favour of the greatest possible precision in measurement). Bat 
m 1909 he took a leading part m the discussions, presiding over one of the 
Committees, with satisfaction to all concerned. In 1904 he was invited to 
the Congress of Arts and Science at St Louis, and took the meeting of 
the British Association at Cambridge on his way to the United States 

In the following year he travelled with the British Association to 
South Africa He attended the meetings of the International Union for 
Co-operation in Solar Research at Mount Wilson (1910) and Bonn (1918), 
various geodetic and other conferences, and the meetings of the Inter¬ 
national Association of Academies, over the last of which (in 1913 at 
Petrograd) he presided, entertaining the delegates after the meeting was 
over at Pulkovo in the most hospitable manner His great friend, Pnnoe 
Galuzin, was Secretary at this meeting, and the co-operation of these two 
men, *now both lost to the world, scoured a wonderful suooess Both were 
always welcome in England, and Baoklund especially came frequently—in 
1909 he was here in February to receive the HAS Gold Medal, and later 
for the Geodetic Conference m London and Cambridge Altogether he made 
at least 30 journeys outside Russia in 20 years 

Baoklund’s address at the St. Louis Congress in 1904 was an able review 
of the situatiou in Celestial Mechanics, in which he contrasted the successful 
negotiation of the problems for the larger planets, under Newcomb and Hill, 
with the uncertainties of the attack on comets and small planets The 
connection between these two latter problems was brought before the atten¬ 
tion of mathematical astronomers by Enoke's Comet at the beginning of the 
19th century •— 

“ The aphelion of the comet lies within the orbit of Jupiter, the eccen¬ 
tricity is far greater than that of any of the hitherto known planetary orbits, 
and the inclination amounts to 12° If the formulae could be found which 
represent the motion of this comet, the question m reference to the small 
planets would also be solved. It was, however, not merely from this point 
of view that Hansen set himself the problem of obtaining such formulas. Be 
doubted, m fact, the correctness of the comet’s acceleration found by Enoke, 
and hoped by means of general formulae to be able to settle that question ” 

Backlund’s own work, by establishing not only the existence of an aocele- 
ration for Enoke's comet, but changes in that acceleration from same onus 
as yet unidentified, makes it necessary to oonmder the problem of the small 
planets separately, at any rate He himself had faith in Gylddn'a methods for 
this problem:— 

“The circumstance that a large portion of the small planets occur in the 
neighbourhood of the so-called gaps, (bus causing such an increase in 4fo 
perturbations that after a relatively short time these can no longer be eon* 
sidered as small quantities, led Gylddn to state the question in tire foflowing 
manner*—'Will it be possible to determine the elements an abetiufo 
constants, and so to determine the terms of long periods (thufc avoiding asm- 
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pletely.the introduction of the tune exphoitly) that the intermediate orbit 
thus obtained shall remain included within definite limits, and only differ 
from the real orbit by quantities of the order of the masses of the planets ? 1 
The question inoludee the question of stability, the principal problem thus 
consists in proving the convergence of the long-period senes. Gylddn 
believed that he could establish the convergence by means of what he called 
the horiatio method Poincar£, however, disputes the correctness of this 
method On this assumption, Gylddn's theory would be merely an hypothesis 
Even if the method is correct, it is applicable only with reference to a limited 
number of small planets, as it is based upon the development in powers of the 
ecoentnoities and inclinations of the disturbing and disturbed planets. Here 
then we stand, so far as this question is concerned, at the end of the 
10th centuiy Upon the problem presented at the beginning of the oentury 
much skill and labour has been spent, a satisfactory solution has not, how¬ 
ever, been reached * 

“ If now we turn to the huger planets, a more gratifying picture presents 
itself, etc ” 

An unsigned appreciation of Backlund m ‘ The Observatory' for Maroh, 
1917, has given us a sequel to this pronouncement from a private letter — 

“ The mam cause why I have been so lazy [in not writing] is my occupa¬ 
tion with a theoretical question of great difficulty. You know, perhaps, that 
Poinear^ has criticised the theory of Gyld4n m ‘ Acts Mathematical He is m 
many respects right, but in the most wrong Now, I regarded it as my duty 
to try to restore the reputation of Gylddn, which such an authority as 
Potnearl can easily ruin But the question has proved very hard, because it 
touches the boundaries of mathematical knowledge At last I have arrived 
at a certain result, so that I can now lay this hard work aside.” 

If Gylddn’a work does ultimately take its stand on firm ground, the event 
will owe much to Baoklund’s devoted appreciation and elucidation. He 
began his study of these methods during his residence at the Petrograd 
Academy, as already noted, and it remained with him throughout the rest of 
Us life. He supervised the second volume of Gylddn’s ‘ Treitd Analytique 
des Orbites Absolaes des Huit Plau&tes Principles * (1008), of which little 
more than half was in the press when Gylddn died 
. Backlund often spoke of his days of residence at the Academy as a specially 
happy fame m his life, which was high appreciation, for though the remainder 
of his lift was perhaps subject to greater and more frequent distractions, it 
was undoubtedly very happy and prosperous. If he exchanged hu peaceful 
residence in the Academy for a life of constant travel, he was a traveller 
> who was more than welcome everywhere, owing to hu wonderful geniality 
and sound common sense. He had an apparently inexhaustible fund of good 
stories, and he had a delicate touch with difficult situations. As an instance 
of the latter quality (though to give ustanoea la a course of doubtful 
expediency), one may quote the following remark of his, which in itself 
explains the situation giving rise to it. “ When be said that, I saw at once 
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that he was mad, and ao I spoke no more astronomy with him.” People of 
slower perceptions might hare blundered into an awkward discussion or even 
a quarrel in this particular case, whioh was very puzzling; but Backlund’s 
reading wm sufficiently prompt 

He could speak many languages fluently, though with certain quaint¬ 
nesses in his diction which gave it a speoial attractiveness In the charm 
of his presence it was easy to forget how considerable an achievement 
one was witnessing—as, for instance, when after receiving the BAS. Medal 
in 1909, he made, in English, a postprandial speech which few Englishmen 
could have equalled for grace and quiet humour One forgot to reflect 
that he oould probably have done the same in Russian, French or German, 
besides, of course, his native language, Swedish And these were not the 
accomplishments of a professional diplomat, bat of a man occupied with 
work of the first rank in both astronomy and mathematics, who (as we 
now learn but never suspected) made his own path to the university from 
unpromising beginnings He had, moreover, a wonderful and infectious 
capacity for enjoying life, combined with an ability to work under very 
vaned conditions Thus he rejoiced in the long tram journeys which in 
his later days took him irom one of the observatories he superintended to 
another, because they were opportunities for mathematical work, for whioh he 
otherwise oould not obtain sufficient leisure. In fine, if Ins life at the 
Academy was happier than that which brought him, to our great delight, so 
often to England and elsewhere, it must indeed have been supremely happy. 

Many honours naturally fell to him Besides the RA S Medal he received 
the Lalande Prize of the Pans Acad&me dee Sciences, of which he was a 
correspondent since 1895 He was elected a Foreign Member of this Society 
in 1911 

He died suddenly, on August 29,1916, in his home at Pulkovo. He had 
just returned from Finland, where he and his wife had Bpent some weeks in 
order that (what was hoped to be) a slight ailment might be cured. The day 
before but death he spent actively m Petrograd, retiring early to bed on his 
return to Pulkovo, but he slept badly and m the morning felt so weak that 
he remained in bed. About 2 o’clock in the afternoon he was thirsty, and 
Madame Baoklund was on the poiut of leaving the room to get a drink for 
him when he drew three deep breaths and expired He was boned m the 
cemetery of the Observatory on September 3. • 

[For many of the details the wnter is indebted to M. Belopolaki.] 

H.H.T 
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Princk BORIS GALITZIN (1862-1916) 

Among the oldest families of Russia, the Pnnoes Galitsin can traoe theii 
pedigree back to the Lithuanian Prmoe Gedunine in the fourteenth century. 
During the reign of Ivan the Terrible one of their ancestors settled in 
the Muecovitish Kingdom, and his son adopted the name of Galitsin 
A successful General and Field Marshal, Prmoe Mieha il Mikaihmtch 
Galitsin served with distinction under Peter the Great, and, descending 
m a direct line from him, we find Pnnoe Boris Gahtsm devoting his life 
to the peaceful pursuit of science, until the outbreak of the War, when his 
entire skill and expenenoe were placed with characteristic energy at the 
disposal of his country 

Pnnoe Boris Bonssovitch Gahtzin was born on February 18, 1862, at 
Petrograd. His early education was received at home, where—for a time— 
he was under the influence of a Cambndge graduate, Mr Rogers His ’ 
early family surroundings do not seem to have been happy ones, when he 
was 6 years old, his grandmother, the Countess Koushelev, who resided at 
Athens, took charge of him, and three yean later his mother divorced her 
husband and married the Marquis of Inoontn, then Secretary of the Italian 
Embassy at Petrograd, spending the remainder of her life in Italy With 
both his mother and stepfather, Prince Galitsin preserved the most friendly 
relatione 

The position and influence of the Gahtsm family might have led one to 
expect that the path of success would have been rendered easy to any of ite 
members possessing sufficient intelligence and energy. But this was far 
from being so. During the ontioal period of tus life, Pnnoe Gahtzin had to 
earn bis own living, and, though his fate in this respect was no worse than 
that of most mem of scienoe, he suffered from the additional disadvantage 
that the academic world of Russia did not—at first—readily reoeive him as 
one of their own. He had to fight his way up against much opposition, and 
his ultimate sucoess was due to sheer merit and force of character At the 
same time, tus only struggles gave him expenenoe of die world, supplied 
outside interests which added to his enjoyment of life, and engendered a 
feeling of sympathy and kindness towards young and struggling men of 
soienoe. This remained one of the most conspicuous features of his character 
during the period of his success 

* After the death of his grandmother, Gahtsm, desirous of entering the 
Naval School at Petrograd, weut to live with one of the teachers of that 
institution, who prepared him for the entrance examination. He remained a 
pupil of the school during five yean (1876-1860), participating during the 
Summer months in the sea voyages arranged by the school. In passing out 
of the sohool, he obtained the first place m the final examination, and was 



xxvi Obituary Notices of Fellows deceased. 

appointed “ garde-marme ” on the warship “ Prince of Edinburgh.” Daring 
1881 he visited a number of ports in the Mediterranean, and, in company 
with the Grand Dukes Sergius and Paul, made an excursion to Jerusalem and 
Jencho He also spent some time m Borne, where he became interested m 
art and archaeology. 

In the autumn of 1881 Galitsin was promoted midshipman, but imme¬ 
diately resigned his commission, because the “ Prince of Edinburgh ” was 
ordered to leave for the Far East, and he saw no hope of advancing his 
scientific knowledge while he remained m the service. On hiB return to 
Fetrograd, he was, however, foiled in his wish of entering the University, the 
authorities putting pressure upon him to join the Naval Academy. A severe 
illness forced him temporarily to interrupt his studies, and he Bpent the next 
two years with his mother m Italy, mostly at Florence. There he devoted 
some time to the study of social science, history, and civil law, but did not 
abandon seienoe, attending lectures on chemistry, working at practical 
physics, and receiving piivate instruction in the higher mathematics 

In the autumn of 1884, Prince Galitzin returned to Petrograd, and 
entered the Naval Academy, where he stayed two years, and ultimately 
obtained the second place on the list of graduates. On technical grounds— 
being one month short of the time required to have been spent at sea 
—he was unable to obtain a commission, and, unwilling to serve again as 
midshipman, Galitzin definitely left the Navy He met with a further 
disappointment when his admission to the University was made conditional 
on his passing another entrance examination in school subjects, including 
Arithmetic, Scripture, etc Galitzin was by nature endowed with an even 
temper, but the one thing that—more than anything else—roused his 
indignation was to be compelled himself, or to see others compelled, to waste 
time on useless objects. Those who knew Galitzin only in later life oan yet 
easily picture how he would resent—after several years of serious study—a 
demand to pass an elementary examination, even though he might be fully 
prepared for it. 

Galitzin left Petrograd, returned to Florence to learn German, and a few 
months later entered the University at Strassburg in the spring of 1887 His 
literary activity began almost at the same time It took the form of a 
compilation entitled ‘ Material for the Study of Meteorology,' based on the 
lectures of General Bykatchew at the Naval Academy. The work was 
published by the Bussian Ministry of Marine. . 

His scientific reading and experimental work soon began to bear fruit. A 
paper on the relation between the curvature of liquid surfaces' and the 
vapour pressure of the liquid in contact with the surface appeared in 
* Wiedemann's Annalen ’ in 1888, and in the following year the same publi¬ 
cation contained hu doctor-dissertation. This dealt both from the experi¬ 
mental and theoretical point of view with Dalton’s law of the independence 
of pressure due to each component of a mixture of gases; it was followed by 
a further paper “ On the Range of Action of Molecular Foroet” Having 
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obtained hu degree at Strassburg, Galitsin returned to Petrograd, where he 
was admitted to the University without farther formalities, and during the 
winter of 1890 passed the various examinations leading to the dootor’s 
degree. Soon afterwards he was appointed Leoturer in Physics at the 
University of Moscow, but his troubles were not yet over A dissertation 
which he presented to the Faculty was adversely onticued by his Professor, 
and he was asked to revise and amend it There appears to have been 
something of a split m the University, sides being taken tor and against the 
merits of Galitzin's work, and the discussion even spread to other Univer¬ 
sities He onoe more left Russia to spend auother year at Strassburg 

It cannot be asserted that the earlier scientific productions of Pnnoe 
Galitzm showed signs of great originality They are the work of a con¬ 
scientious student who pursues a systematic study of the various branches 
of PhyBios, and in his reading naturally comes acioss parte which are or seem 
obscure He set to work to treat the subject in an independent manner, not 
so much for the sake of arriving at a new result, as to satisfy himself, 
to dear up doubts, or to supply a more rigid investigation 
It was probably during his second visit to Strassburg that Galitzm first 
became interested in seismology, for Dr £ V Rebeur-Paschwitz, one of the 
pioneers of the subject, was then at woik in that University, and corre¬ 
sponding with Dr Milne on an organized systom of observatories Galitzm’s 
stay in Germany did not last long, as his countrymen were beginning to 
recognize his merit Dunng the autumn of 1893 he took over the Professor¬ 
ship of Physios at,the University of Junev, and soon afterwards was 
appointed to the Directorship of the Physical Laboratory of the Imperial 
Academy of Science at Petrograd This position he held until shortly before 
hu death In his laboratory he had great opportunities for experimental 
work, but he was fond of teaching, and also accepted the‘Professorship of 
Physios at the Naval Academy. He was interested in the eduostion of 
women, and lectured on Experimental Physics at the Women’s Medioal 
Institute. 

Galitzm’s various duties forced him to keep himself informed on all 
branches of Physics, but there are indications that the theory of vibrations 
attracted him most This showed itself in his seistnologioal and optioal work 
As regards the latter we must note his investigations both theoretical and 
experimental on the dchelon spectroscope, which helped turn in furnishing a 
satisfactory experimental demonstration of the apparent change of wave¬ 
length dot to the motion of a radiator A few years previously, Belopolsky 
had constructed on apparatus in which a change of wave-length was produced 
by the reflection of sunlight from a moving system of mirrors, end what is 
generally called. Doppler's principle was vended in a general manner 
Replacing sunlight by the radiation from a mercury lamp, and Belopolsky’s 
prism spectroscope by an Echelon of high resolving powers, Galitsin in 
conjunction with J. Wilip was able to obtain accurate numerical results 
prewing that the calculated velocity of the mirror agreed with that directly 
vox* xoxv.—a. t 



xxviii Ofatuary Notices of Fellows deceased. 

measured to within less than 1 per cent Careful and detailed determination!! 
of various absorption and emission spectra were also obtained by the collabora¬ 
tion of the two physicists 

We must now pass on to his contributions to modem aaumometry, which 
form Galitzin’s chief claim to scientific eminence By these researches he 
not only succeeded in placing a young and struggling art on a sure foundation, 
but the scientific accuracy and thoroughness of his work may well serve as a 
model for all similar work 

About 1900, or probably before, he appears to have selected seismometry as 
his ultimate vocation, and his first published paper in this subject emphasises 
the ideal that, as the earth movement at any point involves bix quantities, 
viz, three components of linear displacement and three components of 
lotation, an observing station ought to have six instruments to measure these 
He soon realised the difficulties of attaining this ideal, and so concentrated 
lus efforts on the major problem of measuring the three lineal components, 
while the minor problem of the rotations was set aside, although not 
forgotten 

Three main defects affeoted seismographs when he commenced his work 
These were (1) lack of sensitiveness, (2) incomplete and imperfect damping, 
(3) reliance on meohanioal registration Galitzin appears to have introduced 
in succession the principles of aperiodic electromagnetic damping (which is 
almost ideal), the principle of electromagnetic magnification (by converting 
the pendulum movement to movement of a ballistic galvanometer by electric 
currents generated by the pendulum movement), and photographic registra¬ 
tion on a very open time scale (which had been already used by Dr John 
Milne on a small scale) 

Five or six years of pioneer work went on at Poulkovo, during which time 
the apparatus was perfected, the method of standardisation elaborated, the 
analysis. and deduction of the earth movement from the seismograms 
systematised, and various special features elucidated. About 1907, Galitzin 
mos able to announce the important result that, m accordance with the 
accepted view, the first observed impulse represents a longitudinal disturb¬ 
ance , measurement of the amplitudes to N or S, and to E or W, recorded 
by the horizontal seismographs, gives the azimuth of the epicentre of an 
earthquake to m favourable oases Moreover, since the distance oould be 
determined from the observed time interval between the first and second 
phases by aid of Wiechert’s empirical time curves, it followed that an epicentre 
could be determined from “ observations at a single station ” 4 

This result was not only of practical utility, but it was also of profound 
importance in the theory of the internal constitution of the earth. This was 
soon recognised by eminent geophysicists throughout Europe, and m mo 
Galitzin visited Paris to set up one of his horizontal pendulums m the 
observatory there, and this country to install two of his pendulums at 
Eskdalemuir Observatory 

During this visit, he became personally acquainted with Dr John Milne, 
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and the acquaintance mooii ripened into the sincere tiieudship of these two 
great pioneers of instrumental seismometry 

We may take this opportunity to correct the eironeous impression that 
Milne was opposed to the damping of seismographs What be objeoted to 
was mechanically imperfect damping, but when he became aware ol the 
excellent results obtained by Galitzm, he at once appreciated them, and we 
have good reasons for knowing that before his death in 1913 Milne had 
decided to introduce electromagnetic damping into tus apparatus 

Galitzin continued to work at the various problems of geophysics which 
are elucidated by earthquake measurement, such are, the significance of the 
angle of emergenoe of the rays, the speed and damping coefficient of 
Rayleigh waves, the determination of the depth of focus, and the claaBifica- 
cation of microseisms. On the experimental side, he perfected his seismo¬ 
graph for the vertical component of the earth movement The apparatus 
was exhibited at the meeting of the International Seismologies! Association 
at Manchestei in 1911, when Galitsin was elected President fot the ensuing 
three years 

Meanwhile, the Observatory of Poulkovo had been thoroughly equipped 
as a continuous recording seismological station, and the first weekly Bulletin 
was issued in Januarj, 1912. It is the most comprehensive weekly bulletin 
that has ever been attempted, aud it is issued within a few days of the com¬ 
pletion of the vreek to which it refers 

The extensive Russian seismological service organized by Prince Galitzin 
and financed by the Russian Government was completed during the same 
year It had involved the establishment of five first order stations, and of a 
number of second order stations 

In 1912 Galitzm attended the celebration of the 2f>0th anniversary of 
the foundation of the Royal Sooiety In the same year he returned to this 
oountry to attend the meeting of the Mathematical Congress at Cambridge, 
add ho delivered an important address. 

After the meeting he paid a private visit to his friend, Mr Walker, al 
Eskdalemuir He arrived at 8 am one morning and left on the following 
day at 10 r M. to catch the night mail fur Pans Seismology was the main 
topic of conversation, and the idea occurred that fiom the azimuth determi¬ 
nations of epicentres at two stations, the epicentre could be uniquely 
determined. Nothing would satisfy Galitzm but to work out an example 
forthwith He hsd the requisite data from Poulkovo in his handbag The 
result was quite satisfactory 

In the evening he took up a violin, and played with masterly touch and 
exquisite feeling some Seotoh airs, and afterwards joined in some pianoforte 
duets. He oomplaiued of some bronchial trouble that affected his heart, but 
was full of enthusiasm about the new work he was to take up in Russia, and 
which had not yet been publicly announced This was the Directorship of 
the Russian Meteorological Service, with which he had been entrusted He 
set about the re-organisation of the department with characteristic zeal. 
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organised extensive observations m atmospheric electricity and a magnetic 
survey of the BiiBsian Empire His interest in seismology did not, however, 
diminish, and papers continued to appear We may cite an examination of 
the value of the method of determining epicentres from azimuths at two 
stations, and his last paper was read at the Pans Academy of Sciences in 
June, 1916 (after his death),'in which he showed that of all the earthquakes 
recorded at Poulkovo, the epicentres of 18 per cent had been determined 
from observations at Poulkovo alone 

Before we pass to the close of his career, we must note (what is nbt 
generally known) that Pnnee Galitzin applied hiB special knowledge of 
seism ometry to the problem of the effects of local mechanical vibration on 
buildings, and devised speoial instruments for measuring the acoeleftatmg 
forces experienced 

The triennial meeting of the International Association of Seismology jjras 
to take place at Petrograd m September, 1914, under the Presidency of 
Prince Qahtzin. All arrangements had been completed, and many were 
looking forward to the renewal of international friendships. But in 
August Europe was plunged into a war that struck at the roots of inter¬ 
national scientific unity The meeting had to be abandoned, and Galitsin, 
like others, turned to help his country in a time of need In January, 1916 
he wrote with much sadness, but with no bitterness, of the effect of the war 
on science • “ I wonder when our seismological meeting will take place, and 
under what conditions. It will be a very difficult and painful thing to 
manage, but, at all eventB, we Allies must stick together. Mid try and 
smooth everything, and try to get the whole business again into the swing" 
Again, in August, 1915, he wrote, among other matters of importance in the 
war * “ I have constructed lately an instrument which measures direotly the 
instantaneous values of the acceleration of the ground for a quite arbitrary 
law of motion ” “I have been elected Halley Lecture! at Oxford for 
next year, and, if the war is over then, I hope to be aide to come over to 
England and see all my friends It would be such a great pleasure for 
me notwithstanding the hard times we are passing through now, 
everyone here is sure of final victory ” 

The war not being over, he hod to resign the Halley Lectureship. 

Iu March, 1916, lie wrote agam " I am awfully busy at present with 
some special work concerned with the war, and I have very little time to 
attend pure scientific problems. I am organising also speoial workshops for 
making all kinds ot meteorological and other instruments, so as to be, as for 
as possible, quite independent of all foreign uistrument makers. It is a 
hard task, but I am working steadily at it ’’ la his various letters time is 
no indication of any weakness of health, but it is to be feared that he 
overtaxed his wonderful powers Of endurance 

Galitsin wat eleoted a Foreign Member of the Royal Society on March 28, 
1910, and died on May 17 of the same year Thus, at the early age at 64, 
ended a life of great achievement and of great promise for tin fotpre. 






J G Darboux 


XXXI 


Somewhat brusque in manner, Pi nice Gahtzin endeared himself to all 
true scientists iu this country by his intense enthusiasm, his frank and 
fearlesB expression of opinion, his great kindliness, his appreciation of the 
work of otheis, and, perhaps not least, by his intense dislike of humbug 
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J G DARBOUX, 1842-1917 

Jean Gaston Dakboux, Permanent Secretary of the Pans Academy of 
Sciences, who died on February' 2~>, 1917, was bom at Nunes on August 13, 
1842, in a house winch had once been a chapel of the cathedral His father 
having died in 1849, he and his younger brother were biought up under the 
care of then mothei, and their earliest education they received at the local 
Lycde, which they attended as day-boardeis In 1859 young Daiboux 
entered the special class for mathematics at the Lyc&a of Montpellier, and in 
1861 he headed the lists for admission to the Boole Normals Supdrieure and 
the Boole Polytechnique Of these two schools he chose the former, 
somewhat to the surprise of his fneuds, Ins decision being based upon a 
strong inclination towards the teaching profession, to which the Boole 
Normale was the recognised avenue At that time Pastern was the director 
of the scientific studies of the school, and ho beoame interested m Darboux, 
whom he recognised as a promising recruit Owing to the influence of 
Pasteur, after the usual tlnec years’ course, Darboux was enabled to remain 
two years longer as the holder of a teaching post created for him During 
this period he gave decided evidence of his capacity for advancing mathe¬ 
matical science in the work he sent up to the professors of the school, and ho 
made a profound study of the works of such writers as Mongo, Gauss, 
Ponoelet, Dupin, Lamd, and Jacobi 

In 1864 he published a note on orthogonal surfaces ui the ‘Comptes 
Rendu b, 1 and m 1866 there was presented to the Sorbonne, as a thesis foi the 
doctorate, his memoir “ Sur les Surfaces Orthogonales” On the work 
contained in this thesis he reoeived the congratulations of Cbasles, Serret, 
and Bouquet. 

In 1866-67 he assisted Bertrand in the wotk of the Chair of Mathe¬ 
matical Physics at the College de France, and during the years 1868-1872 
he was Professor at the Lyc4e Louis le Grand, wheie Bouquet was his 
oolleague During this period his pupils were remarkably successful m 
attaining their practical aims, although the original fonn of his teaching 
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was such that its reference to the exigencies of examinations was only 
indirect In 1872 he became Maltro de Conferences at the ficole Normale, 
and in 1873 he became assistant to Liouville at the Sorbonne in the Chur 
of Bational Mechanios, among his pupils at this time were Appel! and 
Jhoard His already established reputation gave him considerable influence 
amongst the mathematicians of the ticole Normale, and lus clear and 
elegant exposition of geueial mechanics at the Sorbonne did much to 
renovate the teaching of that subject m France On the death of Chasles in 
1880, Darboux was appointed as his successor in the Chair of Highci 
Geometry at the Sorbonne His success not only as professor, but also as an 
organiser, led to his appointment in 1889, by the Minister of Public 
Instruction, on the nomination of his professional colleagues, as Doyen de la 
Faculty des Sciences de Pans, a post which gave full scope to his powers in 
the work of organisation of the University of Pans 
In 1884 he received the great honour of being elected member of the 
Academy of Sciences m the section of Geometry, the necessary report on his 
scientific work being oomposed by Jordan In 1900 be succeeded Joseph 
Bertrand m his office of Perpetual Secretary of the Academy of Scienoes, 
His remaikable powers as an administrator gave him a position of great 
authonty m this position, m which he exhibited the most untiring zeal foi 
the advanoe of science and for the prestige of the Academy He excelled m 
the public orations which it wob his duty to pronounce on the death of such 
members as Bertrand, Hermite, and H Poineard, He had the great satisfac¬ 
tion of seeing earned out the project, in whioh he had long been interested, 
of pnnting the MS, prods-verbaux of the sittings of tho Academy since the 
foundation of the Institute in the year IX up to 1835, when the ‘ Comptes 
Bendus' were commenced. Up to the present, Beven volumes, up to 1625, 
have been published, these are of special interest, as containing the work of 
Lagrange, Laplace, Monge, Cuvier, Lamarck, and other distinguished men 

For 17 years Darboux presided over the Society of the Amis des Scienoes, 
a Society founded in 1857 by Baron Thdnard for the purpose of aiding men 
of scienoe in need of pecuniary helm 

In his mathematical investigative, Darboux both originated new ideas, 
and also oarned out detailed investigations on previously established lines 
Hu expository style was artistic in form, and, while he knew how to utilise 
the detailed investigation of particular examples, in order to rise by 
observation and induction to generality of conception, his keen sense of 
proportion prevented any undue prolixity m hie writings, and the detailed 
oontequsnoea of the ideas developed in some of his memoirs were left to be 
drawn by others He possessed in a high degree the faculty of discerning 
relations between superficially diverse questions and methods, and thus of 
exhibiting the fundamental identity which often exists of theories originally 
developed independently of one another H» early work on orthogonal 
surfaces, in the oourse of which he discovered an orthogonal system of 
surfaces of the fourth degree, was contained in the thesis already refereed to, 



J. G. Darboux 


xxxiii 

this subject, the importance of which, in relation to mathematical physios, 
had been traced out by Lamd, is one to which he frequently returned in 
later years 

In 187.! he published his researches on analytical geometry in a work 
“Sur uue Classo liomarquablo des Oourbos et des Surfaces Algdbnques” 
The principal aim of this work was the study »f a class of surfaces, termed 
cyclides, which have as double line the circle at infinity The work also 
deals with plane and spheiical cyclics, and, in a note at the end, the 
differential equation of surfaces applicable to a given surface is formed 
The theory of cyclides has been later shown to tx> ot much importance in the 
theory of the solutions of Laplace’s equation applicable to various classes of 
problems in the theory of the potential A very remaikable and original 
memoir was published in 1876 on the approximation to functions of very 
large numbers In this memoir, which is of importance m relation to 
applications in various directions, Darboux established methods for deter¬ 
mining the order of magnitude of the coefficients of power-senes from a 
study of the singularities on the circle of convergence, and he studied 
developments in senes of polynomials arising from hypergeometnc senes 
In 1870 there appealed the memoir containing Darlioux’s new method of 
integration of partial differential equations of the second order. This work, 
the most important on the subject since that of Ain pel e m 1818, has been of 
muoh influence w moie recent investigations on the subject 

The memoir on discontinuous functions, published in 1875, with a supple¬ 
ment in 1878, contained a critical study of the Riemann definition of an 
integral, and established for the first time the existence of the upper and the 
lower integral of any bounded funotion, the memoir also contains various 
examples of continuous functions without derivatives. Darboux’smonumental 
work on Differential Geometry, published in four volumes, between 1887 and 
1896, under the title, ‘ Leqons sur la Thdone G($n<5rale des Surfaces et les 
Applications Gdomdtnques du Calcul Infinitesimal,’ contains, in a fascinating 
form, an account of his own reseaiches m Differential Geometry, together 
with those of his predecessors In 1898 he commenced the publication of 
bis work, ‘ Leqons sur les Systemes Orthogonaux et les Coordonn6es 
Curvilignes,’ which supplements and completes the earlier work 

In his geometrical work Darboux exhibits an unsurpassed power of 
combining geometry and analysis, so that the different points of view support 
and supplement one another The theory of geodesic lines led him to 
consider various questions in Analytical Dynamics connected with the 
principle of Least Action. He published a memoir on the herpolhode and 
the theory of Pouisot, and also wrote on the postulates of the statical proofs 
of the parallelogram of forces, and on the peroussion and oollmon of bodies 
He appended a senes of elegant notes to an edition of Despeyrous’ ‘ Cours de 
Mtaamque.’ 

In 1904 he gave an histonoal lecture at the Exhibition at St Louis, m 
which he sketched the progress of geometry in the Nineteenth Century. In 
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1908, at the Rome Congress of Mathematicians, he* gave a remarkable 
discourse on the origin, methods, and problems of Infinitesimal Geometry 
In the last year of his life he gave a course of lectures at the Sorbonne on 
the principles of Analytical Geometry, with special reference to the place of 
the Imaginary and the Infinite .in Geometry He intended that these 
leotures should be incorporated m a book to tie edited by himself 
As Secretary of the Academic des Sciences, Dorboux waa brought into 
oontuut with other branches of Bcience, and took an active port m inter¬ 
national scientific organisations At international meetings which he 
frequently attended, his warm interest in the progress of science, the quiet 
dignity of his sympathetic personality, and his unfading wisdom and tact 
helped to surmount difficulties and to ensure suocess 
Harboux was a member of a very large number of Academies and Scientific 
Societies, and was an Honorary Doctor of the Universities of Cambridge, 
Christiania, and Heidelberg In 1900 he was elected a Foreign Member of 
the Royal Society, and in Deoember, 1916, he was awarded the Sylvester 
Medal This last recognition gave him genuine pleasure The acknowledg¬ 
ment of its receipt was dictated a few hours before his death 

E W H 


WILLIAM HU BOIS DUpDELL, 1872-1917. 

Bohn in 1872, and educated m England and Frame, Duddell served his 
apprenticeship as engineer to Messrs. Davey, Paxman, and Co., of Colchester 
He then went to the City and Guilds Institute at the age of 21. He stayed 
there for some years, as he found the facilities for experimental work were 
very good, and of exceptional value to him. Joubert had devised a method 
of tracing alternating pressure or current variations by balancing a senes of 
phases of a period against a standard cell, by a potentiometer bridge. 
Duddell produced a galvanometer which is quick enough to follow the 
variations, and to show the curve by a light spot, or to photograph it. 
brought him into prominenoe as a first-rate designer of special instruments. 

The nett important work was an investigation, with Prof. Marohant, of the 
ratio of the pressure to the current in the are, generally called “the 
resistance.” This led to the discovery of the singing an Ilia singing ace is 
the basis of a system of generating continuous waves for wireless telegraphy. 
The arc is made to sing a note so high that it cannot be heard, but not high 
enough to be seen. The Poulaen generator is a development at, this 
principle, and so is the valve type of transmitter. 
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Sir John Wolfe Barry 

Duddell was a mastei of the design and waking of delicate special 
instruments. He had a thorough grasp of first principles, the inventiveness 
of the trained engineer, and had, in addition, the highest sldU as a workman. 

He was an authority on many branches of electrical engineering, but 
especially on wireless telegraphy Here his mathematical knowledge, 
combined with his clear grasp of the physical aspect of electrical phenomena, 
put him in the first rank like most clear-headed people, he was a master 
of exposition As a witness m the law-courts he was very valuable He 
had the judicial type of uund, bo that he gave his evidence with jierfect 
fairness, and that, coupled with his simple lucidity of explanation, made him 
an ideal witness in technical cases. 

lu estimating our doss, we must think of what he did, also as an earnest of 
what he would have done He was only 45 when he died on November 4, 
1917, and the last three years of his life were largely spent on secret 
Government work. To place him, we must compare his work with that done 
by others before they were 42 

Duddell was President of the Institution of Electrical Engineers when 
only 40, being the youngest President, and he was re-elected to seive a 
second year. He was elected Fellow of the Royal Society in 1912 
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Sib JOHN WOLFE BARRY (1836-1918) 

Th* death of$irJobttWolfe Barry on January 22, in hiseighty-ijecond year, 
removes from, ^..^ogineerihg profession one of its most distinguished 
members, whe^hisability, «nmgy,«nd varied experience, end by his high 
eharaoter, * leader amongst the civil engineers of 

histuafc ¥< ’ , W*Vv '-clVi 

The ymugid^f S&**?> «be architect of the Houses 
of Parliament, he was educated at Trinity College, Glenalmond, and at King's 
College, London, He was a pupil of Sir John Hawkshaw, and afterwards 
assistant resident engineer under him on the Charing Cross and Cannon 
Street Railway, and for the bridges over the Thames connected with it 
In 1867, he started in private praobioe, devoting himself largely to the 
construction of railways, bridges, and dooks. It is not possible to enumerate 
all the important enterprises m which he Vras concerned in an executive or 
consultative capacity. 4 m/ Migrt them may be mentioned the Earl’s Court 
Station of the Metropolitan District Railway and the extension of that 
railway to Ealing and Fulham, the Lewes and East Gnnstead Railway, the 
▼OL.XOIV—a g 
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Inner Circle extension tietween the Mansion House, Aldgate, and White* 
chapel, a work of great difficulty, the Blackfnars arched railway bridge; 
the Tower Bridge, with its very successful bascule opening span, in associa¬ 
tion with the late Sir Horace Jones, the King Edward VII Bridge at 
Kew, the Barry dooks and railways " the Grangemouth dock, the entrance 
lock and graving dock at Immingham, at Newport extensive works for the 
Alexandra Dock and Hallway Company, and the Avonmouth Dooks at 
Bmtol, also the Natal harbour works and dock and railway workB m China, 
Buenos Ayres, and India, 

He took, at an early date, an interest m electric traction on railways, and 
111 1899 persuaded the Metropolitan Companies to permit him to make an 
experimental installation to work the trams between Earl's Court and High 
Street, Kensington 

Sir John was a Member of the Institution of Civil Engineers for 60 years, 
on its Council for 34 years, and its President m 1896-7, his authority in its 
concerns and the value of his services oan scarcely be over-rated He became 
F R.S m 1895, C B m 1894 on the completion of the Tower Bridge, and 
K C B in 1897 m recognition of his many public services. He was Chairman 
of Council of the Society of Arts m 1898-9. He was a Member of the 
Institution of Mechanical Engineers from 1871, and took much interest in its 
activities 

Sir John gave ungrudging assistance in all public undertakings and 
enquiries involving engineering considerations, and had great influence in 
promoting the commercial and industrial prosperity of the country He was 
Chairman of the Lower Thames Navigation Commission appointed in 1894, 
member of the Port of London Commission 1900-2, of the Commission on 
Irish Public Works 1886, of the Western Highlands and Islands Commission 
1889, and the Traffic of London Commission 1903-5 He was a member of 
the Court of Arbitration for the purohase of the waterworks undertakings in 
London, when they were vested in the Metropolitan Water Board He and 
Sir Charles Hartley were the representatives of the British Government on 
the International Commission of Works of the Suez Canal, 1892-1906 He 
was a colonel in the Engineer and Bailway Volunteer Staff Corps. He was 
Deputy-Lieutenant for the county of London, and Chairman of the Eastern 
and Western Telegraph Companies. 

One of the greatest services rendered by Sir John Wolfe Barry to engi¬ 
neering industries was the part he took in initiating and directing the 
activities of the Engineering Standards Committee. It was mainly due to 
his insight and wide influence that representatives of Government depart¬ 
ments, registration societies, engineers, manufacturers, shipbuilders, and 
othere were.brought together, and have finely given their time and experience 
in dealing with the complex problems of standardisation, a work of the 
greatest national importance Sir John, in 1917, in a lecture to the Institu¬ 
tion of Civil Engineer^ gave an account of the work of the Standards 
Committee dunng 16 years and its mfluenoe on the prosperity of the 
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country Started m a tentative way, with the object of reducing the wholly 
unnecessary number of lolled sections of steel bars and rails produced by 
manufacturers to meet the wishes or whims of different engineers and 
architects, it was soon found necessary to draw up oomplete specifications of 
quality and of tjie tests of acceptance to which materials should be subjected 
The work of the Committee soon extended in other directions, especially to 
the standardisation of machines, fittings, and testH of efficiency m the 
electrical industry Types of locomotives were standardised for 1 ail ways in 
India at the request of the Indian Government The mam committee now 
consists of 22 members, representative of the great professional societies, 
and there are 64 sectional and sub-committees having in the aggregate 
more than 600 members Practically all persons interested me repre¬ 
sented, and have a consultative voice in proposals for any paiticular 
standardisation The specifications are published, and, when necessary, 
revised annually 

Sir John Wolfe Barry pointed out in his lecture that it wan difficult to 
estimate exactly the beneficial results of standardisation, but that he was 
justified in saying that they have been immense m facilitating production 
and cheapening output, while securing excellence m the scientific composition 
of materials and accuracy of workmanship Thus, m the case of Portland 
cement, whereas formerly very many different specifications were imposed on 
manufacturers by different users, involving modifications in processes of 
production, practically now the whole output is made to one standard specifi¬ 
cation In the case of lolled sections for construction, shipbuilding, and 
railway and tramway rails, the annual output before the war was 
3,700,000 tons, valued at £26,000,000. Of this, now more than 85 per cent 
is rolled to standard sections and specifications 

The war has raised serious questions as to the security m the future of 
our foreign trade Under Sir John Wolfe Barry’s guidance, the Standards 
Committee has undertaken the task of translating the Standard Specifica¬ 
tions into French, Spanish, and Portuguese, and converting British into metric 
measures. It also contemplates the establishment in twelve important 
foreign trading centres, of looal committees m touch with the London 
organisation, and concerned with the promotion of British interests 

Sir John Wolfe Barry took a great interest in efforts to raise the scientific 
qualifications of civil engineers It was at his instance that the Institution 
of Civil Engineers adopted an examination scheme, so that candidates for 
admission to the Society must now pass an educational test as well as a 
scrutiny of their experience m constructional work. He was a Governor of 
the Imperial College of Science and Technology and Chairman of the 
Executive Committee of the City and Guilds College For a time he was a 
Member of the Senate of London University 

Sir John took an active part m the foundation of the National Physical 
Laboratory, was a member of its Executive Committee, and greatly assisted 
it in obtaining the funds required for carrying on its work, and in making 
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it the expert authority iu scientific questions arising m connection with 
standardisation 

It would uot be just to close this notice without a reference to Sir John 
Wolfe Bany’s unfailing urbanity and his readiness to assist other engineers, 
and to place his unrivalled stores of information at their disposal He was 
jealous of the honour and proud of the progress of his profession, and it 
would bo difficult to overestimate the influence be wielded, or the extent to 
which he raised the work of engineers in the estimation of Government 
departments and the public. 

In 1874 Sir John married fiosaliud Grace, daughter of the Bev E E 
Rowsell, Rector of Hembledon, Surrey He had four sons and three 
daughters, all of whom survive / 
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